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PREFACE 


1 the following work I have tried to write an elementary 

class-book on those parts of Dynamics of a Particle and 
Rigid Dynamics which are usually read by Students attending 
a course of lectures in Applied Mathematics for a Science or 
Engineering Degree, and by Junior Students for Mathematical 
Honours. Within the limits with which it professes to deal, 
I hope it will be found to be fairly complete. 

I assume that the Student has previously read some such 
course as is included in my Elementary Dynamics. I also assume 
that he possesses a fair working knowledge of Differential and 
Integral Calculus; the Differential Equations, with which he 
will meet, are solved in the Text, and in an Appendix he will 
find a summary of the methods of solution of such equations. 

In Rigid Dynamics I have chiefly confined myself to two- 
dimensional motion, and I have omitted all reference to moving 
axes. 

I have included in the book a large number of Examples, 
mostly collected from University and College Examination 
Papers; I have verified every question, and hope that there 
will not be found a large number of serious errors. 

For any corrections, or suggestions for improvement, I shall 
be grateful. 

S. L. LONEY. 


RoyaL Honioway CoLieae, 
ENGLEFIELD GREEN, SURREY, 
October 23, 1909. 


Solutions of the Examples have now been published. 
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CHAPTER I 


FUNDAMENTAL DEFINITIONS AND PRINCIPLES 


1. The velocity of a point is the rate of its displacement, 
so that, if P be its position at time ¢ and Q that at time ¢+ At, 


the limiting value of the quantity — as At is made very 


small, is its velocity. 

Since a displacement has both magnitude and direction, 
the velocity possesses both also; the latter can therefore be 
represented in magnitude and direction by a straight line, and 
is hence called a vector quantity. 


2. A point may have two velocities in different directions 
at the same instant; they may be compounded into one 
velocity by the following theorem known as the Parallelogram 
of Velocities ; 

Ifa moving point possess simultaneously velocities which are 
represented in magnitude and direction by the two sides of a 
parallelogram drawn from a point, they are equivalent to a 
velocity which ts represented in magnitude and direction by the 
diagonal of the parallelogram passing through the point. 

Thus two component velocities AB, AC are equivalent to 
the resultant velocity AD, where AD is the diagonal of the 
parallelogram of which AB, AC are adjacent sides. 

If BAC be a right angle and BAD=6, then AB= AD cos 0, 
AC= ADsin@, and a velocity v along AD is equivalent to the 
two component velocities vcos @ along AB and vsin 0 along AC. 

Triangle of Velocities. If a point possess two velocities 
completely represented (7.e. represented in magnitude, direction 
and sense) by two straight lines AB and BC, their resultant is 

L, D. 1 
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completely represented by AC. For completing the parallelo- 
gram ABCD, the velocities AB, BC are equivalent to AB, AD 
whose resultant is AC. 


Parallelopiped of Velocities. If a point possess three 
velocities completely represented by three straight lines OA, 
OB, OC their resultant is, by successive applications of the 
parallelogram of velocities, completely represented by OD, the 
diagonal of the parallelopiped of which OA, OB, OC are con- 
terminous edges. 

Similarly OA, OB and OC are the component velocities of OD. 

If OA, OB, and OC are mutually at right angles and u, v, w 
are the velocities of the moving point along these directions, the 
resultant velocity is Vu?+v?+w? along a line whose direction 
cosines are proportional to wu, v, w and are thus equal to 


u v w 
Vet+eru Vertu? ay Vete+ur 
Similarly, if OD be a straight line whose direction cosines 
referred to three mutually perpendicular lines OA, OB, OC are 
l, m,n, then a velocity V along OD is equivalent to component 
velocities 1V, mV, nV along OA, OB, and OC respectively. 


3. Change of Velocity. Acceleration. If at any instant 
the velocity of a moving point be represented by OA, and at 
any subsequent instant by OB, and if the parallelogram OABC 
be completed whose diagonal is OB, then OC or AB represents 
the velocity which must be compounded with OA to give OB, 
ue. it is the change in the velocity of the moving point. 

Acceleration is the rate of change of velocity, 7e. if OA, 
OB represent the velocities at times ¢ and ¢+At, then the 


limiting value of = (z.e. the limiting value of the ratio of the 


change in the velocity to the change in the time), as At becomes 
indefinitely small, is the acceleration of the moving point. As 
in the case of velocities, a moving point may possess simul- 
taneously accelerations in different directions, and they may be 
compounded into one by a theorem known as the Parallelogram 
of Accelerations similar to the Parallelogram of Velocities. 

As also in the case of velocities an acceleration may be 
resolved into two component accelerations. 
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The results of Art. 2 are also true for accelerations as well 
as velocities, 


4. Relative Velocity. When the distance between two 
moving points is altering, either in direction or in magnitude or 
in both, each point is said to have a velocity relative to the 
other. 

Suppose the velocities of two moving points A and B to be 
represented by the two lines AP and BQ (which are not 
necessarily in the same plane), so that in the unit of time the 
positions of the points would change from A and B to P and Q. 
Draw BR equal and parallel to AP. The velocity BQ is, by 
the Triangle of Velocities, equivalent to the velocities BR, RQ, 
we. the velocity of B is equivalent to the velocity of A together 
with a velocity LQ. 


A 


The velocity of B relative to A is thus represented by RQ. 

Now the velocity RQ is equivalent to velocities RB and BQ 
(by the Triangle of Velocities), ie. to velocities completely 
represented by BQ and PA. 

Hence the velocity of B relative to A is obtained by com- 
pounding the absolute velocity of B with a velocity equal and 
opposite to that of A. 

Conversely, since the velocity BQ is equivalent to the 
velocities BR and RQ, we. to the velocity of A together with 
the velocity of B relative to A, therefore the velocity of any 
point B is obtained by compounding together its velocity relative 
to any other point A and the velocity of A. 

The same results are true for accelerations, since they also 
are vector quantities and therefore follow the parallelogram law. 


5. Angular velocity of a point whose motion is in 
one piane. 
If a point P be in motion in a plane, and if O be a fixed 
point and Ow a fixed line in the plane, the rate of increase of 
I—2 
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the angle #OP per unit of time is called the angular velocity of 
P about 0. 
Hence, if at time ¢ the angle 
zOP be 0, the angular velocity 
dé 
about O is aE 
If Q be the position of the pout 
P at time t+ At, where At is small, 
and v the velocity of the point at 
time ¢, then 


_y, 22 
v= Lt. AR, 
If 
ZPOQ=A0, and OP=r, OQ=r+Ar, 
then 


r(r + Ar) sin Ad =2AP0Q= PQ. OY, 
where OY is the perpendicular on PQ. 
Hence, dividing by At, and proceeding to the limit when At 
is very small, we have 
acd ms 
de 
where p is the perpendicular from O upon the tangent at P to 
the path of the moving point. 
Hence, if w be the angular velocity, we have 7° =v.p 
The angular acceleration is the rate at which the angular 
velocity increases per unit of time, and 


=F (0 = 5 (2 ae 


Areal velocity. The areal velocity is, similarly, the rate at 
which the area XOP increases per unit of time, where X is 
the point in which the path of P meets Ox. It 


6. Mass and Force. Matter has been defined to be 
“that which can be perceived by the senses” or “that which 
can be acted upon by, or can exert, force.” It is like time and 
space a primary conception, and hence it is practically im- 
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possible to give it a precise definition. A body is a portion of 
matter bounded by surfaces. 

A particle is a portion of matter which is indefinitely small 
in all its dimensions. It is the physical correlative of a 
geometrical point. A body which is incapable of any rotation, 
or which moves without any rotation, may for the purposes of 
Dynamics, be often treated as a particle. 

The mass of a body is the quantity of matter it contains. 

A force is that which changes, or tends to change, the state 
of rest, or uniform motion, of a body. 


7. Ifto the same mass we apply forces in succession, and 
they generate the same velocity in the same time, the forces 
are said to be equal. 

If the same force be applied to two different masses, and if 
it produce in them the same velocity in the same time, the 
masses are said to be equal. 

It is here assumed that it is possible to create forces of 
equal intensity on different occasions, eg. that the force 
necessary to keep a given spiral spring stretched through the 
same distance is always the same when other conditions are 
unaltered. 

Hence by applying the same force in succession we can 
obtain a number of masses each equal to a standard unit of 
mass. 


8. Practically, different units of mass are used under 
different conditions and in different countries. 

The British unit of mass is called the Imperial Pound, and 
consists of a lump of platinum deposited in the Exchequer 
Office. 

The French, or Scientific, unit of mass is called a gramme, 
and is the one-thousandth part of a certain quantity of platinum, 
called a Kilogramme, which is deposited in the Archives. 

One gramme = about 15°432 grains 
= '0022046 lb. 


One Pound = 45359 grammes. 


9. The units of length employed are, in general, cither a 
foot or a centimetre. 
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A centimetre is the one-hundredth part of a metre which 

= 89°37 inches 
= 82809 ft. approximately. 

The unit of time is a second. 86400 seconds are equal to a 
mean solar day, which is the mean or average time taken by 
the Earth to revolve once on its axis with regard to the Sun. 

The system of units in which a centimetre, gramme, and 
second are respectively the units of length, mass, and time is 
called the ©.G.s. system of units. 


10. The density of a body, when uniform, is the mass of a 
unit volume of the body, so that, if m is the mass of a volume 
V of a body whose density is p, then m=Vp. When the 
density is variable, its value at any point of the body is equal 
to the limiting value of the ratio of the mass of a very small 
portion of the body surrounding the point to the volume of 
that portion, so that 


p = Lt. i when V is taken to be indefinitely small. 


The weight of a body at any place is the force with which 
the earth attracts the body. The body is assumed to be of such 
finite size, compared with the Earth, that the weights of its 
component parts may be assumed to be in parallel directions. 

If m be the mass and wv the velocity of a particle, its 
Momentum is mv and its Kinetic Energy is 4mv% The former 
is a vector quantity depending on the direction of the velocity. 
The latter does not depend on this direction and such a quantity 
is called a Scalar quantity. 


11. Newton’s Laws of Motion. 

Law I. Every body continues in its state of rest, or of 
uniform motion in a straight line, except in so far as it be 
compelled by impressed force to change that state. 

Law II, The rate of change of momentum is proportional 
to the impressed force, and takes place in the direction in which 
the force acts. 

Law III, To every action there is an equal and opposite 
reaction. 

These laws were first formally enunciated by Newton in his 
Principia which was published in the year 1686. 
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12. If P be the force which in a particle of mass m 
produces an acceleration f, then Law II states that 


d 
P=r5 (mv), where X is some constant, 


=rmf. 
If the unit of force be so chosen that it shall in unit mass 


produce unit acceleration, this becomes P = m/f. 
If the mass be not constant we must have, instead, 


d 
P= dt (mv). 


The unit of force, for the Foot-Pound-Second system, is 
called a Poundal, and that for the ©.G.s. system is called a Dyne. 


13. The acceleration of a freely falling body at the Earth’s 
surface is denoted by g, which has slightly different values at 
different points. In feet-second units the value of g varies 
from 32:09 to 32°25 and in the ©.Gs. system from 97810 to 
98311. For the latitude of London these values are 32°2 and 
981 very approximately, and in numerical calculations these are 
the values generally assumed. 

If W be the weight of a mass of one pound, the previous 
article gives that 

W =1. 9 poundals, 


so that the weight of a lb. = 32:2 poundals approximately. 
So the weight of a gramme = 981 dynes nearly. 


A poundal and a dyne are absolute units, since their values 
are the same everywhere. 


14. Since, by the Second Law, the change of motion pro- 
duced by a force is in the direction in which the force acts, we 
find the combined effect of a set of forces on the motion of a 
particle by finding the effect of each force just as if the other 
forces did not exist, and then compounding these effects. This 
is the principle known as that of the Physical Independence of 
Forces. 

From this principle, combined with the Parallelogram of 
Accelerations, we can easily deduce the Parallelogram of 
Forces, 
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15. Impulse of a force. Suppose that at time ¢ the 
value of a force, whose direction is constant, is P. Then the 


impulse of the force in time + is defined to be [Pat 
0 


From Art. 12 it follows that the impulse *' 
T dv T 
=a ma dt = [me] 
= the momentum generated in the direction 
of the force in time T. 


Sometimes, as in the case of blows and impacts, we have to 
deal with.forces, which are very great and act for a very short 
time, and we cannot measure the magnitude of the forces. We 
measure the effect of such forces by the momentum each pro- 
duces, or by its impulse during the time of its action. 


16. Work. The work done by a force is equal to the 
product of the force and the distance through which the point 
of application is moved in the direction of the force, or, by 
what is the same thing, the product of the element of distance 
described by the point of application andsthe resolved part of 
the force in the direction of this element. It therefore = {Pds, 
where ds is the element of the path of the point of application 
of the force during the description of which the force in the 
direction of ds was P. 

If X, Y, Z be the components of the force parallel to the 
axes when its point of application is (a, y, z), so that X =P s 


etc. then 


|xae iV dy + Bae) Sie oa eee 


da\?  /dy\? dz\? 
=| P\(5) a (i) 3 () ds = [Pas 
= the work done by the force P. 

The theoretical units of work are a Foot-Poundal and an 
Erg. The former is the work done by a poundal during a dis- 
placement of one foot in the direction of its action; the latter 
is that done by a Dyne during a similar displacement of one em. 

One Foot-Poundal = 421890 Ergs nearly. One Foot-Pound 
is the work done in raising one pound vertically through one foot. 
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17. Power. The rate of work, or Power, of an agent is the 
work that would be done by it in a unit of time. 

The unit of power used by Engineers is a Horse-Power. An 
agent is said to be working with one Horse-Power, or H.P., when 
it would raise 33,000 pounds through one foot per minute. 


18. The Potential Energy of a body due to a given system 
of forces is the work the system can do on the body as it passes 
from its present configuration to some standard configuration, 
usually called the zero position. 

For example, since the attraction of the Earth (considered 
as a uniform sphere of radius a and density p) is known to be 

3 
y. a8 ss = at a distance # from the centre, the potential energy 


of a unit particle at a distance y from the centre of the Earth, 


ae : 4 1 
ape Aarypas = ; (“ = “) 
= eats )de= x arpa aoe 


the surface of the earth being taken as the zero position. 


19. From the definitions of the following physical quantitics 
in terms of the units of mass, length, and time, it is clear that 
their dimensions are as stated. 


Dimensions in 


Quantity Mass length Time 
Volume Density 1 -3 
Velocity 1 —1 
Acceleration al —2 
Force 1 1 —2 
Momentum 1 t —l 
Impulse 1 1 —l 
Kinetic Energy 1 2 —2 
Power or Rate of Work 1 2 — 3 


Angular Velocity -1 


CHAPTER II 
MOTION IN A STRAIGHT LINE 


20. Let the distance of a moving point P from a fixed 
point O be x at any time ¢. Let its distance similarly at time 
t+ At be «+ Az, so that PQ = Az. 


xz 


hr se ee 


The velocity of P at time ¢ 
= Limit, when At = 0, of “8 


et Av dz 
—s 1G —— —_ = — 
imit, when At = 0, of AP aie 
Hence the velocity v= = 
Let the velocity of the moving point at time t+ At be 
v+ Av. 
Then the acceleration of P at time t 
Yasin 0s = 
_ de 
wh: 
_ te 
wun 


21. Motion in a straight line with constant accelera- 
tion f. 

Let a be the distance of the moving point at time ¢ from 
a fixed point in the straight line, 
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aa 


Th 
en 7 5 RO ees (ty: 
Hence, on integration, v= PG aw ck evi Xwkt toads (2), 


where A is an arbitrary constant. 
Integrating again, we have 


BAIT AL. DS Ave. Gus scsseeeeeees (3), 


where B is an arbitrary constant. 


Again, on multiplying (1) by piel 


di’ and integrating with 


respect to t, we have 


where (@ is an arbitrary constant. 

These three equations contain the solution of all questions 
on motion in a straight line with constant acceleration. The 
arbitrary constants A, B, C are determined from the initial 
conditions. 

Suppose for example that the particle started at a distance 
a from a fixed point O on the straight line with velocity wu in 
a direction away from O, and suppose that the time ¢ is 
reckoned from the instant of projection. 

We then have that when t= 0, then v=u and a=a. Hence 
the equations (2), (8), and (4) give 

u=A, a=B, and w=C +4 2fa. 


Hence we have v=ut fe, 
2—a=ut+ tft, 
and v =u? + 2f(«—a), 


the three standard equations of Elementary Dynamics. 


22. A particle moves ina straight line OA starting from rest 
at A and moving with an acceleration which is always directed 
towards O and varies as the distance from O; to find the motion. 

Let a be the distance OP of the particle from O at any 
time ¢; and let the acceleration at this distance be pa. 

The equation of motion is then 
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[We have a negative sign on the right-hand side because 
29 . . . 
2 is the acceleration in the direction of # increasing, 2.e. 1n 
the direction OP; whilst pa is the acceleration towards O, 
ae. in the direction PO.] sy 


A P’ Oo P A 


Multiplying by 2 - and integrating, we have 


(@) = —po+C, 


di 
If OA be a, then “= 0 when #=a, s0 that 0=— pat + ©, 
i (cba 
and ne (FF) = p (a? — 2”). 
dx —— 
ch qo EN GES Ree erat (2) 


[The negative sign is put on the right-hand side because 
the velocity is clearly negative so long as OP is positive and P 
is moving towards 0.] 

Hence, on integration, 


da © 
= —— ie ( Y 
Ne Va? — a a ie 
where 0 = cos - +C,, we C,=0, 


if the time be measured from the instant when the particle 
was at A. 


a P= GOS VEE ccc ee (3). 


When the particle arrives at O, is zero; and then, by (2), the 
velocity =—ap. The particle thus passes through 0 and 
immediately the acceleration alters its direction and tends to 
diminish the velocity; also the velocity is destroyed on the 
left-hand side of O as rapidly as it was produced on the right- 
hand side; hence the particle comes to rest at a point A’ such 
that OA and OA’ are equal. It then retraces its path, passes 
through O, and again is instantaneously at rest at _A. The whole 
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motion of the particle is thus an oscillation from A to A’ and 
back, continually repeated over and over again. 
The time from A to O is obtained by putting w equal to zero 


in (3). This gi jake yah ae 
in (3) ais gives cos(Vut)=0, te Op 
The time from A to A’ and back again, ze. the time of a 


complete oscillation, is four times this, and therefore == : 


This result is independent of the distance a, te. is inde- 
pendent of the distance from the centre at which the particle 
started. It depends solely on the quantity ~ which is equal 
to the acceleration at unit distance from the centre. 


23. Motion of the kind investigated in the previous article 
is called Simple Harmonic Motion. 


The time, , for a complete oscillation is cailed the 


2a 
Vp 
Periodic Time of the motion, and the distance, OA or OA’, 
to which the particle vibrates on either side of the centre of 
the motion is called the Amplitude of its motion. 
The Frequency is the number of complete oscillations that 
; : 1 ae 
the particle makes in a second, and hence = Ronin coe: 
24. The equation of motion when the particle is on the 
left-hand side of O is 
2 
= = acceleration in the direction P’A 
=p. P’O= p(—£) = — pe. 
Hence the same equation that holds on the right hand of O 
holds on the left hand also. 
As in Art. 22 it is easily seen that the most general solution 
of this equation is 


a=acos[Vut+e] .... Meret et oasaee (1), 
which contains two arbitrary constants a and e, 
aot da : 
This gives aa ap sin (Vutt+e) secon eevee sucka) 


(1) and (2) both repeat when ¢ is increased by an , since the sine 
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and cosine of an angle always have the sametvalue when the 
angle is increased by 27. 

Using the standard expression (1) for the displacement in a 
simple harmonic motion, the quantity ¢ is called the Epoch, the 
angle Vut+e is called the Argument, whilst’the Phase of the 
motion is the time that has elapsed since the particle was at its 
maximum distance in the positive direction. Clearly # is a 
maximum at time f, where V ute +e=0. 

Hence the phase at time ¢ 


e ptt+e 

=t—h=tt+ va Die a 
Motion of the kind considered in this article, in which the 
time of falling to a given point is the same whatever be the 
distance through which the particle falls, is called Tauto- 


chronous. 

25. In Art. 22 if the particle, instead of being at rest 
initially, be projected from A with velocity V in the positive 
direction, we have 


V? =— pa?+C, 
: da\* ~ 
Hence te = V?+ p (a? — 2) 
= py (b? — a"), where b?= a? + SS ee (ry 


da Ts a 
@e ap = NEN — x, 


and 6 /ju = — cos of C,, where 0 =—cos™ ; +(C,. 
tal aS cos _ cos 45 eee rete (2). 


From (1), the velocity vanishes when 
2 
g=b= if a? + et ; 
be 
t/p = cos? ; sated == ws cos} 2 


The particle then retraces its path, and the motion is the 
same as in Art. 22 with b substituted for a. 


and then, from (2), 
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26. Compourding of two simple harmonic motions of 
the same period and in the same straight line. 

The most general displacements of this kind are given by 
a cos (nt + «) and 6 cos (nt + e’), so that 

«=a cos (nt + «) +b cos (nt + €’) 

= cos nt (a cose + b cos e’) — sin nt (a sine + Dsin &’). 

Let acose+bcose’=AcosH 1 
and asine+bsine=Asin#) “°° " (1), 
so that 

A =Va? + 6?+ 2ab cos (e—e’), and tan#H= cae ee 
a cose +b cose 


Then x= A cos (nt + £), 


so that the composition of the two given motions gives a similar 
motion of the same period whose amplitude and epoch are 
known. 

If we draw OA (=a) at an angle e to a fixed line, and 
OB (=b) at an angle e’ and complete the parallelogram OACB | 
then by equations (1) we see that OC represents A and that it 
is inclined at an angle / to the fixed line. The line repre- 
senting the resultant of the two given motions is therefore the 
geometrical resultant of the lines representing the two com- 
ponent motions. 

So with more than two such motions of the same period. 


27. We cannot compound two simple harmonic motions of 
different periods. 
The case when the periods are nearly but not quite equal, is 
of some considerable importance, 
In this case we have 
a@=acos(nt+e) + bceos(nt+ e’), 


where n’—7n is small, =) say. 


Then a=acos(nt+e)+b cos[nt+e'], 
where ey =Att+e’. 
By the last article 
B= A COS (NE +E) ..ccecersesenseoeeess (i); 
whcre A? = a? + b? + 2ab cos (e — &) 


=a?+b?+ 2ab cos[e—e’ —(n' —n)t] «.... (2), 
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asine+ bsin e/ 
and gee ee a cos ¢ + b cos ey 
_asine +bsin[e’ +(n’—n) ft] 
~ acose + beosfe’ + (nm — n) t] 
The quantities A and # are now not sonstant, but they 
vary slowly with the time, since n’—n is very small. 
The greatest value of A is when e—e’ —(n’—n)t=any even 
multiple of 7 and then its value is a + b. 
The least value of A is when e—e¢’ —(n'—n)t=any odd 
multiple of 7 and then its value is a—b. 
At any given time therefore the motion may be taken to be 
a simple harmonic motion of the same approximate period as 
either of the given component motions, but with its amplitude 
A and epoch / gradually changing from definite minimum to 
definite maximum values, the periodic times of these changes 


being oe : 


[The Student who is acquainted with the theory of Sound 
may compare the phenomenon of Beats. | 


28. Ex.1. Shew that the resultant of two simple harmonic vibrations 
in the same direction and of equal periodic time, the amplitude of one 
being twice that of the other and its phase a quarter of a period in advance, 
is a simple harmonic vibration of amplitude aA 5 times that of the first and 
tan—!2 

Qar 

Ex. 2. A particle is oscillating in a straight line about a centre of 

force O, towards which when at a distance 7 the force is m.n’r, and a is 


¢ ae from O, the 


particle receives a blow in the direction of motion which generates a 
velocity na. If this velocity be away from O, shew that the new amplitude 
is a ,/3. 

Hx. 3. A particle P, of mass m, moves in a straight line Ox under 
a force mp (distance) directed towards a point A which moves in the 


straight line Oz with constant acceleration a. Shew that the motion of P 
2a 4 Beaten 
Sa about a moving centre which is always 


whose phase is in advance of the first by of a period. 


the amplitude of the oscillation; when at a distance 


is simple harmonic, of period 
at a distance 7, behind A, 


Laz. 4. An elastic string without weight, of which the unstretched 
length is? and the modulus of elasticity is the weight of 2 ozs., is suspended 
by one end, and a mass of m ozs. is attached to the other; shew that the 
ml 


ng” 


time of a vertical oscillation is 27 
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Ex. 5. One end of an elastic string, whose modulus of elasticity is 
and whose unstretched length is a, is fixed to a point on a smooth 
horizontal table and the other end is tied to a particle of mass m which 
is lying on the table. The particle is pulled to a distance where the 
extension of the string is 6 and then let go; shew that the time of a 
=) am 
oe NX 

Ez. 6. An endless cord consists of two portions, of lengths 27 and 20’ 
respectively, knotted together, their masses per unit of length being m and 
m’. It is placed in stable equilibrium over a small smooth peg and then 
slightly displaced. Shew that the time of a complete oscillation is 
ml + m'l’ 

(m—m')g° 


complete oscillation is 2 ( a+ 


2Qr 


Ex.'7. Assuming that the earth attracts points inside it with a force 
which varies as the distance from its centre, shew that, if a straight 
frictionless airless tunnel be made from one point of the earth’s surface to 
any other point, a train would traverse the tunnel in slightly less than 
three-quarters of an hour. 


29. Motion when the motion is in a straight line and the 
acceleration 1s proportional to the distance from a fimed point O 
in the straight line and 1s always away from O. 

Here the equation of motion is 


Suppose the velocity of the particle to be zero at a distance 
a from O at time zero. 
The integral of (1) is 


Ge =pa?+A, where 0=ypa?+ A. 


the positive sign being taken in the right-hand member since 
the velocity is positive in this case. 


da 
oe tvu= | 7a bog le + Va? — a?| + B, 
where 0 =log[a] +B. 


et+Vve—a@ 


“, ta/p= log 
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* o+Ve? — a? = aetn", 
a? 


. @— Nat — a = a = NN, 
a2+NVa?— a? 
Hence, by addition, 
was et Seat pesteneseacaunenas (38). 


As t increases, it follows from (3) that 2 continually increases, 
and then from (2) that the velocity continually increases also. 

Hence the particle would continually move along the 
positive direction of the axis of # and with continually increasing 
velocity. 

Equation (3) may be written in the form 


a =acosh (Vt), 
and then (2) gives v=awpsinh (Vt). 
30. In the previous article suppose that the particle were 
initially projected towards the origin O with velocity V; then 
we should have = equal to — V when =a; and equation (2) 


would be more complicated. We may however take the most 
general solution of (1) in the form 


= CNEL Dee oo. cscveessenses (4), 
where C and D are any constants. 
Since, when t= 0, we have s=a and = =— J, this gives 
a=O0+D, and —-V=Vy0—vzuD. 
Hence C=5 (a _ =) and D=5 (a+ —). 
*, (4) gives 
pics VA See ued VNC 
a=5(a- 7) en H5let ie Rh eeceea (5) 
=acosh (Vt) 5 sinh Geen on et (6). 


In this case the particle will arrive at the origin O when 


0=5(a-7,) ws 5(a+z,)e Soa 
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: - Vt+anVpu 
vA fA pees Rr Med 
1.e. when enue pani 
7.e. when t 1 Vit avn 


=5 vi log nie 


In the particular case when V=an/y this value of ¢ is 
infinity. 

If therefore the particle were projected at distance a towards 
the origin with the velocity a /u, it would not arrive at the 
origin until after an infinite time. 

Also, putting V=a /p in (5), we have 


Se eee = a eet 


The particle would therefore always be travelling towards O 
with a continually decreasing velocity, but would take an 
infinite time to get there. ; 


31. A particle moves in a straight line OA with an accelera- 
tion which is always directed towards O and varies inversely as 
the square of its distance from O; tf initially the particle were 
at rest at A, find the motion. 


P’ Pp 
a 
A’ oO A 


Let OP be a, and let the acceleration of the particle when 
at P be £ in the direction PO. The equation of motion is 


a? 
therefore 
a = acceleration along OP = =5 PDO O (1): 
Multiplying both sides by 2 = and integrating, we have 
da\?  2u 
ea 


where 0= mi + CO, from the initial conditions, 
a 
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; 1 
Subtracting, (Si) =2u (= a “) ; 


ax 


the negative sign being prefixed because the motion of P is 
towards O, te. in the direction of # decreasing. 


Hence ieee an(tal! 7 da, 
a a—x 


To integrate the right-hand side, put e=acos*@, and we 


have 
es t= [ F5. 20 008 6 sin 808 


a sin 6 


=a] (1 4-008 26) d0= a (0 +3 sin 26) +0, 


= aco, /2+Wae=a + 0, 


where O=acos?(1)+0+C, ternC=0. 


* t= ve | Vaz a + acos VA Serpe (3). 


Equation (2) gives the velocity at any point P of the path, 
and (8) gives the time from the commencement of the motion. 
The velocity on arriving at the origin O is found, by putting 
« =( in (2), to be infinite. 
Also the corresponding time, from (8), 


3 
a 7 Qa 
= —|acos?,.0Q]=-~ —— 


The equation of motion (1) will not hold after the particle 
has passed through O; but it is clear that then the acceleration, 
being opposite to the direction of the velocity, will destroy the 
velocity, and the latter will be diminished at the same rate as 
it was produced on the positive side of 0. The particle will 
therefore, by symmetry, come to rest at a point A’ such 
that AO and OA’ are equal. I will then return, pass again 
through O and come to rest at A. 
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The total time of the oscillation =four times the time 
3 

from A to 0 = 2a —. 

V2 


32. By the consideration of Dimensions only we can shew that the 
3. 


= 
time Ja For the only quantities that can appear in the answer are 


aand pw. Let then the time be ay’. 
3 pe “ : : : 2 
Since Gatancos is an acceleration, whose dimensions are [Z] [7] ?, 


the dimensions of p are [Z]* [7’]-?; hence the dimensions of au? are 
[Zyer (715. 

Since this is a time, we have p+3q=0 and —2q=1. 
oe g= -5 and p=. Hence the required time « aa 
33. As an illustration of Art. 31 let us consider the motion 
of a particle let fall towards the earth (assumed at rest) from 
a point outside it. It is shewn in treatises on Attractions that 
the attraction on a particle outside the earth (assumed to be 
a homogeneous sphere), varies inversely as the square of its 
distance from the centre. The acceleration of a particle outside 


the earth at distance # may therefore be taken to be a : 
If a be the radius of the earth this quantity at the earth’s 
surface is equal to g, and hence a= g, 2.6. p= gar. 


For a point P outside the earth the equation of motion is 
therefore 


d? a 
nS Coe Poaper hee a. (1), 
da\?  2ga* 

oe Galeee 


If the particle started from rest at a distance b from the 
centre of the earth, this gives 


(2 ey ( s 5) eet ee ee (2), 


and hence the square of the velocity on reaching the surface of 


the earth = 2ga (1 - ‘) BASE Urea Meeeartaretaesecresessosacsess(G). 
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Let us now assume that there is a hole going down to the 
earth’s centre just sufficient to admit of the passing of the 
particle. 

On a particle inside the earth the attraction can be shewn 
to vary directly as the distance from the eentre, so that the 
acceleration at distance a from its centre is 4,2”, where p,a = its 
value at the earth’s surface = g. 

The equation of motion of the particle when inside the earth 
therefore is 


ware? 
d@ a” 
and therefore (S) =— ety. 


Now when #=a, the square of the velocity is given by (8), 
since there was no instantaneous change of velocity at the 
earth’s surface. 


*. 2ga (1 _ 5) =- 2.0 +0, 


da\? _ Da 2a 
G)--feoelt 8 


On reaching the centre of the earth the square of the 


velocity is therefore ga (3 ~ *) : 


34. Hx. 1. A particle falls towards the earth from infinity; shew 
that its velocity on reaching the earth is the same as it would have 


acquired in falling with constant acceleration g through a distance equal 
to the earth’s radius. 


Ex. 2. Shew that the velocity with which a body falling from infinity 
reaches the surface of the earth (assumed to be a homogeneous sphere of 
radius 4000 miles) is about 7 miles per second. 

In the case of the sun shew that it is about 380 miles per second, the 


radius of the sun being 440,000 miles and the distance of the earth from 
it 92,500,000 miles. 


Lx. 3. If the earth’s attraction vary inversely as the square of the 
distance from its centre, and g be its magnitude at the surface, the time 
of falling from a height 2 above the surface to the surface is 


a) ee ath oe ye 
aah 


where a is the radius of the an and the resistance of the air is neglected. 
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If & be small compared with a, shew that this result is approximately 
lee 
g 6a] 


35. It is clear that equations (2) and (3) of Art. 31 cannot 
be true after the particle has passed O; for on giving # negative 
values these equations give impossible values for v and t. 
When the particle is at P’, to the left of O, the acceleration 

: 2 d? 
a2 » 1.8. = towards the right. Now = means the accelera- 
tion towards the positive direction of « Hence, when P’ is on 
the left of O, the equation of motion is 


is 


Cee 
die an 
giving a different solution from (2) and (3). 

The general case can be easily considered. Let the accelera- 
tion be p(distance)” towards O, The equation of motion 
when the particle is on the right hand of O is clearly 

dae 
dt? 

When P’ is on the left of O, the equation is 


=— pb. x, 


ax » Ae elt F 
— = acceleration in direction 0A 


dt? 

=p (P’O! = p(- 2)" 

These two equations are the same if 
—p.a=p(—«)", we. if (—1)*=—-1, 

2p +1 
2g 1 
p and q are integers; in these cases the same equation holds 
on both sides of the origin; otherwise it does not. 


where 


ae. if n be an odd integer, or if it be of the form 


36. Lx. <A small bead, of mass m, moves on a straight rough wire under 
the action of a force equal to mp times the distance of the bead from a fixed 
point A outside the wire at a perpendicular distance a from it. Find the 
motion if the bead start from rest at a distance ¢ from the foot, O, of the 
perpendicular from A upon the wire. 

Let P be the position of the bead at any time ¢, where 

OP=a and’ AP=y%. 
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Let 2 be the normal reaction of the wire and p, the coefficient of friction. 
Resolving forces perpendicular to the wire, we have 


R=mpy sin OPA=mpa. 


Hence the friction mh=mppya. 

The resolved part of the force muy along the wire 
=mpy cos OPA=mpa. 

Hence the total acceleration = uyya — po. 

The equation of motion is thus 


) 


eae 


xv 
Og = MIG — B= — po (%— 14) eaaaie Son LEONE #2(01)3 


so long as P is to the right of 0. 


[If P be to the left of O and moving towards the left, the equation of 
motion is 
2 


ad. iat é : 
a =acceleration in the direction 0C 
=ppya+p(—2), as in the last article, 


and this is the same as (1) which therefore holds on both sides of O.} 
Integrating, we have 


da\2 
zi) =—p(e-mayr+e, 
where O= —p (c—pya)?+C. 
ae (2e\? 2 2 
Hei} v= at =p[(c— p12) —(v— py) ] Wawsvaresceacnsen (eye 
and therefore, as in Art. 22, ./ut=cos~} Et +O 
RES 
h 0 - O— py : 
where =COS Sapo t.e. =0. 
Ee =) © = ha& 
* = ES eeeeeeeeeee e0eses Gover 
ae. Vt cos Sear (3), 


(2) and (3) give the velocity and time for any position. 
From (2) the velocity vanishes when # -— pja= +(c— 4a), 


7.e. when z=c=00, and when #=—(c— 2am), 
ae, at the point 0’, where OC'=c—2ay), 
and then from (8) the corresponding time 


1 —ctpa 1 w 
=— cos} — «= cos71(—1)= ; 
Ve Cm yep Lay Jp 
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The motion now reverses and the particle comes to rest at a point 0” 
on the right of O where OC” =0C" —2u,a=O0C—4yya. 


Finally, when one of the positions of instantaneous rest is at a distance 
which is equal to or less than 4a from QO, the particle remains at rest. 
For at this point the force towards the centre is less than the limiting 
friction and therefore only just sufficient friction will be exerted to keep 
the particle at rest. 

Qa 


{t will be noted that the periodic time a is not affected by the 
Bb 
friction, but the amplitude of the motion is altered by it. 


37. Ex. A particle, of mass m, rests in equilibrium at a point N, 
being attracted by two forces equal to mp™ (distance)" and mp’™ (distance)" 
towards two fixed centres O and O'. If the particle be slightly displaced 
from N, and if n be positive, shew that it oscillates, and find the time of a 
small oscillation. 


(6) N QO’ 


Let 00'=a, ON=d and NO'=d’,, so that 
PE CPPS GF cconcoccact. SpOKE aieeeness «); 


since there is equilibrium at J. 


Let the particle be at a distance x from WV towards 0’, 
The equation of motion is then 
dt? 
If x is positive, the right-hand side is negative ; if 7 is negative, it is 
positive ; the acceleration is towards JV in either case. 
Expanding by the Binomial Theorem, (3) gives 
aed 
dt” 


=p", OP™ 4+, PO*= — p” (d+a)?+p™ (a’ =)", .45..(3). 


= —p"(d™+nd*—la+...)+p™(d™—nd'™—-e+...) 


= — na [prd®—14 p/"d’™—1) 
+terms involving higher powers of x 
—1_(pp')*=? 
=-—nxa" “Gack wpee to by (2). 
If x be so small that its squares and higher powers may be neglected, 
this gives ee 
PI a Cialie  n eR eed) 
di utp © 
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Hence, as in Art. 22, the time of a small oscillation 
ig VEO gt sf 
Cea re m (ype a)? 


If n be negative, the right-hand member of (4) is positive and the 
motion is not one of oscillation. 


=27 > 


EXAMPLES ON CHAPTER II. 


1. A particle moves towards a centre of attraction starting from rest 
at a distance a from the centre; if its velocity when at any distance « 


ee) 
from the centre vary as Vi — , find the law of force. 


2. A particle moves from rest at a distance a from a centre of force 
where the repulsion at distance # is px-*; shew that its velocity at dis- 


tance # is a — and that the time it has taken is 


J 2 | vara alve, Ces /=-1)} 


3. Prove that it is impossible for a particle to move from rest so that 
its velocity varies as the distance described from the commencement of 
the motion. 

If the velocity vary as (distance)", shew that. x cannot be greater 


1 
than 5° 
4. A point moves in a straight line towards a centre of force 


(anc) 

(distance)} ’ 

starting from rest at a distance a from the centre of force; shew that the 

ee 
v 


B 


time of reaching a point distant 6 from the centre of force is ; 


and that its velocity then i is“ p NTE b. 


5. A particle falls from rest at a distance a from a centre of force, 
where the acceleration at distance # is px ; when it reaches the centre 
at 
shew that its velocity is infinite and that the time it has taken is = : 
6. A particle moves in a straight line under a force to a point in it 
varying as (distance) ~ § ; shew that the velocity iu falling from rest at 
infinity to a distance a is equal to that acquired in falling from rest at 


: : a 
a distance a to a distance 3° 
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7. <A particle, whose mass is m, is acted upon by a force mp (e+) 


towards the origin ; if it start from rest at a distance a, shew that it will 


° athe 0 : Tv 
arrive at the origin in time —— 


Alp” 
8. A particle moves in a straight line with an acceleration towards 


a fixed point in the straight line, which is equal to a when the 


particle is at a distance w from the given point; it starts from rest at 
a distance a; shew that it oscillates between this distance and the 
Qa pa? 


distance ——— 
(2ap—A)# 


See and that its periodic time is 


9. A particle moves with an acceleration which is always towards, 
and equal to » divided by the distance from, a fixed point O. If it start 
from rest at a distance a from QO, shew that it will arrive at O in time 


a es eae. [ Assume that | e-2 draX™ | 
2p 0 2. 


10. A particle is attracted by a force to a fixed point varying 
inversely as the nth power of the distance ; if the velocity acquired by it 
in falling from an infinite distance to a distance @ from the centre is equal 
to the velocity that would be acquired by it in falling from rest at 
a distance @ to a distance ro shew that n=. 

11. A particle rests in equilibrium under the attraction of two centres 
of force which attract directly as the distance, their attractions per unit of 
mass at unit distance being p and yp’; the particle is slightly displaced 
2a 


Vptpl 


12. A mass of 100 lbs. hangs freely from the end of a rope. The mass 
is hauled up vertically from rest by winding up the rope, the pull of which 
starts at 150 lbs. weight and diminishes uniformly at the rate of 1-lb, wt. 
for each foot wound up. Neglecting the weight of the rope, shew that the 

brN2 


8 


towards one of them ; shew that the time of a small oscillation is 


mass has described 50 feet at the end of time secs. and that its 


velocity then is 20,/2 ft. per sec. 


13. A particle moves in a straight line with an acceleration equal to 
p-+the nth power of the distance from a fixed point O in the straight line, 
If it be projected towards O, from a point ata distance uv, with the velocity 


it would have acquired in falling from infinity, shew that it will reach O 
D) n+l 
in time —— —=— .a2%- 
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14. In the previous question if the particle started from rest at 
distance a, shew that it would reach O in time 


1 1 1 
we nT (<4 +5) Ae a r(4) 
hres aoe ee ng Ree ee et 
ma 2 » or PCT Be é I a, 
a l—-n ‘2 
according as n is > or < unity. 


15. A shot, whose mass is 50 lbs., is fired from a gun, 4 inches in 
diameter and 8 feet in length. The pressure of the powder-gas is inversely 
proportional to the volume behind the shot and changes from an initial 
value of 10 tons’ weight per square inch to 1 ton wt. per sq. inch as the 
shot leaves the gun. Shew that the muzzle velocity of the shot is 
approximately 815 feet per second, having given log, 10=2°3026. 


16. If the Moon and Earth were at rest, shew that the least velocity 
with which a particle could be projected from the Moon, in order to reach 
the Earth, is about 14 miles per second, assuming their radii to be 1100 
and 4000 miles respectively, the distance between their centres 240,000 


us that of the Earth. 


miles, and the mass of the Moon to be 81 


17. A small bead can slide on a smooth wire 4B, being acted upon 
by a force per unit of mass equal to y+the square of its distance from 
a point O which is outside 4B. Shew that the time of a small oscillation 


about its position of equilibrium is ao where 6 is the perpendicular 


distance of O from AB, 

18. A solid attracting sphere, of radius a and mass WV, has a fine hole 
bored straight through its centre ; a particle starts from rest at a distance 
b from the centre of the sphere in the direction of the hole produced, and 


moves under the attraction of the sphere entering the hole and going 
through the sphere ; shew that the time of a complete oscillation is 


4 eg = ae ee 
Fea Vien AJ apegg tb cost af saved =a), 


where y is the constant of gravitation. 


19. A circular wire of radius @ and density p attracts a particle 
4 . ™M,™Mo . : 
according to the Newtonian law y (distance): ; if the particle be placed on 


the axis of the wire at a distance 6 from the centre, find its velocity when 
it is at any distance 2. 


If it be placed on the axis at a small distance from the centre, shew 


that the time of a complete oscillation is a e aut 3 
YP 
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20. {n the preceding question if the wire repels instead of attracting, 
and the particle be placed in the plane of the wire at a small distance 


from its centre, shew that the time of an oscillation is 2a ep 
YP 

21. A particle moves in a straight line with an acceleration directed 
towards, and equal to » times the distance from, a point in the straight 
line, and with a constant acceleration f in a direction opposite to that of 
its initial motion ; shew that its time of oscillation is the same as it is 
when f does not exist, 


22. A particle P moves in a straight line OCP being attracted by 

a force mz. PC always directed towards C, whilst C moves along OC with 

constant acceleration f. If initially C was at rest at the origin 0, and P 

was at a distance ¢ from O and moving with velocity V, prove that the 
distance of P from O at any time ¢ is 

(E+ c) cos oes sin aes at 2, 

pe Vu po 2 
23. Two bodies, of masses M and &’, are attached to the lower end 


of an elastic string whose upper end is fixed and hang at rest; I’ falls off; 
shew that the distance of 1 from the upper end of the string at time ¢ is 


a+b+cecos (n/§ t) ; 


where a is the unstretched length of the string, and b and c the distances 
by which it would be stretched when supporting M and M’ respectively. 


24. A point is performing a simple harmonic motion. An additional 
acceleration is given to the point which is very small and varies as the 
cube of the distance from the origin. Shew that the increase in the 
amplitude of the vibration is proportional to the cube of the original 
amplitude if the velocity at the origin is the same in the two motions. 


25. One end of a light extensible string is fastened to a fixed point 
and the other end carries a heavy particle; the string is of unstretched 
length @ and its modulus of elasticity is m times the weight of the particle. 
The particle is pulled down till it is at a depth 6 below the fixed point 
and then released. Shew that it will return to this position at the end of 


time 2 Jz [5 +cosec1p-+ a/p?— i| , where p= —(n+1), provided 
that p is not >/1+4n. 
If p> 1+ 4n, shew how to find the corresponding time. 


26. An endless elastic string, whose modulus of elasticity is A and 
natural length is 2c, is placed in the form of a circle on a smooth 
horizontal plane and is acted upon by a force from the centre equal to 
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p times the distance per unit mass of the string. Shew that its radius 
Qarre 


SS Carre where m is the 
mh— mp 


will vary harmonically about a mean length 


mass of the string, assuming that 2rA>mye. 

Examine the case when 27 = mye, 

27. An elastic string of mass m and modulus of elasticity A rests 
unstretched in the form of a circle whose radius isa. It is now acted on 
by a repulsive force situated in its centre whose magnitude per unit mass 
of the string is 


Rael A ee: 

(distance)? * 
Shew that when the circle next comes to rest its radius is a root of the 
quadratic equation 


28. A smooth block, of mass J/, with its upper and lower faces 
horizontal planes, is free to move in a groove in a parallel plane, and 
a particle of mass m is attached to a fixed point in the upper face by an 
elastic string whose natural length is a and modulus & If the system 
starts from rest with the particle on the upper face and the string 
stretched parallel to the groove to (n+1) times its natural length, shew 


(n+1) am 
m 


that the block will perform oscillations of amplitude in the 


rae Cro eles +) alm 
periodic time 2(7+— E(if+m)° 

29. A particle is attached to a point in a rough plane inclined at an 
angle a to the horizon; originally the string was unstretched and lay 
along a line of greatest slope ; shew that the particle will oscillate only if 


. apa 4 1 
the coefficient of friction is < 3 tan a. 


30. A mass of m lbs. moves initially with a velocity of w ft. per sec. 

A constant power equal to H horse-power is applied so as to increase its 
velocity ; shew that the time that elapses before the acceleration is 
1 : oe . m(n®—1)u? 

reduced to 7 th of its original value is W00gi 


31. Shew that the greatest velocity which can be given to a bullet of 
mass J fired from a smooth-bore gun is ou ym log m+1—mt}, where 


changes of temperature are neglected, and the pressure IJ in front 
of the bullet is supposed constant, the volume V of the powder in the 
cartridge being assumed to turn at once, when fired, into gas of SS 


ml and of volume V, 
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32. Two masses, m, and ms, are connected by a spring of such 
a strength that when m, is held fixed mz performs n complete vibrations 


per second. Shew that if mz be held fixed, m, will make n RE ez. and, if 
m, 3 


both be free, they will make nf mem vibrations per second, the 
1 


vibrations in each case being in the line of the spring. 


33. A body is attached to one end of an inextensible string, and the 
other end moves in a vertical line with simple harmonic motion of 
amplitude a and makes n complete oscillations per second. Shew that 


the string will not remain tight during the motion unless n?< i Tn 
Tv 
34. A light spring is kept compressed by the action of a given force ; 
the force is suddenly reversed; prove that the greatest subsequent 
extension of the spring is three times its initial contraction. 


35. Two masses, Jf and m, connected by a light spring, fall in a 
vertical line with the spring unstretched until ¥ strikes an inelastic table. 


Shew that if the height through which I falls is greater than eas 4, 


2m 
the mass M will after an interval be lifted from the table, 7 being the 
length by which the spring would be extended by the weight of Jf. 


36. Two uniform spheres, of masses m; and mg and of radii a, and ag, 
are placed with their centres at a distance a apart and are left to their 
mutual attractions ; shew that they will have come together at the end of 
time a 

QraDk Ty ae! (Fay = aa) | 
——_———_., oo —- +a) (A-—ay—@, 
ve (m+ m2) TOs i +V( 1+) ( 1-2) |; 
where 7 is the radius, and D the mean density of the Earth. 

If m=m.=4 |bs., a, =a2=1°5 inches, and a=one foot, shew that the 
time is about 3 hours, assuming A=4000 miles and D=350 lbs. per cubic 
foot. 

[When the spheres have their centres at a distance x, the accelera- 


tion of m, due to the attraction of mz is ya and that of mz due to m, is 


. 4 < m+m 
ee Hence the acceleration of m, relative to m, is y- 2 2 
& 


and the 


: ci : eae My, + Ne 
equation of relative motion is #= ay 2 5] 


37. Assuming the mass of the Moon to be a that of the Earth, that 


their radii are respectively 1100 and 4000 miles, and the distance between 
their centres 240,000 miles, shew that, if they were instantaneously 
reduced to rest and allowed to fall towards one another under their 
mutual attraction only, they would meet in about 43 days. 
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38. A particle is placed at the end of the axis of a thin attracting 
cylinder of radius a and of infinite length; shew that its kinetic energy 
a+ 22+ a2 
Baar a ok 


when it has described a distance x varies as log 


39. ABisa uniform string of mass M and length 2a; every element 
of it is repelled with a force, =p. distance, acting from a point 0 in the 
direction of AB produced; shew that the acceleration of the string is the 
same as that of a particle placed at its middle point, and that the tension 
at any point P of the string varies as AP. PB. 


40. Shew that the curve which is such that a particle will slide down 
each of its tangents to the horizontal axis in a given time is a cycloid 
whose axis is vertical. 


41. Two particles, of masses m and m’, are connected by an elastic 
string whose coefficient of elasticity is X; they are placed on a smooth 
table, the distance between them being a, the natural length of the string. 
The particle m is projected with velocity V along the direction of the 
string produced ; find the motion of each particle, and shew that in the 
subsequent motion the greatest length of the string is a+ Vp, and that 
the string is next at its natural length after time wp, where 

2 mm a 
PO mem dX 


hm 

42. Two particles, each of mass m, are attached to the ends of an 
inextensible string which hangs over a smooth pulley ; to one of them, 4, 
another particle of mass 2m is attached by means of an elastic string of 
natural length a, and modulus of elasticity 2mg. If the system be 
supported with the elastic string just unstretched and be then released, 


shew that A will descend with acceleration g sin? | e/ 2 .t 
a 


43. A weightless elastic string, of natural length 7 and modulus , 
has two equal particles of mass m at its ends and lies on a smooth 
horizontal table perpendicular to an edge with one particle just hanging 
over, Shew that the other particle will pass over at the end of time ¢ 
given by the equation 


Tyee t=}or8 
21+ —= sin dma 29" 


CHAPTER, Jil 


UNIPLANAR MOTION WHERE THE ACCELERATIONS 
PARALLEL TO FIXED AXES ARE GIVEN 


38. Let the coordinates of a particle referred to axes Ox 
and Oy be « and y at time ¢, and let its accelcrations parallel 
to the axes at this instant be X and Y. 

The equations of motion are then 


ri ki ee 
de 74 8 SO OUIIOLOCOO DIOL SOIC OICED (1 )). 
dy _ 

and de = Y ABDC 0 MOOELD OOOH OOCOCOCOGT Ta (2). 


Integrating each of these equations twice, we have two 
equations containing four arbitrary constants. These latter 
are determined from the initial conditions, viz. the imitial values 

xe d 
of a, y, o and a 

From the two resulting equations we then eliminate ¢, and 

obtain a relation between # and y which is the equation to the 


path. 


39. Parabolic motion under gravity, supposed constant, the 
resistance of the air being neglected. 

Let the axis of y be drawn vertically upward, and the axis 
of x horizontal. Then the horizontal acceleration is zero, and 
the vertical acceleration is — g. 

Hence the equations of motion are 

d? 


dpe = and and * RCs eee CL: 
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Integrating with respect to ¢, we have 


dic dy _ 
aa and Fee an vi samen wenee (2) 
Integrating a second time, 
2 
w= APB and y=—g 5+ 4D ieee (3). 


If the particle be projected from the origin with a velocity 
wu at an angle a with the horizon, then when ¢=0 we have 
p= = 0 nes and dy J usina 

” dt dt : 

Hence from (2) and (83) we have initially ucosa=A 
usina=C,0=8, and 0=D. 

*, (8) gives # =ucos at, and y= wsin at — A gf. 

Eliminating t, we have 


oy 


e Ag ess aes 
BR 2 u? cos? a’ 
which is the equation to a parabola. 


40. A particle describes a path with an acceleration which 
ws always directed towards a fixed point and varies directly as 
the distance from it; to find the path. ~ 

Let O be the centre of acceleration and A the point of 
projection. Take OA as the 
axis of # and OY parallel 
to the direction of the initial 
velocity, V, of projection. 

Let P be any point on 
the path, and let MP be the 
ordinate of P. 

The acceleration, «1. PO, 
along PO is equivalent, by 
the triangle of accelerations, 
to accelerations along PJ 
and MO equal respectively to w.PM and w. MO. 

Hence the equations of motion are 

2 
= rim Pe ienvecai cae atencee cee (1), 
2 
and ee Sim BY Picnene casos seer oen: (2). 
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The solutions of these equations are, as in Art. 22, 


DA COS|N pb B). calieesiseds coves, (3), 
and t=O COSIN fb 4D) ccs sctunteesesens (4). 
The initial conditions are that when t = 0, then 
da 


da _ a dy _ 
7 =0, y=0, and ofa Vz 
Hence, from (8), a=AcosB and 0=—A sin B. 
These give B=0 and A =a. 

Also, from (4), similarly we have 


0=CcosD, and V=—OCWVypsin D. 


«w=O0A=a, 


ee eV. 
; D=;5, and re 
o. (8) and (4) give @=@COS(VUE)  ssesssssesesseeeeeees (DY, 
and y= -2 cos | vat +3 = z Sin (4 betes: (6). 
ry x x — 
e a? US 1 
iv 


The locus of P is therefore an ellipse, referred to OX and 
OY as a pair of conjugate diameters. 
Vy 


Also, if the ellipse meet OY in B, then DEE. 1. 


V =x semi-diameter conjugate to OA. Since any point 
on the path may be taken as the point of projection, this result 
will be always true, so that at any point the velocity 


=/u X semi-conjugate diameter. 


[This may be independently derived from (5) and (6). For 
(Velocity at P)?=22+ 42+ 2¢7 cosw 
=a%p sin? (,/ut) + V2 cos? (x/ut) — 2aV/usin (4/ ut) cos (a/ ut) cos 


2 2 2 7 = = 
=p [e+e — a* cos? (a/ ut) - - sin? ,/ut- a sin (/ ut) cos (x/ ut) cos | 


2 2 
=| at4  — 22-92 ary cos a | =p (+= - oP?) 


=x square of semi-diameter conjugate to OP.]} 
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From equations (5) and (6) it is clear that the values of 
2a 


Ve 


Hence the time of describing the ellipse is 


se 


a and y are the same at time t+ —— as they are at time @ 


2a 


Ve 


41. Ifa particle possess two simple harmonic motions, in 
perpendicular directions and of the same period, it is easily 
seen that its path is an ellipse. 

If we measure the time from the time when the 2-vibration 
has its maximum value, we have 


i=l COB WI nc or edauve cee secoes eee ehy 
and 4) =D COS (AEH €) aden rgessseemi se cose (2), 


where a, 6 are constants. 


r2 
(2) gives J — cos nt cos e — sin nt sin c= Zcose—sinen/1 eo 
b a a 
2 
ay (} —F cos c) =sin'e @ -*) : 
b a a 
; oe S08 
1.€. ae — cos € + a= Bin” @opeseie aasneen (8). 


This always represents an ellipse whose principal axes do 
not, in general, coincide with the axes of coordinates, but 
which is always inscribed in the rectangle c=+a, y=+6b. 


T 


3 
If e=0, equation (3) gives “~%=0, i. thestraight line AC. 


The figure drawn is an ellipse where ¢ is equal to about 


If e=7, it gives = + ; =0, z.e. the straight line BD. 


In the particular case when ¢ = = , ue. when the phase of the 


y-vibration at zero time is one-quarter of the periodic time, 
equation (3) becomes 

ey 

a tyoh 


i.e. the path is an ellipse whose principal axes are in the direction 
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of the axes of # and y and equal to the amplitudes of ithe 
component vibrations in these directions. 

If in addition a =b, we. if the amplitudes of the component 
vibrations are the same, the path is a circle. 


42. Ifthe period of the y-vibration is one-half that of the 
z-vibration, the equations are 


x=acosnt, and y=bcos (2nt+e). 
Hence, by eliminating t, we have as the equation to the 


path 
Ya cose. [22-1] -sine. 2 4/1 Bae 
b a | a a 


On rationalization, this equation becomes one of the fourth 


degree. 
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The dotted curve in the figure is the path when e=— eae 


when the phase of the y-vibration at zero time is negative and 
equal to one-quarter of the period of the y-vibration. 

When e=7, te. when the phase of the y-vibration at zero 
time is one-half of the y-period, the path becomes 


a? 
ea — ob (y i b), 
ue. the parabola CHD, 
When ¢ = 0, the path is similarly the parabola 


2 
a = 5 (y +b). 


For any other value of ¢ the path is more complicated. 

Curves, such as the preceding, obtained by compounding 
simple harmonic motions in two directions are known as 
Lissajous’ figures. For other examples with different ratios of 
the periods, and for different values of the zero phases, the 
student may refer to any standard book on Physics. 

These curves may be drawn automatically by means of 
a pendulum, or they may be constructed: geometrically. 


43. Ex.1. A point moves in a plane so that its projection on the axis of 
performs a harmonic vibration of period one second with an amplitude of one 
foot; also its projection on the perpendicular axis of y performs a harmonic 
vibration of period two seconds with an amplitude of one foot. It being given 
that the origin is the centre of the vibrations, and that the point (1, 0) is on 
the path, find its equation and draw it. 


Ex, 2. A point moves in a path produced by the combination of two 
simple harmonic vibrations in two perpendicular directions, the periods of the 
components being as 2:3; find the paths described (1) if the two vibrations 
have zero phase at the same instant, and (2) if the vibration of greater period 
be of phase one-quarter of its period when the other vibration is of zero phase. 
Trace the paths, and find their equations. 


44, Ifin Art. 40 the acceleration be always from the fixed 
point and varying as the distance from it, we have similarly 


a=acosh Vut, and y= ae sinh Vt. 
\/ pb 
2 
ar a =1, so that the path is a hyperbola, 


bh 
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45. <A particle describes a catenary under a force which acts 
parallel to tts axis; find the law of the force and the velocity at 
any point of the path. 

Taking the directrix and axis of the catenary as the axes of 
a and y, we have as the equation to the catenary 


Cae a 
Peg Cone a) Che tien’ Rae nee TeeRe CL); 
Since there is no acceleration parallel to the directrix, 
aa 
Sora 0. 
da 
DO Rr COMSER— uae smutatnss wveeelgas (2). 
Differentiating equation (1) twice, we have 
4 ax x yj H x 
oY 5 (eee). a5 (cee 8) Bet eben (3), 
CCRT Bia aa Ee 
and ci=s(e +e c) Ea ay. 
: da\? sdy\? t/t een A 
Piet, ||) Se pel. = 72 pale = 
Also (velocity) = (=) + (#) ice (ee @ :) 
Seon 


so that the velocity = : Y. 


Hence the velocity and acceleration at any point both vary 
as the distance from the directrix. 


46. <A particle moves in one plane with an acceleration 
which is always towards and perpendicular to a fied straight 
line in the plane and varies inversely as the cube of the distance 
from it; given the circumstances of projection, find the path. 

Take the fixed straight line as the axis of a, 

Then the equations of motion are 


da 

LEI SG) OER Pee ED 1), 

dt? ( ) 

ay f& 9 
and dt? =— fs GED CF CREE EIT WOR ECT) ( ) 


(1) gives EATEN acter ceweesice bee (8). 
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Multiplying (2) by eS and integrating, we have 


dy ath 
() =E+0. 


Lae (== _ydy 
ee V+ Cy ze Cy? 

Let the particle be projected from a point on the axis of y 
distant 6 from the origin with component velocities u and v 
parallel to the axes. Then when t= 0 we have 


1], Vee 
= CG Ve rs Cy? + TD erred (4). 


dx _ dy _ 
e=0;y=6, a4, and Free 


+ ot ate oe: C=¥-5, and ie 
*, (3) and (4) give 


3 2 4 2]52 
a=ut, and (t+ a) be y*b 


by? ~ Ope ep 
Eliminating ¢, we have as the equation to the path 
x b3y y aye ee yb? pdt 
iG ~ w— 0%? p— ow (uw — bv)? 


This is an ellipse or a hyperbola according as pu = bv, 
If « = b*v?, then C=0 and equation (4) becomes 


_ fyty — ae qe ees 


ie lin Oa” 


Hence the path in this case is y? — b? = 2\/u =) ze. a parabola, 
The path is thus an ellipse, parabola, or hyperbola according 
as us vi a we. according as the initial velocity perpendicular 


to the given line is less, equal to, or greater than the velocity 
that would be acquired in falling from infinity to the given 
point with the given acceleration. 


Tor the square of the latter = -| 24 9F _dy = EN =i 


Cor. If the particle describe an re and meets the 
axis of « it will not then complete the rest of the ellipse since 
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the velocity parallel to the axis of « is always constant and in 
the same direction; it will proceed to describe a portion of 
another equal ellipse. 


47. IPf the velocities and accelerations at any instant of 
particles m, Mz, mz ... parallel to any straight line fixed in 
space be %,%,... and fi, f, ... to find the velocity and acceleration 
of thewr centre of mass. 

If a,, 2, ... be the distances of the particles at any instant 
measured along this fixed line from a fixed point, we have 


MY4H, + Mo%. +... 
Nh, FM, +... 


G = 


Differentiating with respect to ¢, we have 


Se eae ape OS (1), 
dt M+ My, +... 
and f= DE. _ Mm fit Ma fot. 

di? M+ M+... 


where # and fare the velocity and acceleration required. 

Consider any two particles, m, and m,, of the system and 
the mutual actions between them. These are, by Newton’s 
Third Law, equal and opposite, and therefore their impulses 
resolved in any direction are equal and opposite. The changes 
in the momenta of the particles are thus, by Art. 15, equal 
and opposite, i.e. the sum of their momenta in any direction 
is thus unaltered by their mutual actions. Similarly for any 
other pair of particles of the system. 

Hence the sum of the momenta of the system parallel to 
any line, and hence by (1) the momentum of the centre of 
mass, is unaltered by the mutual actions of the system. 

If P,, P., ... be the external forces acting on the particles 
mm, m, ... parallel to the fixed line, we have 


m fit mfot-.-=(Pi+P,+...)+(the sum of the com- 
ponents of the internal actions on 
the particles) 

ss deg ass. 
since the internal actions are in equilibrium taken by them- 
selves. 
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Hence equation (2) gives 
(m, + My + wea) fos P,+ Pat wees 


i.e. the motion of the centre of mass in any given direction ts the 
sume as tf the whole of the particles of the system were collected 
at it, and all the external forces of the system applied at 
parallel to the given direction. 

Hence also If the sum of the external forces acting on any 
given system of particles parallel to a given direction vanishes, 
the motion of the centre of gravity in that direction remains 
unaltered, and the total momentum of the system in that direction 
remains constant throughout the motion. 

This theorem is known as the Principle of the Conservation 
of Linear Momentum. 

As an example, if a heavy chain be falling freely the motion 
of its centre of mass is the same as that of a freely falling particle. 


EXAMPLES ON CHAPTER III 


1. A particle describes an ellipse with an acceleration directed towards 
the centre; shew that its angular velocity about a focus is inversely 
proportional to its distance from that focus. 


2. A particle is describing an ellipse under a force to the centre; if 
v, V, and V2 are the velocities at the ends of the latus-rectum and major 
and minor axes respectively, prove that v?v,?=v,? (2v2?— v2). 


3. The velocities of a point parallel to the axes of x and y are u+y 
and v+o'x respectively, where u, v, and w’ are constants ; shew that its 
path is a conic section. 


4. <A particle moves in a plane under a constant force, the direction of 
which revolves with a uniform angular velocity ; find equations to give 
the coordinates of the particle at any time ¢. 


5. A small ball is projected into the air ; shew that it appears to an 
observer standing at the point of projection to fall past a given vertical 
plane with constant velocity. 


6. A man starts from a point O and walks, or runs, with a constant 
velocity w along a straight road, taken as the axis of x His dog starts at 
a distance a from OQ, his starting point being on the axis of y which is 


perpendicular to Ox, and runs with constant velocity < in a direction which 
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is always towards his master. Shew that the equation to his path is 


|e rene) -#L eax (@) -r=xG) | 


If \=1, shew that the path is the curve 2 (« + ‘) = £ —a log” i 
a 


[The tangent at any point P of the path of the dog meets Ox at the 


point where the man then is, so that ost . Also = ==, 
ax ut —x dt 2X 


.— ee ee eae 
: Y dy . 


OE © os d. 
. Flys =F Sane giving “15 anf 1+ (BY, ete 


iBags ae is fastened to one end, B, of a light thread and rests on 
a horizontal plane; the other end, A, of the thread is made to move on 
the plane with a given constant velocity in a given straight line; shew 
that the path of the particle in space is a trochoid. 

[Shew that 42 turns round A with a constant angular velocity.] 


8. Two boats each move with a velocity v relative to the water and 
both cross a river of breadth a running with uniform velocity V. They 
start together, one boat crossing by the shortest path and the other in the 
shortest time. Shew that the difference between the times of arrival is 


either 
a V a v 
v { y2— yt 1} mae ee re 


according as V or v is the greater. 
[The angle that » makes with V being 6, the length of the path 


24 Oo Ve cos) 
is a. VET 2V 0 008 6 and the corresponding time is =o athe 
v sin 6 v sin 6 


condition for a minimum path gives 
(vcos 6+ V)(Vcos 6+v)=0.] 


9. A particle moves in one plane with an acceleration which is always 
perpendicular to a given line and is equal to p+(distance from the line). 
Find its path for different velocities of projection. 

If it be projected from a point distant 2a from the given line with 


a velocity e . parallel to the given line, shew that its path is a cycloid. 


10. Ifa particle travel with horizontal velocity wu and rise to such 
a height that the variation in gravity must be taken account of as far as 
small quantities of the first order, shew that the path is given by the 


equation 
Bh+4 <2) 


(h-ay=2E b-y) (14% 


where 2a is the radius of the earth; the axes of # and y being horizontal 
and vertical, and /, & being the coordinates of the vertex of the path, 
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11, A particle moves in a plane with an acceleration which is parallel 
to the axis of y and varies as the distance from the axis of x; shew that 
the equation to its path is of the form y= Aa* + Ba-*, when the acceleration 
is a repulsion. 

If the acceleration is attractive, then the equation is of the form 

y=A cos [ax+ B). 


12. A particle moves under the action of a repulsive force perpen- 
dicular to a fixed plane and proportional to the distance from it. Find 
its path, and shew that, if its initial velocity be parallel to the plane and 
equal to that which it would have acquired in moving from rest on the 
plane to the point of projection, the path is a catenary. 


13. <A particle describes a rectangular hyperbola, the acceleration 
being directed from the centre ; shew that the angle 6 described about the 
centre in time ¢ after leaving the vertex is given by the equation 


tan 6=tanh (Wy), 
where p is acceleration at distance unity. 
14. A particle moves freely in a semicircle under a force perpendicular 


tothe bounding diameter ; shew that the force varies inversely as the cube 
of the ordinate to the diameter. 


15. Shew that a rectangular hyperbola can be described by a particle 
under a force parallel to an asymptote which varies as the cube of its dis- 
tance from the other asymptote. — 


16. <A particle is moving under the influence of an attractive force 
m , towards the axis of 2 Shew that, if it be projected from the point 


(0, 4) with component velocities U and V parallel to the axes of « and y, 
it will not strike the axis of x unless p> V 2k, and that in this case the 
Uk 


wi Fe! 


distance of the point of impact from the origin is 


17. A plane has two smooth grooves at right angles cut in it, and two 
equal particles attracting one another according to the law of the inverse 
square are constrained to move one in each groove. Shew that the centre 
of mass of the two particles moves as if attracted to a centre of force 
placed at the intersection of the grooves and attracting as the inverse 
square of the distance, 


CHAPTER IV 


UNIPLANAR MOTION REFERRED TO POLAR COORDINATES 
CENTRAL FORCES 


48. In the present chapter we shall consider cases of 
motion which are most readily solved by the use of polar 
coordinates. We must first obtain the velocities and accelera- 
tions of a moving point along and perpendicular to the radius 
vector drawn from a fixed pole. 


49. Velocities and accelerations of a particle along and 
perpendicular to the radius vector to it from a fixed origin O. 

Let P be the position 

_of the particle at time ¢, 
and Q its position at time 
t+ At. 

Let XOP=0, XOQ= 
0+A0, OP=r, 0Q=r 
+ Ar, where OX is a fixed 
line. 

Draw QM _ perpendi- 
cular to OP. 

Let w, v be the velocities of the moving point along and 
perpendicular to OP. Then 


: Distance of particle measured along the line OP at 
re time ¢ + At — the similar distance at time ¢ 
At=0 At 
OM — OP (r+ Ar) cos A@—r 
= pee ep 
ine At At=0 At 
= Lt ore , small quantities above the first order 
ssl being neglected, 
== dr RO Ch ee reer ere re reer eee see OO eee EEO EEE THA MHKHFHHTETIEE ceacoees GL); 


di 
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Also 


Distance of particle measured perpendicular to the 
line OP at time ¢ + At —the similar distance at time ¢ 


v=Lt 
at=0 At 
QM —O (r+Ar) sin A@ “ 

= Lt = lt ae 

At=0 At At=0 At 
ae cs ok ae , on neglecting small quantities of the 

At=0 

second order, 
dé . eae 

=", i the limit ..... Oeaveat leshenscdnnceeumaaneageasre cores (2). 


The velocities along and 
perpendicular to OP being iN 
u and v, the velocities along . 
and perpendicular to OQ 
are u+Au and y+ Av. 

Let the perpendicular 
to OQ at Q be produced to 
meet OP at L. . 

Then the acceleration of © x 
the moving point along OP 


its velocity along OP at time ¢+ At— its similar 
velocity at time ¢ 


= Lt 
At=0 At 
i“ + Aw) cos A@ — (v + Av) sin AO — *) 
= Lt) EE 
At=0 At 
[tees | 
= Lt | ——_—_—_————_], 
At=0 At 


on neglecting squares and higher powers of A@, 
Au—vh@ du dé 


ee Apu = Abee han the limit, 
dr dé\? 
= de oie (5) BR ADCO COCR ORE I DDCCHODACIOO LOCO ASSO SOnNOADATA (3), 


by (1) and (2). 
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Also the acceleration of the moving point perpendicular 
to OP in the direction of @ increasing 


its velocity perpendicular to OP at time ¢+ At— its 
ST similar velocity at time ¢ 
At=0 At 


At 
= 11/4 Au). A@+(¥+ Av).1—9 
~ At=0 At : 
on neglecting squares and higher powers of AQ, 


va oe dv drd@ d/ dé 
Sus tae in the limit, = creas AG re) by (1) and (2), 


te cue Ge | 4 EO oe gree (4). 


=14/¢ + Au) sin Ad + (v + Av) cos Ad — 4 
Pia 


dcp cde 9 di a 


Cor. If r=a, a constant quantity, so that the particle is 
describing a circle of centre O and radius a, the quantity 


(3) =— a6? and (4) =a6, so that the accelerations of P along 
the tangent PQ and the radius PO are a and aé?. 


50. The results of the previous article may also be obtained by resolving 
the velocities and accelerations along the axes of z and y in the directions of 
the radius vector and perpendicular to it. 

For since =r cos 6 and y=rsin 0, 


cs = eon 0 - rere 
OG Gh dt (1) 
epi Oe eee aa f 
and anak sin 8+7 cos iS 
Also 
dz dr drdoé. do\2 a EEO) 
Five Fy des 2 ay SID vas ~rsin da @) 
d*y d*r Ai dr d0 do\2 a6 
and ie =aa™ n6+2o COs 8 — -rsino (7 +1 008 8 Te 
The component velocity along OP 
_ ae dy 
=F 08 O+5, sin o=%, by (1), 


and perpendicular to OP in the direction of 6 increasing it 


_ dy do 
=H cosa -$ tin d= r Fo by (). 
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The component oe ea OP 


dx 
= 7p 08 046 Y sin 9= (a) by (2), 


and perpendicular to OP it 


_ dy d*x dr dé 
=a 0 80-— sin = 2a tT ots by (2), 


=a" al: eb 
rat 


51. By the use of Arts. 4 and 49 we can obtain the 
accelerations of a moving point referred to rectangular axes Ox 
and Oy, which are not fixed in space, but which revolve in any 
manner about the origin O in their own plane. 


Let OA be a line fixed in space, and, at time ¢, let 6 be the 
inclination of Oz to OA. Let P be the moving point; draw 
PM and PN perpendicular to Ox and Oy. 


By Art. 49 the velocities of the point M are ia along OM 


dt 
dé | ie dy 
and « Ai along MP, and the velocities of NV are di along ON 


and y e along PN produced. 


d d dé 
| For 5( < AON) = 53 2A0M)=% a 
Hence the velocity of P parallel to Ox 


= the velocity of NV parallel to Ox + the velocity of P 
relative to NV. 


= vel. of NV parallel to Oz + the vel. of M along OM 
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So the velocity of P parallel to Oy 
= vel. of M parallel to Oy + the vel. of P relative to M 
= vel. of M parallel to Oy + the vel. of V along ON 


Sede dy 
aE abe GU CHOD OCR OOS 00 Giole TOOO CUO Ao DOO Somacoms imacaaOe (2) 
y : da dé\? 
Again, the accelerations of M are, by Art. 49, ire (=) 
d ( ,d0 ; 
along OM, and — =a (® = along MP, and the accelerations 
d?y dé 1d / dé 
of NV are wn 9 (a) along ON, and = 3 (y 7 along PN 
produced. 


Hence the acceleration of P parallel to Ox 


=acceleration of V parallel to Ox + acceleration of P 
relative to V 


= acceleration of V parallel to Ox + acceleration of MM 
along OM 


see ae ee @) 


Also the acceleration of P parallel to Oy 


=acceleration of M parallel to Oy + acceleration of P 
relative to M 


= acceleration of M parallel to Oy + acceleration of V 
along ON 


= 25 (e 0) 4 SE y(G) Leh ue GIA Pose (4). 


Cor. In the particular case when the axes are revolving 
' dé 
with a constant angular velocity , so that pce: these 


component velocities become 


- — yo along Oz, 


and / + aw along Oy; 
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also the component accelerations are 


dg ; dy 
poe Qu Ef along Oz, 
and 2) — ywo?+ 2w a along Oy. 


a 


59. Ex. 1. Shew that the path of a point P which possesses two constant 
velocities w and v, the first of which is in a fixed dircction and the second of 
which is perpendicular to the radius OP drawn from a fixed point O, is a conic 


: Be eee th 
whose focus is O and whose eccentricity is —. 
v 


With the first figure of Art. 49, let w be the constant velocity along OX and 
v the constant velocity perpendicular to OP. 


Then we have 


dr rdé ‘ 
ag 908 8 and Gp Ue sin 6. fe 


“. logr= —log (v—wsin 6) +const., 


1dr _ ucos 0 
rdé v—using” 


i.€. r (v—wsin @) =const.=lv, 
if the path cut the axis of « at a distance l. Therefore the path is 


l 
— 


? 

Abe 

1-—- sing 
v 


: : Sri meen ee 
i.e. a conic section whose eccentricity is = 


Ex.2. A smooth straight thin tube revolves with uniform angular velocity w 
in a vertical plane about one extremity which is fixed; if at zero time the tube be 
horizontal, and a particle inside it be at a distance a from the fixed end, and be 
moving with velocity V along the tube, shew that its distance at time t is 

ee é ANA 
acosh (wt) + ¢ - a sinh (wt) + 292 SiN wt. 

At any time t let the tube have revolved round its fixed end O through an 
angle wt from the horizontal line OX in an upward direction; let P, where 
OP=r, be the position of the particle then. 

By Art. 49, 


cra = acceleration of P in the direction OP 


= -—gsinwt, since the tube is smooth. 


The solution of this equation is 


il ; 
tT dew + BeW ata sin wt) 


=L cosh (wt) + Msinh (wt) + satin wt, 


where 4 and B, and so L and JJ, are arbitrary constants. 


Motion referred to polar coordinates 51 
The initial conditions are that r=a and *=V when t=0, 
* a=L, and V=Mw+2. 
20 


VO iat. g 
3 r=a cosh wt+ | — - =; soa 
sh w [- sa sinh (wt) + 5,2 51D wt. 


If R be the normal reaction of the tube, then 


R 
pt Bs wt=the acceleration perpendicular to OP 
d 
eat . te 
=a (r2w), by Art. 49, =2rw 


= 2aw? sinh (we) + (2Vw—g) cosh (wt) +g cos wt, 


EXAMPLES 


1. A vessel steams at a constant speed v along a straight line whilst 
another vessel, steaming at a constant speed V, keeps the first always 
exactly abeam. Shew that the path of either vessel relatively to the 


: : i ee 
other is a conic section of eccentricity y 


2. <A boat, which is rowed with constant velocity w, starts from 
a point A on the bank of a river which flows with a constant velocity nu; 
it points always towards a point B on the other bank exactly opposite to 
A ; find the equation to the path of the boat. 

If n be unity, shew that the path is a parabola whose focus is B. 


3. An insect crawls at a constant rate uv along the spoke of a cartwheel, 
of radius a, the cart moving with velocity v, Find the acceleration along 
and perpendicular to the spoke. 


4. The velocities of a particle along and perpendicular to the radius 
from a fixed origin are Ar and pO; find the path and shew that the 
accelerations, along and perpendicular to the radius vector, are 


2 G2 
ea and po[r+ el. 
r r 


5. A point starts from the origin in the direction of the initial line 
with velocity JL and moves with constant angular velocity about the 
@ 
origin and with constant negative radial acceleration —/. Shew that the 
rate of growth of the radial velocity is never positive, but tends to the 
limit zero, and prove that the equation of the path is o’7=f(1—e7 8). 


6. A point P describes a curve with constant velocity and its angular 
velocity about a given fixed point O varies inversely as the distance from 
0; shew that the curve is an equiangular spiral whose pole is 0, and that 
the acceleration of the point is along the normal at P and varies inversely 
as OP, 

4—2 
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7. A point P describes an equiangular spiral with constant angular 
velocity about the pole 0 ; shew that its acceleration varies as OP and is 
in a direction making with the tangent at P the same constant angle that 
OP makes. 


8. A point moves in a given straight line on a plane with constant 
velocity V, and the plane moves with constant angular velocity » about an 
axis perpendicular to itself through a given point O'of the plane. If the 
distance of O from the given saeieht line be a, shew that the path of the 
point in space is given by the equation 
a Jr? Fr nd cos—1 — cit 

@ r? 


referred to O as pole. 
[If @ be measured from the line to which the given line is perpendicular 


at zero time, then r?=a?+ V2. ¢2 and @=ot-+cos1= me 


9. A straight smooth tube revolves with angular velocity o in a hori- 
zontal plane about one extremity which is fixed ; if at zero time a particle 
inside it be at a distance a from the fixed end and moving with velocity V 


along the tube, shew that its distance at time ¢ is a cosh Pree sinh of. 
@ 


10. <A thin straight smooth tube is made to revolve upwards with 
a constant angular velocity » in a vertical plane about one extremity O ; 
when it is in a horizontal position, a particle is af rest in it at a digtencs 
a from the fixed end 0; if w be very small, shew that it will reach O in 


; 6a\3 
a time ) nearly. 


11. A particle is at rest on a smooth horizontal plane which com- 
mences to turn about a straight line lying in itself with constant angular 
velocity downwards ; if a be the distance of the particle from the axis of 
rotation at zero time, shew that the body will leave the plane at time ¢ 
given by the equation 


asinh otha. cosh ot = & cos ot. 
Qe o” 


12. A particle falls from rest within a straight smooth tube which is 
revolving with uniform angular velocity about a point QO in its length, 
being acted on by a force equal to mp (distance) towards 0. Shew that 
the equation to its path in space is 


i acosn |, / 85H at or r=@ COs {fe = Oh according as pSo. 


If »=o%, shew that the path is a circle. 


13. A particle is placed at rest in a rough tube at a distance a trom 
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one end, and the tube starts rotating horizontally with a uniform angular 
velocity about this end. Shew that the distance of the particle at time is 


ae~F-*N¢Fcosh (wt. sec e)+sin e sinh (wt sec e)], 
where tan « is the coefficient of friction. 


14. One end A of a rod is made to revolve with uniform angular 
velocity in the circumference of a circle of radius a, whilst the rod itself 
revolves in the opposite direction about that end with the same angular 
velocity. Initially the rod coincides with a diameter and a smooth ring 
capable of sliding freely along the rod is placed at the centre of the circle. 
Shew that the distance of the ring from A at time ¢ ig 


; [4 cosh (wt) +cos 2et]. 


[If O be the centre of the circle and P, where A P=r, is the position of 
the ring at time ¢ when both OA and AP have revolved through an angle 
6, (=ot), in opposite directions, the acceleration of A is aw? along AO and 
the acceleration of P relative to A is #—r6?, by Art. 49, ¢.e.7—ro%. Hence 
the total acceleration of P along AP is #—7re?+a? cos 2ot, and this is 
zero since the ring is smooth. ] 


15. PQ is a tangent at Q toa circle of radius a; PQ is equal to p and 
makes an angle @ with a fixed tangent to the circle; shew that the 
accelerations of P along and perpendicular to QP are respectively 


p—p6?+a6, and oa (p26) + 063. 


[The accelerations of Q along and perpendicular to QP are a and aé?; 
the accelerations of P relative to Q in these same directions are 


Pas Wee 
p—p& and aerate al 


16. Two particles, of masses m and m’, connected by an elastic string 
of natural length a, are placed in a smooth tube of small bore which is 
made to rotate about a fixed point in its length with angular velocity o. 
The coefficient of elasticity of the string is 2mm’'aw*+(m-+m’), Shew that, 
if the particles are initially just at rest relative to the tube and the string 
is just taut, their distance apart at time ¢ is 2a—a@ cos ot. 


17. A weight can slide along the spoke of a horizontal wheel, whose 
mass may be neglected, and is connected to the centre of the wheel by 
means of a light spring; when the wheel is fixed, the period of oscillation 
of the weight is 27/n. If the wheel is started to rotate freely with angular 
velocity 6n ./11/55, prove that the greatest extension of the spring is one- 
fifth of its original length. 


18. A uniform chain 4B is placed in a straight tube OAB which re- 
volves in a horizontal plane, about the fixed point O, with uniform angular 
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velocity . Shew that the motion of the middle point of the chain is the 
same as would be the motion of a particle placed at this middle point, and 
that the tension of the chain at any point P is }mo*. AP. PB, where m is 
the mass of a unit length of the chain. 


53. A particle moves in a plane with an acceleration which 
is always directed to a fixed point O in the plane ; to obtain the 
differential equation of its path. 


Referred to O as origin and a fixed straight line OX 
through OQ as initial line, let the polar coordinates of P be(r, 4). 
If P be the acceleration of the particle directed towards O, we 


have, by Art. 49, 
er dé . P ¥ 
ue (5) eee ae meee t (1). 


Also, since there is no acceleration perpendicular to OP, we 
have, by the same article, 


iad 7 ede 
5 (x : i)" Ouegesne: Pn es (2). 
(2) gives pee t=h 
gives ag = Const. = (ay) ee ee ee (8). 
dé = 
ois aap = Fhe, if w be equal to = 
Then = $ (\=— 1du__ldu do_ _ ue 
"i uu) sow dt wd’ dt do’ 
ar da du d (du\ d _ d? 
d ie du 5S u 
ea ieee Ge de = Ber mae jp gee 
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Hence equation (1) ite 
2, vu 


— hty ae huA= ~ P, 
p au P 
t.@. dé? +uU= ut Oddo SoogncconnoODanurioae4 (4). 


Again, if p be the perpendicular from the origin 0 upon 
the tangent at P, we have 
du\? 
ee 
+(%) 


1 dr\? 
goat alge) = 


Hence, differentiating with respect to 6, we have 


2 dp du du d?u 
po ae * ab ae 


4 1dp _ ae Pu) du _ dy 1 
pdr" * ae eo * ae) (— =): 
ee et) eae au 
cee apee sade 


Hence (4) gives ae ee ae. tastes veh aueionse en (5). 


Equation (4) gives the path in terms of r and @, and (5) 
gives the (p, r) equation of the path. 


54. In every central orbit, the sectorial area traced out by 
the radius vector to the centre of force increases uniformly per 
unit of time, and the linear velocity varies inversely as the 
perpendicular from the centre wpon the tangent to the path. 

Let Q be the position of the moving particle at time t + At, 
so that Z POQ=Aé@ and OQ =r+ Ar. 

The area PO0Q=}4 OP.0Q sin POQ 

=tr(r+ Ar)sin AO. 
Hence the rate of description of sectorial area 


ir (r + Ar) sin AO 1 ei eld Hew 
aoe Al ae Lr(r+ Ar). Ad * Al 


,a0 an 
= 4 
r? ai’ in the limit, 


=the constant 4h by equation (3) of the last article. 
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The constant h is thus equal to twice the sectorial area 
described per unit of time. 
Again, the sectorial area POQ = in the limit 4. PQ x per- 
pendicular from O on PQ, and the rate of its description 
, Lots 
~ geno At 
Now, in the limit when Q is very close to P, 


= = the velocity », 


and the perpendicular from O on PQ 


x perpendicular from O on PQ. 


= the perpendicular from O on the tangent at P=p. 
*; =e pte. ue 
a+ te 3 


Hence, when a particle moves under a force to a fixed 
centre, its velocity at any point P of its path varies inversely 
as the perpendicular from the centre upon the tangent to the 
path at P. 


: h : 
Since v= —, and in any curve 
Pp 


Soata(@) <e+ ay 
3  \do ai (5 : 


55. A particle moves in an ellipse under a force which is 
always directed towards its focus; to find the law of force, and 
the velocity at any point of its path. 

The equation to an ellipse referred to its focus is 


l ; Lee 
eae aE v.é. w= 7 +7 C088 Soudondn (1). 
2 
Se Tha —S 0088. 
Hence equation (4) of Art. 58 gives 
du h? 
PH=hyr E ay w = ao TAA RARE ce (2). 


The acceleration therefore varies inversely as the square of 
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the distance of the moving particle from the focus and, if it be 


aioe then (2) gives 
h=V pl =Vu x semi-latus-rectum ......... (3). 
Also 
=i & (55) |- h? IG +5 Cos 6) + +(j sin 0) | 
=" [1420008 0+ ¢ =f oi Lee | 
2 
en E es AR eM ane ee: wee hed gn (4), 


where 2a is the major axis of the ellipse. 

It follows, since (4) depends only on the distance r, that the 
velocity at any point of the path depends only on the distance 
from the focus and that it is independent of the direction of 
the motion. 

It also follows that the square of the velocity V of projection 
from any point whose distance from the focus is 7), must be less 


than oo and that the a of the corresponding ellipse is given by 
0 


Periodic time. Since h is equal to twice the area described 
in a unit time, it follows, that if 7’ be the time the particle 
takes to describe the whole arc of the ellipse, then 


4h x T =area of the ellipse = zab. 


“® 
Also h=Nu x semi-latus-rectum =, / . 
Qrab 2 
Hence T= - Bac 


56. Ex. Find the law of force towards the pole under which the curve 
r®=a"cosné can be described. 

Here ua” cos nd=1. 

Hence, taking the logarithmic differential, we obtain 


du 
ae u tan ng. 


du du 
3 2 2 2 
* 592 = do tan né + nu sec? nd =u [tan? n6 +n sec? né]. 
du 


» aga tu=U (n +1) sec? n@=(n +1) a®™u2"11, 
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Hence equation (4) of Art. 53 gives 
P=(n+1) h2a2y2"43, 
i.e. the curve can be described under a force to the pole varying inversely as tho 
(2n+38)rd power of the distance. 


Particular Cases. I. Let n=-—- ; , so that the equation to the curve is 
pe ee 2a 
~ 99 1+c080’ wo 
cos? — 
2 
i.e. the curve is a parabola referred to its focus as pole. 
1 
Here Pea 
Tr 
II. Let n=5 , 80 that the equation is r =5 (1+ cos 6), which is a cardioid. 
1 
Here ice nq 


III. Let n=1, so that the equation to the curve is r=acos@, i.e. a circle 
with a point on its circumference as pole. 
1 


Here Pos. 


IV. Let n=2, so that the curve is r?=a?cos26, i.e. a lemniscate of 


Bernouilli, and Pe = 2 
V. Let n= -—2, so that the curve is the rectangular hyperbola a?=r? cos 26, 
the centre being pole, and Pa —7r, since in this case (n+1) is negative. The 


force is therefore repulsive from the centre. an 


EXAMPLES 


A particle describes the following curves under a force P to the pole, 
shew that the force is as stated : 


1. Equiangular spiral ; 1B gs +: 
2. Lemniscate of Bernouilli; Jers =e 
7 
3. Circle, pole on its circumference; Po + 
a j 1 
4. ae, nO, cosh nd, or sin 29 ; Pe <o 
5. 7™cosn6=a"; Pe rn-3, 
6. r*=Ad cosnd+B sin né; Pana. 
: Qn2a2 n2--1 
7. r=asinné; a 
d Ie ro rs e 


8. au=tanh (5) or coth (5) ; Po 5 
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cosh 6-2 cosh 642 i 
Te eee eh Oi) tet A 
F 2. cosh 26-1 cosh 20+1 AL 
10. = cosh 20 +2 oF cosh 20-2? Jak 


11. Find the law of force to an internal point under which a body will 
describe a circle. Shew that the hodograph of such motion is an ellipse. 

[Use formula (5) of Art. 53. “The hodograph of the path of a moving 
point P is obtained thus: From a fixed point O draw a straight line 0Q 
parallel to, and proportional to, the velocity of P; the locus of the point 
Q, for the different positions of P, is the hodograph of the path of P.] 


12. A particle of unit mass describes an equiangular spiral, of angle 
a, under a force which is always in a direction perpendicular to the 
straight line joining the particle to the pole of the spiral ; shew that the 


force is pr?S°**-5 and that the rate of description of sectorial area about 


the pole is > / usin a.cos a. r°"*, 


13. In an orbit described under a force to a centre the velocity at 
any point is inversely proportional to the distance of the point from the 
centre of force ; shew that the path is an equiangular spiral. 


14. The velocity at any point of a central orbit is *th of what it would 
be for a circular orbit at the same distance ; shew that the central force 


varies as 


and that the equation to the orbit is 


gan? +1 


1-1 a""-1 cos {(n? — 1) 6}. 


57. Apses. An apse is a point in a central orbit at which 
the radius vector drawn from the centre of force to the moving 
particle has a maximum or minimum value. 

By the principles of the Differential Calculus wu is a maximum 
du 
dd 
of u that does not vanish is of an even order. 

If p be the perpendicular from the centre of force upon the 
tangent to the path at any point whose distance is r from the 
origin, then 


or a minimum if — is zero, and if the first differential coefficient 


Tew ZeYO, es so that the perpendicular in 
r 


dé 
the case of the apse is equal to the radius vector. Hence at an 
apse the particle is moving at right angles to the radius vector. 


p 
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58. When the central acceleration is a single-valued function 
of the distance (i.e. when the acceleration is a function of the 
distance only and ts always the same at the same distance), every 
apse-line divides the orbit into two equal and similar portions and 
thus there can only be two apse-distances. 

Let ABC be a portion of the path having three consecutive 
apses A, B, and C and let O be the 
centre of force. c 

Let V be the velocity of the 
particle at B. Then, if the velocity 
of the particle were reversed at B, 
it would describe the path BPA. 
For, as the acceleration depends 
on the distance from O only, the 
velocity, by equations (1) and (3) oO 
of Art. 58, would depend only on 
the distance from O and not on the 
direction of the motion. 


Again the original particle starting from B and the reversed 
particle, starting from B with equal velocity V, must describe 
similar paths. For the equations (1) and (8) of Art. 58, which 
do not depend on the direction of motiornshew that the value 
of » and @ at any time ¢ for the first particle (ie. OP’ and 
Z BOP’) are equal to the same quantities at the same time ¢ 
for the second particle (7.e. OP and Z BOP). 

Hence the curves BP’O and BPA are exactly the same; 
either, by being rotated about the line OB, would give the 
other. Hence, since A and Care the points where the radius 
vector is perpendicular to the tangent, we have OA =OC. 

Similarly, if D were the next apse after C, we should have 
OB and OD equal, and so on. 

Thus there are only two different apse-distances. 


The angle between any two consecutive apsidal distances is 
called the apsidal angle, 


59. When the central acceleration varies as some integral 
power of the distance, say jw”, it is easily seen analytically that 
there are at most two apsidal distances, 
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For the equation of motion is 


The particle is at an apse when “i =0, and then this 


equation gives 
= 2 
ipo eese nee w+C=0, 
2 4 
Whatever be the values of n or C this equation cannot have 
more than two changes of sign, and hence, by Descartes’ Rule, 
it cannot have more than two positive roots. 


60. <A particle moves with a central acceleration eet es c 
(distance)? 
to find the path and to distinguish the cases. 
The equation (4) of Art. 53 becomes 
du au (pe 
fat Fat 1. aan (i 1)u ou aaah (1) 
Case I. Let h?<yp, so that an 1 is positive and equal 
to n’, say. 
The equation (1) is - = nu, the general solution of which is, 
as in Art. 29, 


u= Ae™ + Be-™ = L cosh n6 + M sinh nf, 
where A, B, or L, M are arbitrary constants. 

This is a spiral curve with an infinite number of convolutions 
about the pole. In the particular case when A or B vanishes, 
it is an equiangular spiral. 

Case II. Let h?= 4, so that the equation (1) becomes 

de? 
.. u=AI+B=A (0-a), 


where A and a are arbitrary constants. 


= 0. 
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This represents a reciprocal spiral in general. In the 
particular case when A is zero, it is a circle. 


Case IIT, Let h? > p, so that & 


to —n’, say. 


ia —lis negative and equal 


The equation (1) is therefore ou =n, the solution of 


which is 
u=A cos (nf + B) = A cosn(@— a), 
where A and a are arbitrary constants. 
The apse is given by 0=a, u=A. 


61. The equations (4) or (5) of Art. 53 will give the path 
when FP is given and also the initial conditions of projection. 


Ex. 1. A particle moves with a central acceleration which varies inversely 
as the cube of the distance; if it be projected from an apse at a distance a from 
the origin with a velocity which is ,/2 times the velocity for a circle of radius a, 
shew that the equation to its path is 


6 
r cos —-=a, 


2 2 
Let the acceleration be pu’. 
If V, be the velocity in a circle of radius a with the same acceleration, then 
2 


is =normal acceleration = £ 3 
a ae. 
Vi= 5 ‘ 
Hence, if V be the velocity of projection in the required path, 
V=N/ 24 = a 


The differential equation of the path is, from equation (4) of Art. 53, 
du wus K& 
dpa t= pays = 72% 


Hence, multiplying bya = and integrating, we have 


1 L(G 
Bey? lS a3) i 5+ Pssee uadsesescuscees (1). 


The initial conditions give that when w=, then oS =(0) and v= 2 
a 


= 1 Qu 
Hence (1) gives 53 : mls, |= saat C. 


h2=Qy and C=. 


«. from equation (1) we have 


du\? ig 1 
ae mio eOas 
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, ah LAL , 
ais VE (2-“*) eer eereeccrseerecrscsvereesons (2). 


: age =sin7! au+ 
: vo Min eu aut i 


If 0 be measured from the initial radius vector, then 9=0 when u=:, and 


therefore y= -sin-1(1)=- 5 : 


au=sin [s+ 753 |= 008 Y 
oe | 9 2 Se" 


Hence the path is the curve r cos —= =a, 


/2 
If we take the negative sign on the right hand side of (2), we obtain the same 

result. 

r+2a 

5 

towards the origin, is projected from the point (a, 0) with a velocity equal to the 

velocity from infinity at an angle cot—12 with the initial line. Shew that the 

equation to the path is 


Ex. 2. A particle, subject to a force producing an acceleration m 


r=a (1+2sin 6), 
and find the apsidal angle and distances. 
The ‘‘ velocity from infinity” means the velocity that would be acquired by 
the particle in falling with the given acceleration from infinity to the point under 
aca Hence if this velocity be ‘s we “pie as in Art, 22, 


Lo [= AG [sat sal 
5?" -[*-» ae Laras P| 3a8 F948 


so that Vase Jan or Boandaneondbononags6u66000 Rocosouoqadd: (1). 


The equation of motion of the particle is 
du 
dg? 


2 3 
2. soa h ef + (5 3) |= [5 +5au' |e peices kiaise seesee(2)s 


If po be the perpendicular from the origin upon the initial direction of pro- 


E ¢ 
+U= ae [u4 + 2au5] = i [u? + 2aua], 


: Z a 
jection, we have py=a sin a, where cota=2, i.e. Po= Fe : 
Hence, initially, we have 


GUNe ee 
2 aay |) see eam A stersloah es veels eee theccevess(O)s 
w +(3) (3) 


2 

Hence (2) gives, initially, from (1) and (8) 
5 1 

sen 5 *a=* [aan t 38 |*% 


i qe 
so that C=0 and hi =e 


From (2) we then have 
du au 
ue 4 
6a | ut +() |= 55 a |: 


i.e. (35) =u? [2au + 8a2u? — 1] =u? [aw +1] [Bau — 1). 
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On putting wee 


re this equation gives 


(Jp) =@+7) Ga-n, 


and hence o- (|. 
J (a+r) (8a—1) 
; Ss = Ge el 
Putting r=a+y, we have = ahaa aa t? 
ain OE 
. sin (0 (last via as 


If we measure @ from the initial radius vector, then 9=0 when r=a, and 
hence y=0. 


Therefore the path is r=a(1+2sin@). 
Clearly or =0, i.e. we have an apse, when 
T 30 Sar 
O=5, ae ahaa: ete. 


Hence the apsidal angle is w and the apsidal distances are equal to 3a and 
a, and the apses are both on the positive directions of the axis of y at 
distances 3a and a from the origin, The path is a limagon and can be easily 
traced from its equation, 


EXAMPLES 


; Onn? ek oa 
1. A particle moves under a central repulsive force { ( isaecyf F 


and is projected from an apse at a distance a with velocity V. Shew that 
the equation to the path is 7 cos pO=a, and that the angle @ described in 


time ¢ is of 
i pV peta? V* 

= tano| 22 Ww eta 

tan E ‘|, here p oy 


2. <A particle moves with a central acceleration, = , and is 


BX 
(distance)® 
projected from an apse at a distance a with a velocity equal to m times 
that which would be acquired in falling from infinity ; shew that the other 

a 
Vn?=1 

If n=1, and the particle be projected in any direction, shew that the 
path is a circle passing through the centre of force. 


apsidal distance is 


; : A : be : 
3. <A particle, moving with a central acceleration iiimlanes: is 


projected from an apse at a distance a@ with a velocity V; shew that 
the path is 


S72 V2 272 
peoat | NOOR Sg oetens IS eee 
aV aV 


according as V is | the velocity from infinity. 
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4. A particle moving under a constant force from a centre is projected 
in a direction perpendicular to the radius vector with the velocity 
acquired in falling to the point of projection from the centre. Shew that 


its path is 
a\s 3 
(¢) = cos? 5 6, 


and that the particle will ultimately move in a straight line through the 
origin in the same way as if its path had always been this line. 

If the velocity of projection be double that in the previous case, shew 
that the path is 


6 r-a 1 r—a 
eeiton il Le as RG Me 
5 tan RA z ens Le 
2a8 


5. A particle moves with a central acceleration p(r+ or) being 


projected from an apse at a distance a with twice the velocity for a 
circle at that distance ; find the other apsidal distance, and shew that the 
equation to the path is 


-= 1 aaa -1 rs Vie SE 
3 tan (t /3) 5 tan ( 3 ) ) where ¢ 5 . 


ne 
6. A particle moves with a central acceleration p( r+ 3) being 


projected from an apse at distance a with a velocity 2/ya; shew that 
it describes the curve r? [2 +cos /36]=3a?. 


7. A particle moves with a central acceleration p (75 — Ar), being 
projected from an apse at distance ¢ with a velocity ) 2s ce? ; shew that 
its path is the curve 2*+y4=ct. 

8. A particle moves under a central force md [8a%ut+8au?]; it is 


projected from an apse at a distance a@ from the centre of force with 


velocity ,/10A ; shew that the second apsidal distance is half the first, 
and that the equation to the path is 
0 
2Ir=a) 1+sech Ae 
eee 
9. A particle describes an orbit with a central acceleration pu’ —dus, 
being projected from an apse at distance a with a velocity equal to that 
from infinity ; shew that its path is 


2 
7=acosh Z where rig eee, 


Prove also that it will be at distance 7 at the end of time 


Cid tab a Osbek =a | 
Jl log - tr Jr-a |, 
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10. In a central orbit the force is pu? (3+2a7u?); if the particle be 
; : By . ee : 
projected at a distance a with a velocity, / — in a direction making 
a 


tan71 : with the radius, shew that the equation to the path is r=a tan 6. 


11. A particle moves under a force mp {3au4 — 2 (a? — 5”) 1°}, a>b, and 


is projected from an apse at a distance a+6 wi oy Vp+(at+b); 
shew that its orbit is r=a+6 cos 6. 


12. A particle moves with a central acceleration A? (Sau?+atu®) ; 
it is projected with velocity 9\ from an apse at a distance - from the 


origin ; shew that the equation to its path is 


ae wuts og O 
V3\/ au-3- 6" 


13. <A particle, subject to a central force per unit of mass equal to 
p {2 (a? +b?) uS — 3075? u7}, 


/ 
is projected at the distance a with a velocity = in a direction at right 


angles to the initial distance ; shew that the path is the curve 
72=a? cos? 6+6? sin? 6. 


2 
14. A particle moves with a central acceleration p (uF ur); 


it is projected at a distance a with a velocity ys = times the velocity for 


a circle at that distance and at an inclination tan™ ; to the radius vector. 
Shew that its path is the curve 
3a? 
a - 
4r?—@ (iar 
15. A particle is acted on by a central repulsive force which varies as 
the mth power of the distance ; if the velocity at any point of the path be 
equal to that which would be acquired in falling from the centre to the 
point, shew that the equation to the a is of the form 
r? cos sae Ea conct 
16. An elastic string, of natural length J, is tied to a particle at one 
end and is fixed at its other end to a point in a smooth horizontal table. 
The particle can move on the table and initially is at rest with the string 
straight and unstretched. A blow (which, if directed along the string 
would make the particle oscillate to a maximum distance 2/ from the fixed 
end) is given to the particle in a direction inclined at an angle a to the 
string. Prove that the maximum length of the string during the ensuing 
motion is given by the greatest root of the equation 


at — 2123 +14 sin? a=0. 
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17. A particle of mass m is attached to a fixed point by an elastic 
string of natural length a, the coefficient of elasticity being nmg; it is 


projected from an apse at a distance a with velocity ./2pgh; shew that 
the other apsidal distance is given by the equation 


nr? (r— a) — Qpha (r+a)=0. 
18. A particle acted on by. a repulsive central force pr-+(r?—9c*)? 
is projected from an apse at a distance ¢ with velocity he ; shew that 


Bae” 
it will describe a three-cusped hypocycloid and that the time to the cusp 


md nye 
18 5 17C ae 
3 B 


[Use equation (5) of Art. 53, and we have 8p?=9c? — r?, 


7 Ny (Sia 
Also hdt=p.ds=pdr. aS = =) giving he= ih aa 


To integrate, put r?=c¢? + 8c? cos? .] 


19. Find the path described about a fixed centre of force ve a particle, 
when the acceleration toward the centre is of the form & A + in terms of 


the velocity V at an apse whose distance is a from the centre of force. 


20. Shew that the only law for a central attraction, for which the 
velocity in a circle at any distance is equal to the velocity acquired in 
falling from infinity to that distance, is that of the inverse cube. 


21. <A particle moves in a curve under a central attraction so that its 
velocity at any point is equal to that in a circle at the same distance and 
under the same attraction; shew that the law of force is that of the 
inverse cube, and that the path is an equiangular spiral. 


22. A particle moves under a central force mp+(distance)" (where 
nm>1 but not=3). If it be projected at a distance & in a direction 
making an angle B with the initial radius vector with a velocity equal to 
that due to a fall from infinity, shew that the equation to the path is 


n=3 Relays 
r? sinB=R ? gin CH 048). 
If n>3 shew that the maximum distance from the centre is 


2 
Rceosec”—?p, 


and if n23 then the particle goes to infinity. 


23. A particle moves with central acceleration pu?+vu> and the 
velocity of projection at distance # is V; shew that the particle will 


: 2 
ultimately go off to infinity if Vos + a 
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24. <A particle is projected from an apse at a distance a with a velocity 
oe. and moves with a central attraction equal to 
5 (— 1) a*-87-"+Ar-5, where n>3, 
per unit of mass ; shew that it will arrive at the centre of force in time 
a /r (n+l 29 
ga/2r(Zth) /r (=75)s. 
25. In a central orbit if P=pw? (cw+cos 6)—3, shew that the path is 
one of the conics 


(cu+cos 0)?=a+5 cos (26+a). 
26. A particle, of mass m, moves under an attractive force to the 
pole equal to “f sin? 6. It is projected with velocity ee from an apse 
ata distance a. Shew that the equation to the orbit is r (1+ cos? 6)=2a, 


and that the time of a complete revolution is (a)¥x : 
fed 


27. Ifa particle move with a central acceleration = (1+ sin? 6)~ 


find the orbit and interpret the result geometrically. 
{Multiplying the equation of motion, 4? (%é#+u)=p (1+/* sin? 6) ~ i by 
cos @ and sin @ in succession and integrating, we have 
hi? (i cos 6+ usin 6) =p sin 6 (1+ sin? 6)~ 244, 
and hh? (usin @—wceos 6)= —p cos 6 (1+ #? sin? 6) $201 +h) +B. 
Eliminating uw, we have 
Au=p (1+# sin? 6)?+(14+2)+4 sin 6- Bos 6] 
28. A particle moves in a field of force whose potential is ur-? cos 6 
and it is projected at distance @ perpendicular to the initial line with 


velocity = Jy; shew that the orbit described is 


r=a sec [ 2 log tan ——— Ze, 


29. A particle is describing a circle of radius a under the action of a 
constant force A to the centre when suddenly the force is altered to 
A+p sin xt, where p is small compared with A and ¢ is reckoned from the 
instant of change. Shew that at any subsequent time ¢ the distance of 
the particle from the centre of force is 


Av : 
Or ay an Coal” J xsin(t a —sin nt |. 


What is the character of the motion if 3\=an?}? 
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[Use equations (1) and (2) of Art. 53; the second gives r6=./ha’, 
and the first then becomes 
3 
y= —A—psin nt. 


Put r=a+é where & is small, and neglect squares of é.] 


62. <A particle describes a path which ws nearly a circle 
about a centre of force (= pu”) at its centre; find the condition that 
this may be uw stable motion. 

The equation of motion is 


du _pB 


If the path is a circle of radius a then fa =e"? .. 6... (2). 


Suppose the particle to be slightly displaced from the circular 
path in such a way that h remains unaltered (for example, 
suppose it is given a small additional velocity in a direction 
away from the centre of. force by means of a blow, the 
perpendicular velocity being unaltered). 

In (1) put u=c+4, where a is small; then it gives 


dx (c+ a)? 
ea ers a 


Neglecting squares and higher powers of #, 1.e. assuming 
that a is always small, we have 


e_ 
dg? 
If n be < 3, so that 3 — 7n is positive, this gives 
a=A cos [V3—n 6 + Bl. 
If n be > 3, so that n — 3 is positive, the solution is 
x= A,eN”-89 4. BieNn-30, 


so that 2 continually increases as @ increases ; hence # is not 
always small and the orbit does not continue to be nearly 
circular. 

If n <8, the approximation to the path is 


w=c+t+ A cos[V8—nO+ B] ...ecccceeeeee (4), 


—(3—n)a, 
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The apsidal distances are given by the equation =O: 
i.e. by 0 =sin [V3 — nO + B). 
The solutions of this equation are a series of angles, the 


* . . . oF 
difference between their successive values being oa 


This is therefore the apsidal angle of the path. 

If n=8, this apsidal angle is infinite. In this case it 
would be found that the motion is unstable, the particle 
departing from the circular path altogether and describing 
a spiral curve. 

The maximum and minimum values of wu, in the case n < 8, 
are c+A and c—A,so that the motion is included between 
these values. 


63. The general case may be considered in the same 
manner. Let the central acceleration be ¢ (u). 
The equations (1) and (2) then become 


du we (u) 
da? +u4U= = oe estan wise cheats (5), 
and We = wd (A aaron ee earene et eer nes (6). 
Also (8) is now t 
Pax c o(c+a) 
dete?" Se) Cray 


= zh | $+ 28" Cee [1-2 +. | 


AO) 
=c-—2xe+ $(c) ’ 


es |8- Ne 


neglecting squares of a, 


and the motion is stable only if 
ch (c) _ 
$ (0) ~ 

In this case the apsidal angle is 


““p-3Gh 


Central and transversal accelerations 


71 


64. If, in addition to the central acceleration P, we have 
an acceleration 7’ perpendicular to P, the equations of motion 


are 
ar dé 
ao (F (SS) ag he ee ee (1), 
ld dé 
and aa” Aes BADEN SLO CHT OC OGRE LCD (2). 
dé ‘ ; 
Let ar =h. In this case A is not a constant. 
: wee oe dg dh 
Then (2) gives T= Ua =U aa: hus d@ occ (3). 
. dr_drdd__idu Fen pu 
dee Ob meds de’ 
ar d du dé du  dhdu 
Sigay. du T du 
— Te! ud’ 
by equation (3). 
Therefore (1) gives 
@u Tdu 
— hu wR oS pe te Jes 
T du 
: du ~ a dO 
1.6. da Sl = eee (4). 
This may also be written in the form 
oe T du 
dlw wdde dh ae 
dé eu 0 (1?) = 2h = 
ag? 
from equation (8). 
EXAMPLES 


1. One end of an elastic string, of unstretched length a, is tied to 
a point on the top of a smooth table, and a particle attached to the other 
end can move freely on the table. If the path be nearly a circle of radius 6, 


Dao 
4b—3a° 


shew that its apsidal angle is approximately 7 ue 
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2. lf the nearly circular orbit of a particle be p?(a™-2—rm-2)— hm, 
7 
wim 
[Using equation (5) of Art. 53 we see that P varies as r™-%; the 
result then follows from Art. 62.] sie 


shew that the apsidal angle is nearly. 


3. <A particle moves with a central acceleration a — = ; shew that the 


apsidal angle is m+ ay 1 +h , where 2 is the constant areal velocity. 


4, Find the apsidal angle ina nearly circular orbit under the central 
force ar™ + br. 


5. Assuming that the moon is acted on by a force to the 


pees eee 

(distance)? 

earth and that the effect of the sun’s disturbing force is to cause a force 

m? x distance from the earth to the moon, shew that, the orbit being 
2 

nearly circular, the apsidal angle is (1 + “) nearly, where <a is a 

mean lunar month, and cubes of m are neglected. 


* 
6. <A particle is moving in an approximately circular orbit under the 


action of a central force = and a small constant tangential retardation /; 


shew that, if the mean distance be a, then g=nt+ ste, where p= an? and 
the squares of 7 are neglected. 

7. Two particles of masses M and m are attached to the ends of an 
tnextensible string which passes through a smooth fimed ring, the whole 


resting on a horizontal table. The particle m being projected at right 
angles to the string, shew that tts path is 


amrcos| a/ 0 
m+ A i 


The tension of the string being 7, the equations of motion are 


d?r @y 2 


ad? \dt 


Se! 
and dB (d—r)= _ U Ser eres seeeeeee(3). 
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(2) gives IAG SN oe ee cae eided osha c ins cod (5). 
: MN 
and then (1) and (3) give (1 +) fm 


MN cc A Era 
(145) i= ar uke =#(4-4)s 
since fF is zero initially, when r=a. 
This equation and (4) give 


A ary DO gt te he 
(145) (%) =(14 7) azé— at r 
m adr a 
. ——_— = ———— = rabee 
ee Rag oe | eee cos +6, 


and C vanishes if 6 be measured from the initial radius vector. 


a=? 005] a/ ay a) ai is the path. 


8. Two masses M, m are connected by a string which passes through 
a hole in a smooth horizontal plane, the mass m hanging vertically. 
Shew that 4 describes on the plane a curve whose differential equation 
is 


au mg 1 
(1457) at ae 
Prove also that the tension of the string is 


Pie og thu), 


9. In the previous ee if m= WM, and the latter be projected on 


the plane with velocity rj =e “27 from an apse at a distance a, shew that 


the former will rise through a sets a. 


10. Two particles, of masses M and m, are connected by a light 
string; the string passes through a small hole in the table, m hangs 
vertically, and df describes a curve on the table which is very nearly 
a circle whose centre is the hole; shew that the apsidal angle of the 
c é M+m 
orbit of M is r 39° 

11. A particle of mass m can move on a smooth horizontal table. 
It is attached to a string which passes through a smooth hole in the 
table, goes under a small smooth pulley of mass ¥ and is attached to 
a point in the under side of the table so that the parts of the string 
hang vertically. If the motion be slightly disturbed, when the mass m 
is describing a circle uniformly, so that the angular momentum is un- 

ez | 
12m ~ 


changed, shew that the apsidal angle is 
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12. Two particles on a smooth horizontal table are attached by an 
elastic string, of natural length a, and are initially at rest at a distance a 
apart. One particle is projected at right angles to the string. Shew that 
if the greatest length of the string during the subsequent motion be 2a, 


then the velocity of projection is ae = where mis the harmonic mean 


between the masses of the particles and ) is the modulus of elasticity of 
the string. 

[Let the two particles be A and B of masses Mf and M’, of which B 
is the one that is projected. When the connecting string is of length r 


and therefore of tension 7, such that T=r—, the acceleration of A 


is along AB, and that of 6 is = along BA. To get the relative 


motion we give to both B and 4d an acceleration equal and opposite to 
that of A. The latter is then “reduced to rest” and the acceleration of B 
relative to A is along BA and 

ft Te -2 ra “2h 1 au 


mie), ae 


PU an a ma 4% 


The equation to the relative path of B is now 

du oe 2X 1—au 

dt mah? us * 
Integrate and introduce the conditions that the particle is projected trom 
an apse at a distance a with velocity V, The fact that there is another 
apse at a distance 2a determines V.] 


13. <A particle is moving in a circular orbit, of radius a, under a force 
of intensity pu? (2a?u2—1) towards the centre. Shew that the orbit is 
unstable and that if a slight disturbance takes place, inward or outward, 
the path may be represented by either =a tanh 6 or r=acoth @. 


14. Einstein’s discussion of planetary motion suggests the following 
problem: 
A particle moves in one plane subject to an acceleration to a fixed 


1 3h? 


centre of magnitude p ( at a , 2 being the moment of the velocity of 


the particle about the centre of acceleration, and ¢ the velocity of light. 


: 2 
Shew that the angle between successive apse-lines is 7 (1 +n) 9 . being 
small, and 7 being the latus rectum of the ellipse which the particle would 


p 


describe with the same moment of momentum, if the law were mo 


Supposing the planet Mercury to be subject to an acceleration of this 
type directed towards the Sun, shew that its apse-line progresses at the 


rate of 42:9” per century, given that J=5:55 x 10! kilometres, i= 1:47 kilo- 
metres, and that the periodic time of Mercury is 87:97 days. 


CHAPTER V 


UNIPLANAR MOTION WHEN THE ACCELERATION IS 
CENTRAL AND VARYING AS THE INVERSE SQUARE 
OF THE DISTANCE 


65. In the present chapter we shall consider the motion when 
the central acceleration follows the Newtonian Law of Attrac- 
tion. 

This law may be expressed as follows; between every two 

-particles, of masses m, and m, placed at a distance r apart, the 
mutual attraction is 
MyMq 
r? 
units of force, where y is a constant, depending on the units of 
mass and length employed, and known as the constant of 
gravitation. 

If the masses be measured in pounds, and the length in feet, 
the value of y is 1:05 x 10-° approximately, and the attraction 
is expressed in poundals, 

If the masses be measured in grammes, and the length in 
centimetres, the value of y is 6:66 x 10-* approximately, and 
the attraction is expressed in dynes. 


66. <A particle moves in a path so that rts acceleration is 


always directed to a fimed point and rs equal to Oo 


1S ee 
(distance)?’ 
shew that its path ts a conic section and to distinguish between 
the three cases that arise. 
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When P= wh the equation (5) of Art. 53 becomes 
r 


ieee (1), 
Integrating we have, by Art. 54, us 
ee (2). 
1 SR 


Now the (p, r) equation of an ellipse and hyperbola, re- 
ferred to a focus, are respectively 


b? 2a _ b? 2a 


where 2a and 20 are the transverse and conjugate axes. 
Hence, when C is negative, (2) is an ellipse; when C is 
positive, it is a hyperbola. 
Also when C= 0, (2) becomes a = constant, and this is the 
(p, r) equation of a parabola referred to its focus. 
Hence (2) always represents a conic section, whose focus is 
at the centre of force, and which isan 
ellipse negative 
parabola according as Cis —_zero 
or hyperbola or positive 


; : 2e : 
i.e. according as v S =", ie. according as the square of the 
Tr = 


velocity at any point P is = = , where S is the focus. 
Again, comparing equations (2) and (8), we have, in the case 
of the ellipse, 


Uk celta 
boa —i1" 
“h=a/ pf aaa Vu x semi-latus-rectum, and C= mot 
2 
Hence, in the case of the ellipse, v? = ( = - *) ree (4). 


So, for the hyperbola, v0 = u (= mi “) ‘ 


and, for the parabola, v= sg : 
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It will be noted that in each case the velocity at any point 
does not depend on the direction of the velocity. 

Since h is twice the area described in the unit of time 
(Art. 54), therefore, if 7’ be the time of describing the ellipse, we 
have 


pa area of the ellipse a arab > 2a 3 (5) 


so that the square of the periodic time varies as the cube of the 
major axis. 


Cor. 1. Ifa particle be projected at a distance R with 


velocity V in any direction the path is an ellipse, parabola or 
2a 


hyperbola, according as V?< => BR: 


Now the square of the velocity that would be acquired in 
falling from infinity to the distance Ff, by Art. 31, 


=2f {- E) dr= Ean =e 


Hence the path is an ellipse, parabola or hyperbola accord- 
ing as the velocity at any point is <=> that acquired in falling 
from infinity to the point. 


Cor. 2. The velocity V, for the description of a circle of 
radius & is given by 


fee = normal acceleration = so that V.?= 


R B é B 
velocity from infinity 


and a ae 5 

67. In the previous article the branch of the hyperbola 
described is the one nearest the centre of force. 

If the central acceleration be from the centre and if it vary 
as the inverse square of the distance, the further branch is 
described. For in this case the equation of motion is 

Wedp pp V? Qu 


pdr 1° nape rast sie b pia 610 .e'le)s' (1). 
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Now the (p, 7) equation of the further branch of a hyper- 
bola is 
b? 2a 
aoe ees 
p F 
2 
and this always agrees with (1) provided that mate C, so 


oe 2 / 
that h= Vu x semi-latus-rectum, and v?= 57 =p ( ~ =) : 

68. Construction of the orbit given the point of projection and 
the direction and magnitude of the velocity of projection. 

Let S be the centre of attraction, P the point of projection, 
TPT’ the direction of projection, and V the velocity of pro- 
jection. 

Case I. Let ee then, by Art. 66, the path is an 
ellipse whose major axis 2a is given by the equation 

an 


Ae Al 
V=p (4-3). where R = SP, so that 2a=5 mo VR: 


Draw PS’, so that PS’ and PS are on the same on 0) Bee Id SA 
making Z 7’PS’= Z TPS, and take 
en 


fem Pa ee ae paaarr 


Then S' is the second focus and the elliptic path is therefore 
known. 


Case II. Let V?= as 2 so that the path is a parabola. 


Draw the direction PS’ as in Case I; in this case this is the 
direction of the axis of the parabola. Draw SU parallel to 
PS’ to meet TPT” in U; draw SY perpendicular to 7’P7”’ and 
YA perpendicular to SU. Then A is the vertex of the required 
parabola whose focus is S, and the curve can be constructed. 


SY3 a 
The semi-latus-rectum =2SA =2. oe = , where p, is 


the perpendicular from on the direction of projection. 


Case III. Let V?> a , 80 that the path is a hyperbola of 
transverse axis 2a given by the equation 
V=pu (i ae *) and hence 2a= oe 
Kaj’ 


VeR-Qy° 


Kepler’s Laws 79 


In this case PS’ lies on the opposite side of 7PT” from PS, 
such that z 7PS= z TPS’, and S P— SP = 2a, so that 
eR og ee 
VR — Qu" 


The path can then be constructed, since S’ is the second focus. 


69. Kepler’s Laws. The astronomer Kepler, after many 
years of patient labour, discovered three laws connecting the 
motions of the various planets about the sun, They are: 


1. Hach planet describes an ellipse having the sun in one of 
its foce. 

2. The areas described by the radit drawn from the planet 
to the sun are,in the same orbit, proportional to the times of 
describing them. 


8. The squares of the periodic times of the various planets 
are proportional to the cubes of the major ames of ther orbits. 


70. From the second law we conclude, by Art. 54, that 
the acceleration of each planet, and therefore the force on it, 
is directed towards the Sun. 

From the first law it follows, by Art. 55 or Art. 66, that 
the acceleration of each planet varies inversely as the square 
of its distance from the Sun. 

From the third law it follows, since from Art. 66 we have 


7? = aa a, 
B 
that the absolute acceleration pw (ze. the acceleration at unit 
distance from the Sun) is the same for all planets. 
Laws similar to those of Kepler have been found to hold 
for the planets and their satellites. 
It follows from the foregoing considerations that we may 
assume Newton’s Law of Gravitation to be true throughout the 


Solar System, 


71. Kepler’s Laws were obtained by him, by a process of 
continually trying hypotheses until he found one that was 
suitable; he started with the observations made and recorded 
for many years by Tycho Brahé, a Dane, who lived from 
A.D. 1546 to 1601. 
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The first and second laws were enunciated by Kepler 
in 1609 in his book on the motion of the planet Mars. 
The third law was announced ten years later in a book 
entitled On the Harmonies of the World. The explanation of 
these laws was given by Newton in his Principia published 
in the year 1687, us 


72. Kepler’s third law, in the form given in Art. 69, is 
only true on the supposition that the Sun is fixed, or that 
the mass of the planet is neglected in comparison with that 
of the Sun. 

A more accurate form is obtained in the following manner. 

Let S be the mass of the Sun, P that of any of its planets, 
and y the constant of gravitation. The force of attraction 


between the two is thus = , where r is the distance 
between the Sun and planet at any instant. 


The acceleration of the planet is then a( = 7 towards 


the Sun, and that of the Sun is 8 (= 7 towards the planet. 


To obtain the acceleration of the planet relative to the Sun 
we must give to both an acceleration @ along the line PS. 
The acceleration of the Sun is then zero and that of the planet 
is a+ along PS. If, in addition, we give to each a velocity 
equal and opposite to that of the Sun we have the motion of P 
relative to the Sun supposed to be at rest. 

The relative acceleration of the planet with respect to the 
Sun then =a+paVEt*), 

Hence the uw of Art. 66 is y(S + P), and, as in that article, 

2a 


we then have 7 = —————. ai, 
vy (S+P) 
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If T, be the time of revolution and a, the semi-major axis 
of the relative path of another planet P,, we have similarly 
(p= eee Pe St+P MD _@& 
Voor) "SP, Pi a 
; : ee ; as 
Since Kepler’s Law, that 7a varies as -%, is very 
1 ay 
S+P, 
S+P 
unity, and hence that P and P, are either very nearly equal 
or very small compared with S. But it is known that the 
masses of the planets are very different; hence they must be 
very small compared with that of the Sun. 


approximately true, it follows that 


is very nearly 


73. The corrected formula of the last article may be used 
to give an approximate value to the ratio of the mass of a 
planet to that of the Sun in the case where the planet has a 
small satellite, whose periodic time and mean distance from the 
planet are known. 

In the case of the satellite the attraction of the planet is 
the force which for all practical purposes determines its path. 

If P be the mass of the planet and D its mean distance 
from the Sun, then, as in the previous article, 


Qe 3 
ae 
Vy (S +P) 
Similarly, if p be the mass of the satellite, d its mean 
distance from the planet, and ¢ its periodic time, then 


t= malta ee ee 
~My (P +p) = Pept da 
The quantities 7, t, D and d being known, this gives a 
S+P 
value for pan 


As a numerical example take the case of the Earth E and the Moon m. 
See ee le 
E+m T?° a° 

Now 7 =365} days, t= 27% days, D=93,000,000 miles, and d=240,000 miles, 
all the values being approximate. 


es aay eS é Gr * = 325900 near] 
Fema (508% * NGgas jit a 


L. D. 6 


Then 
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Therefore S+#=325900 times the sum of the masses of the Earth and 
Moon. Also m= FE nearly. 
*, S=330000 ZL nearly. 
This is a fairly close approximation to the accurate result. 
If the Sun be assumed to be a sphere of radius 440,000 miles and mean 
density n times that of the Earth, assumed to be a sphere of radius 4000 miles, 
this gives 


x (440000)3 = 330000 x (4000)8. 
cg 388000 eS 
ncaa iT cage 5 bas q 


Hence the mean density of the Sun 
1 
= that of the Karth=7 x 5.527=about 1:4 grammes per cub. cm., 


so that the mean density of the Sun is nearly half as much again as that of 
water. 


74. It is not necessary to know the mean distance and 
periodic time of the planet P in order to determine its mass, or 
rather the sum of its mass and that of its satellite. 

For if # and m be the masses of the Earth and Moon, R 
the distance of the Earth from the Sun, 7 that of the Moon 
from the Earth, if Y denote a year and y the mean lunar 


month, then we have ~\ 
Qar 3 
SS ee ee CCC CR Ee eHHH eee 
Vy (S + £) (), 
Qqar 8 
a ge ee ees 2). 
of vy (Em) @) 


Also, as in the last article, 


Qer 3 
at .d? Ce eesesecccseccecael td Je 
Vy (P + p) Y 
From (1) and (8), 
(P+p)2=(S+2) 7, Be No (4). 
From (2) and (8), 
(P+p) 5a (B+ m) BE cc. VEN 


Equation (4) gives the ratio of P+ p to S+ EH. 
Equation (5) gives the ratio of P+ p to H+m. 


Law of the Inverse Square. Examples 83 


EXAMPLES 


1. Shew that the velocity of a particle moving in an ellipse about 
a centre of force in the focus is compounded of two constant velocities, 5 
perpendicular to the radius and e perpendicular to the major axis. 

2. A particle describes an ellipse about a centre of force at the focus ; 


shew that, at any point of its path, the angular velocity about the other 
focus varies inversely as the square of the normal at the point. 


a é ; = Be ons 
3. <A particle moves with a central acceleration | - (distances? od ; ltis 
projected with velocity V at a distance & Shew that its path is a 
rectangular hyperbola if the angle of projection is 
P e 
Zu 4 
Pes Salm 
ve(¥ f) 


sin-} 


4 A particle describes an ellipse under a force towards 


coed gD 
(distance)? 
the focus; if it was projected with velocity V from a point distant r from 


the centre of force, shew that its periodic time is 


abel 


5. If the velocity of the Earth at any point of its orbit, assumed to 
be circular, were increased by about one-half, prove that it would describe 
a parabola about the Sun as focus. 

Shew also that, if a, body were projected from the Earth with a velocity 
exceeding 7 miles per second, it will not return to the Earth and may even 
leave the Solar System. 


6. A particle is projected from the Earth’s surface with velocity v ; 
shew that, if the diminution of gravity be taken into account, but the 
resistance of the air neglected, the path is an ellipse of major axis 

2 
peste where @ is the Earth’s radius. 
2ga—v? 


7. Shew that an unresisted particle falling to the Earth’s surface from 
a great distance would acquire a velocity /2ga, where a is the Earth’s 
radius. 

Prove that the velocity acquired by a particle similarly falling inte the 
Sun is to the Earth’s velocity in the square root of the ratio of the 
diameter of the Earth’s orbit to the radius of the Sun. 

6—2 
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8. If a planet were suddenly stopped in its orbit, supposed circular, 
shew that it would fall into the Sun in a time Which is oS times the 


period of the planet’s revolution. 


9. The eccentricity of the Earth’s orbit round the Sun is = ; shew 


that the Earth’s distance from the Sun exceeds the length of the semi- 
major axis of the orbit during about 2 days more than half the year. 


10. The mean distance of Mars from the Sun being 1°524 times that 
of the Earth, find the time of revolution of Mars about the Sun. 


11. The time of revolution of Mars about the Sun is 687 days and his 
mean distance 141} millions of miles; the distance of the Satellite Deimos 
from Mars is 14,600 miles and his time of revolution 30 hrs. 18 mins.; 
shew that the mass of the Sun is a little more than three million times 
that of Mars. 


12. The time of revolution of Jupiter about the Sun is 11°86 years 
and his mean distance 483 millions of miles; the distance of his first 
satellite is 261,000 miles, and his time of revolution 1 day 184 hrs.; shew 
that the mass of Jupiter is a little less than one-thousandth of that of the 
Sun. 


13. The outer satellite of Jupiter revolves in 162 days approximately, 
and its distance from the planet’s centre is 26} radii of the latter. The 
last discovered satellite revolves in 12 hours nearly; find its distance 
from the planet’s centre. 

Find also the approximate ratio of Jupiter’s mean density to that of 
the Earth, assuming that the Moon’s distance is 60 times the Earth’s 
radius and that her siderial period is 274 days nearly. 

[Use equations (2) and (3) of Art. 74, and neglect m in comparison 
with ZH, and p in comparison with P.] 


14. A planet is describing an ellipse about the Sun as focus; shew 
that its velocity away from the Sun is greatest when the radius vector to 
the planet is at right angles to the major axis of the path, and that it 


Qrae 
Te Jee 


the periodic time. 


then is , where 2a is the major axis, e the eccentricity, and 7 


75. To find the time of description of a given are of an 
elliptic orbit starting from the nearer end of the major axis. 


— =h of Art. 53 gives 


m= rdé = 


The equation r 


P 
latnape eeceecoes ( 1 . 
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If e< 1, then by the well-known result in Integral Calculus 
ie ae? iss wee —e, 9@ 
ie teens tan | ieee tan | jaeens (2). 


Differentiating with respect to the constant e, we have 


® —cos 6 Qe vie 2) 
eee hE, ee = is ere xs 
ie et + é@COS Oy ad a— eye peu | 1 Feros | 


rz a sin 0 
1—e1+ecos0 


"s 1 a= {| 1 ___ecosd_ | 

* Jo (1+ ecos 6 ol 1+ecos0 G+ecos 0) | 

Pe oe fy ee 0 e sin 0 
ae | 35 | l—@1+ecosd™ a 


2 2 3 — 2 3 
Hence, since : ee ai ae ie _) , we have, by (1), 


Tie 


sin 0 


—- ———— er BA en 
t= #2 tan (4/1 =! tan $) - eV1—eé rao | 


Arter. If we change the variable @ into a new variable ¢ 
given by the relation (1 + e cos @) (1 — e cos ¢) = 1 —e’, so that 


= — e”) sin? 
cos d — e ne (1 — e*) sin? 


008 = Te 008 (1 = 60s $)*” 
and sin .dB = (ee ith we have do= 1 = aie 
Hence 
larch Gant Pa att oe 
one ee (6). 
on See ee en 
and sin d = ae né. 


Substituting in (6), we have result (4), and proceed as above. 
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76. To find the time similarly for a hyperbolic orbit. 


vé+1+Ve—1 tans 


DS 


dé 
—— log 


Ife>1,then eect Pa 


= 


Ve+1—WVe-1 tang 


Differentiating with respect to e, we have 


6 
Ve+1+%Ve—Itan — 


[’ — cos 0 do = —@ hee 2 
‘1 + ecos 0) _ 7 ae 
( ) (¢— 1) Ve+1—Ve-I tan § 
ns 1 sin 8 


e?—ll+ecos@ 


A -[ - S e cos 6 do 
“J(1+ecos@? Joll+ecos@ (1+ecos6) 
Vea . 
2 = é sin 6 
&| @—-1l1l+ecosé’ 


Veni —Ve-t tan 5 


2 3 2 PANS 
Hence, since in this case e — * = an(a=1) 


hove Ve 
the equation (1) of the last article gives 


—— —— 6 
af Vea ane Ve+1+ve—1 tans 
ol | Se ae eeg coe es oS 


- Ve+1—Ve=1 tang 


ALITER. Change the variable 6 ee a new variable ¢, such 
that (1 + e cos @) : cosh ¢ — 1) =e? —1, so that 


cos 0 = ee op = ee 


Lye (ecosh $ — 1)” 
and i= ie. 
6 
Then Rees te aap oe Dap 
me at [¢ sinh $ — $} 
Now tanh? = Pa; OG eee tan? — ud 


2 coshf+1 e+1 2? 
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and = sinh = tanh /(1- ht £) = ne sn 
$ 2 a) ve Bara tox 8: 


f dé cee sin 0 
o(l+ecosé @&—11+¢ecos 6 


Sere tanh L/s ei anal 

(2—1)2 +1 2, 
1l+a 
1l—-a 


which is the same as before, since tanh z= } log 


77. In the case of a parabolic orbit to find the corresponding 
time. 


The equation to the parabola is r= where 2d is 


d 
1 + cos @’ 
the latus-rectum and @ is measured from the axis. Hence the 
equation (3) of Art. 53 gives 


“qd = d? 


. <At_fe dd al Ae) 6 
ae Slee ne Le Z| Be": sec? 5 0 
é co 
1 /? 6 6 1 Gp was @ 
-1/' (+9) a (und) =}[ nds oe] 
eG @ 


: d? ; 2 6 Me 
SH Ue | ton +3 tan 5|- [ton 5+ 5 tan 5\ 


if a be the apsidal distance. 


78. Motion of a projectile, variations of gravity being taken 
into consideration but the resistance of the air being neglected. 
The attraction of the Earth at a point outside it at a distance 


r trom the centre is = Hence the path of a projectile in 
vacuo is one of the cases of Art. 66, one of the foci of the path 


described being at the centre of the Karth. 
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oe 
R? 
gravity at the surface of the Earth = g, so that w= gh’. 

The path of a projectile which starts from a point on the 
Earth’s surface is therefore an ellipse, parabola, or hyperbola 


If R be the radius of the Earth, then —.=the value of 


according as V?= 7 , ue, according as V? = 2gR. 


79. The maximum range of a particle starting from the Earth’s surface 
with a given velocity may be obtained as follows: 
Let S be the centre of the Earth and P the point of projection. Let K be 


Boa *<s008 = 


the point vertically above P to which the velocity, V, of projection is due, so 
that, by Art. 31, we have 


ee ees! 
a Se ee 2 
Vv =| 3p sx |= 20R E mil nine uh 


where R is the radius of the Harth and PK is h. 
oe eal: 

If H be the second focus of the path, the semi-major axis is g(R+PH). 

Hence, by equation (4) of Art. 66, 
2 2 1 1 
ee eee 9) || ieee ee 
is =o ap al peels E acral: 
By comparing this with equation (1) we have PH=h, so that the locus of 


the second focus is, for a constant velocity of projection, a circle whose centre 
is P and radius h. It follows that the major axis of the path is SP+ PH or SK. 
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The ellipse, whose foci are S and H, meets a plane LPM, passing through 
the point of projection, in a point Q, such that SQ+QH=SK. Hence, if SQ 
meet in T the circle whose centre is S and radius SK, we have QT=QH. Since 
there is, in general, another point, H’, on the circle of foci equidistant with H 
from Q, we have, in general, two paths for a given range. 

The greatest range on the plane LPH is clearly Pq where qt equals qQ. 

Hence Sq+qP=Sq+q0+ OP=Sq+qt+PK=SK+ PK. 

Therefore g lies on an ellipse, whose foci are the centre of the Earth and the 
point of projection, and which passes through K, 

Hence we obtain the maximum range. 


80. Suppose that the path described by a planet P about 
the Sun S is the ellipse of the figure. Draw PWN perpendicular 
to the major axis and produce it to meet the auxiliary circle in 
Q. Let C be the centre. 


The points A and A’ are called respectively the Perihelion 
and Aphelion of the path of the planet. 

The angle ASP is called the True Anomaly and the angle 
ACQ the Eccentric Anomaly. In the case of any of the planets 
the eccentricity of the path is small, being never as large as 
‘1 except in the case of Mercury when it is ‘2; the foci of the 
path are therefore very near OC, the ellipse differs little in actual 
shape from the auxiliary circle, and hence the difference between 
the True and Eccentric Anomaly is a small quantity. 

it =e be the time of a complete revolution of the planet, 
so that n is its mean angular velocity, then nt is defined to be 
the Mean Anomaly and n is the Mean Motion. It is clear 
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therefore that nt would be the Anomaly of an imaginary planet 
which moved so that its angular velocity was equal to the mean 
angular velocity of P. 


an 29, Vu 
—— = ~<a? (Art. 66), ..n=—g° 
nN Vu a 

Let 6 be the True Anomaly ASP, and ¢ the Eccentric 
Anomaly ACQ. 


If h be twice the area described in a unit of time, then 
~¢t=Sectorial area ASP 
= Curvilinear area ANP + triangle SNP 


oe 


Since 


ll 


Nw) => 


=" x Curvilinear area ANQ + triangle SVP 
=" (Sector ACQ — triangle CNQ)+4SN.NP 


"4 a? db — $a* sin } cos d) + $(a cos d— ae). bsin d 


= © (@—-esin 4). 


, nt =" (4 —esing)=$—esing ese ntare (1). 

By the polar equation to a Conic Section, we have 
2 L _ a(1—é) 
OL cede ek +ecos 0’ 
and SP=a—e.CN =a (1—e cos ¢). 
es (1 —ecos )(1 +e cos 0) =1 —e, 
cos fd ~e 

ie cohue tae an (2). 


and “. cosd= 


81. If e be small, a first approximation from (1) to the 
value of ¢ is nt, and a second approximation is nt +e sin nt 
From (2), a first approximation to the value of @ is d, anda 
second approximation is @ + » where 
cos 6 —@e@ 
cos —AsiINn>= Tsang: 
esin 


d Rene 
ve i l—ecos¢ 


=e sin d approx. 
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Hence, as far as the first power of e, 
d= +esin $= nt +e sin nt +e sin (nt + esin nt) 
= nt + 2e sin nt. 
Also SP = eC 2), cies 2) = a(1 —ecos 0), 
to the same approximation, 
= a—aecos (nt + 2esin nt) = a — ae cos nt. 


If an approximation be made as far as squares of e, the 
results are found to be 


3 
p=nt+esin nt +5 sin 2nt, 


02 
6 = nt + 2e sin nt + ue sin 2nt, 


4 
' 2 
and r= afl ~¢ 008 nt + $(1— cos 2nt) 
82. From equation (2) of Art. 80, we have 
Ree l—cos@ (1+e)(1—cos¢) _ = 7 t! tan ® 
2 1+cosd — fee ELS 1- 2’ 
so that ¢=2 tan ie ae ° tan 5) 


and 


2tan $ Gye tan 4 sin 0 
Si taf Aa eae 


sin d= Se 
b _ 0 1+ecos@ 
9n2 = 2 
1+ tan’ 5 Vt ae tan’ 5 


Hence, from equation (1) of the same article, remembering 


that n= wile , we have 


a? 


a sin 0 
to [a tnr{ i tan t= -ev1—2 aoa: 


This is the result of Art. 75 and gives the time of describing 
any arc of the ellipse, starting from perihelion. 


83. When a particle is describing an elliptic orbit, it may 
happen that at some point of the path it receives an impulse so 
that it describes another path; or the strength of the centre of 
force may be altered so that the path is altered. To obtain the 
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new orbit we shall want to know how the major axis has been 
altered in magnitude and position, what is the new eccentricity, 
etc. 


Pal 


84. Tangential disturbing force. 
Let APA’ be the path of a particle moving about a centre 
of force at S, and let H be the other focus, 


P 


When the particle has arrived at P let its velocity be 
changed to v+u, the direction being unaltered; let 2a’ be the 
new major axis. 

Then we have 


=| ep-3)3 w+up=a| 5-3] oa (1). 


: 1 
Hence, by subtraction, we have ae 


e 
re 


Since the direction of motion is unaltered at P, the new 
focus lies on PH; and, if H’ be its position, we have 


HH’ =(H'P+SP) —- (HP +S8P) = 2a’ — 2a. 
If the change of velocity u be small and equal to dv, say, 
then by differentiating the first of equations (1) we have 


Qvdv = = da. 
a 


[For SP is constant as far as these instantaneous changes 
are concerned. | 
Hence 6a, the increase in the semi-major axis, 


_ 2.80.0? 


Again, since HH’ is now small, we have 


, HEH’ snH — 20a.snH 
tee 2ae+ HH’ cosH == 2ae * 
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Hence dy, the angle through which the major axis moves, 


fii Le (3). 
ae eu 
Since the direction of motion at P is unaltered by the blow, 
the value of / is altered in the ratio oon so that 6h= wy h. 
v 
But = pa(1 — é). 


.. 2hdh = wba (1 — e”) — wa. 2ede. 
oo pa. 2ede= 2uB0.a*(1—e)— 2°” pa, 


so that de = Siete) aint Seer artes (4), 
v e be 


This gives the increase in the value of the eccentricity. 
Since the periodic time 7’ = a a’, 
fe 


: 67 36a _8vadv 
rae mann aie Sa eo rere (5). 


85. If the disturbing force is not tangential, the velocity it 
produces must be compounded with the velocity in the orbit to 
give the new velocity and tangent at the point P. The 
equations (1) or (2) of the last article now give the magnitude, 
2a’, of the new major axis. 

Also since the moment of the velocity of the point P about 
the focus S is equal to 

Vu x semi-latus-rectum, 2.¢. to p Va’ (1—e’), 
we obtain the new eccentricity. 

Finally by drawing a line making with the new tangent at 
P an angle equal to that made by SP, and taking on it a point 
H’, such that SP +H’P is equal to the new major axis, we 
obtain the new second focus and hence the new position of the 
major axis of the orbit. 


86. Lffect on the orbit of an instantaneous change i the 
value of the absolute acceleration p. 

When the particle is at a distance r from the centre of force, 
let the value of » be instantaneously changed to wy’, and let the 
new values of the major axis and eccentricity be 2a’ and é’. 
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Since the velocity is instantaneously unaltered in magnitude, 


we have 
2 1 py pe PAA = -=) 
u (= a )=0=p & 2 (1), 


an equation to give a’. 

The moment of the velocity about S being unaltered, h 
remains the same, so that 

V wa (1 —e)=h=Vy’a’ (1— €?) .......00- (2), 
giving e’. 

The direction of the velocity at distance r being unaltered, 
we obtain the new positions of the second focus and of the new 
major axis as in the previous article. 

If the change du in w be very small the change 6a in a is 
obtained by differentiating the first equation in (1), where 
and r are treated as constants, and we have 


du " Sa 2ede 


Again, since the periodic time 7'= oe at, 
aT _35a_18u__18u/, , Bao 
whey Mares be 2 p be ): 


EXAMPLES 
1. If the period of a planet be 365 days and the eccentricity e is — g 


60’ 
shew that the times of describing the two halves of the orbit, bounded by 


the latus rectum passing through sa centre of force, are 
= 
ibae = very nearly. 
2. The perihelion distance of a comet describing a parabolic path is 


of the radius of the Earth’s path supposed circular ; shew that the time 
that the comet will remain within the Earth’s orbit is 


alpaca Ri aay ear. 
ar on NM 2 an 
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[If S be the Sun, @ the radius of the Earth’s path, A the perihelion of 
the comet’s path, and P the intersection of the paths of the earth and 
2a 


comet, then a= SP= > , 8o that cos d= - —1, and therefore 


6 — 
tan g=Vn-1. 


reas sé 


Now use the formula of Art. 77, remembering that a a =one year. | 


Jp 
3. The Earth’s path about the Sun being assumed to be a circle, shew 
that the longest time that a comet, which describes a parabolic path, can 


remain within the Harth’s orbit is ~ of a year, 
Tv 


4. <A planet, of mass ¥M and periodic time 7, when at its greatest 
distance from the Sun comes into collision with a meteor of mass m, 
moving in the same orbit in the opposite direction with velocity v; if 


ii be small, shew that the major axis of the planet’s path is reduced by 


4m ey ou 
Le 


5. When a periodic comet is at its greatest distance from the Sun its 
velocity v is increased by a small quantity dv. Shew that the comet’s 


1 
3 ove 
least distance from the Sun is increased by the quantity 4év. { i if 5 
B 


6. A small meteor, of mass m, falls into the Sun when the Earth is 
at the end of the minor axis of its orbit; if 17 be the mass of the Sun, 


shew that the major axis of the Earth’s orbit is lessened by 2a. that 


ir : 
the periodic time is lessened by 7 of a year, and that the major axis of 
its orbit is turned through an angle a hes 
¢ cmmecicuae lt 


7. The Earth’s present orbit being taken to be circular, find what its 
path would be if the Sun’s mass were suddenly reduced to 2 of what it is 
now. 


8. A comet is moving in a parabola about the Sun as focus ; when at 
the end of its latus-rectum its velocity suddenly becomes altered in the 
ratio 2:1, where n<1; shew that the comet will describe an ellipse whose 


where 2/ 


er : vse i 
eccentricity is ,/1—2n?+2n!, and whose major axis is ion? 
was the latus-rectum of the parabolic path. 

9. <A body is moving in an ellipse about a centre of force in the focus ; 
when it arrives at P the direction of motion is turned through a right 
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angle, the speed being unaltered; shew that the body will describe an 
ellipse whose eccentricity varies as the distance of P from the centre. 


10. Two particles, of masses m, and m,, moving in co-planar parabolas 
round the Sun, collide at right angles and coalesce when their common 
distance from the Sun is R. Shew that the subsequent path of the 
(a +m)? R. 


i ti is an ellipse of major axis 
combined particles P A] Sah 


11. A particle is describing an ellipse under the action of a force to 
one of its foci. When the particle is at one extremity of the minor axis 
a blow is given to it and the subsequent orbit is a circle; find the 
magnitude and direction of the blow. 

12. A particle m is describing an ellipse about the focus with angular 
momentum mh, and when at the end of the minor axis receives a small 


impulse mw along the radius vector to the focus. Shew that the major 
4abeu 


h 


- ql —o)3, and that the major axis is turned through the angle 


axis of the path is altered by 


, that the eccentricity is altered by 
au (1—e?) 
eae 
where a, 6 are the semi-axes and e the eccentricity of the ellipse. 


13. A particle is describing a parabolic orbit (latus-rectum 4a) about 
a centre of force (uz) in the focus, and on its arriving at a distance r from 
the focus moving towards the vertex the centre of force ceases to act for 
a certain time r When the force begins again to operate prove that the 
new orbit will be an ellipse, parabola or hyperbola according as 


r—a 
mace —— = 2r Tote. «< 
ae 
14. Shew that the maximum range of a projectile on a horizontal 
plane through the point of projection is 2h. its where & is the radius 


of the Earth, and / is the greatest height to which the projectile can be 
fired. 
[Use the result of Art. 79.] 


15. When variations of gravity and the spherical shape of the Earth 
are taken into account, shew that the maximum range attainable by a gun 


placed at the sea level is 2R sin-1 (5) , and that the necessary angle of 


elevation is ; cos“! (5) , where # is the Earth’s radius and h is the greatest 


height above the surface to which the gun can send the ball. 


16. Shew that the least velocity with which a body must be projected 
from the Equator of the Earth so as to hit the surface again at the North 
Pole is about 44 miles per second, and that the corresponding direction of 
projection makes an angle of 67%° with the vertical at the point of 
projection. 


CHAPTER VI 


TANGENTIAL AND NORMAL ACCELERATIONS. 
UNIPLANAR CONSTRAINED MOTION 


87. In the present chapter will be considered questions 
which chiefly involve motions where the particle is constrained 
to move in definite curves. In these cases the accelerations are 
often best measured along the tangent and normal to the curve. 
We must therefore first determine the tangential and normal 
accelerations in the case of any plane curve. 


88. To shew that the accelerations along the tangent and 
2 4 2 
normal to the path of a particle are - (= v =) and a where 
p ts the radius of curvature of the curve at the point considered. 


Let v be the velocity at time ¢ along the tangent at any 
point P, whose arcual] dis- 
tance from a fixed point C 
on the path is s, and let 
v+ Av be the velocity at 
time t + At along the tan- 
gent at Q, where PQ =As. 

Let ¢ and ¢+ Ad be 
the angles that the tan- 
gents at P and Q make 
with a fixed line Ow, so 
that A¢ is the angle between the tangents at P and Q. 


L. D. 
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Then, by definition, the acceleration along the tangent at P 
velocity along the tangent at time ¢+ =A 
—the same at time? , 


A=0 At 
Av) cos Ad —v 
By Fog eee oie 
At=0 At 
+Av-—v 
=Lt Z 5 
at=o0 At 
on neglecting small quantities of the second order, 
do _ ds 
dt dt" 
fe dv _ duds _ do 
a dt dsdt ° ds° 


Again the acceleration along the normal at P 
velocity along the normal at time ¢+ a 
Bh ts — the same at time ¢ 


At=0 AN; 
ty + Av) sin Ad 
ee At 
rE sn Ag Ad As De cee 
= Te ut By) Ao ee grit Koen 


Cor. In the case of a circle we have p=a,s=a0, v= aé 
and the accelerations are a@ and a@?, 


89. The tangential and normal accelerations may also be directly obtained 
from the accelerations parallel to the axes. 


For oe da ds 
= ds ‘dt* 
; o_o (ae 
dt? ~ ds? ds dt?" 
So Py _ dty (ds\? + d’s 
az — ds? \ae) + Ge aaa’ 
But, by Differential Calculus, 
| See 
py 7 
ds ds 
, Px dy 1 /ds\2 dx ds sin ds 
a qi =- a > (&) tsdioe ae COS p, 
dy _da 1 /ds\? | dy d%s cos d*s 
and da ade*5" (3) +3. aa ee 10+ Fa sin p. 
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Therefore the sees along the tangent 


dty d?s -@ _ dv ds dv 
=i 508 b+ 786 = TT = Ta ae 
and the acceleration along the normal= — Pe sin ¢ + — al cos p= ae 


dt? at? 


90. Ex. A curve is described by a particle having a constant acceleration 
in a direction inclined at a constant angle to the tangent; shew that the curve is 
an equiangular spiral. 


vd v3 : 
Here =f cosa and ae f sin a, where f and a are ae 


oe fee] == ena p= fan” 


ape 


A, : yo cota+A, where 4 is a constant, 


*, log (scota+ 4) =2y cot a+const. 
*. s=—A tana+ BerW cota 
which is the intrinsic equation of an equiangular spiral. 


EXAMPLES 


1. Find the intrinsic equation to a curve such that, when a point 
moves on it with constant tangential acceleration, the magnitudes of the 
tangential velocity and the normal acceleration are in a constant ratio. 


2. A point moves along the are of a cycloid in such a manner that 
the tangent at it rotates with constant angular velocity ; shew that the 
acceleration of the moving point is constant in magnitude. 

3. A point moves in a curve so that its tangential and normal 
accelerations are equal and the tangent rotates with constant angular 
velocity ; find the path. 

4, Ifthe relation between the velocity of a particle and the arc it has 


described be 
2as=log bias 
b+av?? 
find the tangential force acting on the particle and the time that must 
elapse from the beginning of the motion till the velocity has the value V. 


5. Shew that a cycloid can be a free path for a particle acted on at 
each point by a constant force parallel to the corresponding radius of the 
generating circle, this circle being placed at the vertex. 

6. A heavy particle lying in limiting equilibrium on a rough plane, 
inclined at an angle a to the horizontal, is projected with velocity V hori- 
zontally along the plane; shew that the limiting velocity is 4V and find 
the intrinsic equation to the path, 

7. A circle rolls on a straight line, the velocity of its centre at any 
instant being v and its acceleration f; find the tangential and normal ac- 
celerations of a point on the edge of the circle whose angular distance from 
the point of contact is 0. 

7—2 


100 Dynamics of a Particle 


91. A particle is compelled to move on a given smooth 
plane curve under the action of given forces in the plane ; to Jind 
the motion. 

Let P be a point of the curve whose areual distance from a 
fixed point C is s, and let v be 
the velocity at P. LetX,Ybe y 
the components parallel to two 
rectangular axes Ow, Oy of the 
forces acting on the particle 
when at P; since the curve is 
smooth the only reaction will 
be a force R along the normal 


at P. omnes ; 
Resolving along the tangent and normal, we have 
m e = force along TP = X cos d+ Ysing 
aoe TO, ti ilar eae aie (1), 
and m.©=—Xsing+Yoosp+R 
=X H+ yEaR Perit rts (2) 


When v is known, equation (2) gives & at any point. 
Equation (1) gives 


1 
5m = | (Xeee vay hee (3). 
Suppose that Xdx+Ydy is the complete differential of 


some function ¢ (x, y), so that X = at and Y= uo 
dx dy 


1 d d 
Then 5 mv? = {¢ da + 7) = (a, y) DOP eo sace (4). 
Suppose that the particle started with a velocity V from a 
point whose coordinates are a, 4%. Then 
smV?2= d (mM, Yo) + C. 
Hence, by subtraction, 


. zine —4mV2= (a, ¥)— dh (a, Yo)s->- oneness (5). 
This result is quite independent of the path pursued 
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between the initial point and P, and would therefore be the 
same whatever be the form of the restraining curve. 

From the definition of Work it is clear that Xd«+ Ydy 
represents the work done by the forces X, Y during a small 
displacement ds along the curve. Hence the right-hand side of 
(3) or of (4) represents the total work done on the particle by 
the external forces, during its motion from the point of pro- 
jection to P, added to an arbitrary constant. 

Hence, when the components of the forces are equal to the 
differentials with respect to # and y of some function ¢ (a, y), it 
follows from (5) that 
The change in the Kinetic Energy of the particle 

=the Work done by the External Forces. 


Forces of this kind are called Conservative Forces, 

The quantity $ (a, y) is known as the Work-Function of 
the system of forces. From the ordinary definition of a 
Potential Function, it is clear that $(#, y) is equal to the 
Potential of the given system of forces added to some constant. 

If the motion be in three dimensions we have, similarly, 


that the forces are Conservative when | (Xda + Ydy + Zdz) isa 


perfect differential, and an equation similar to (5) will also be 
true. [See Art. 131.] 


92. The Potential Energy of the particle, due to the given 
system of forces, when it is in the position P 


= the work done by the forces as the particle moves to some 
standard position. 
Let the latter position be the point (m, y,). Then the 
potential energy of the particle at P 


(a, 91) (@, m1) dd dd 5 
=| -." Xdo + Yay)= ie (z das oy y) 


_ E i »). . ee = 6 (a, 92) — $(@, y). 


Hence, from equation (4) of the last article, 
(Kinetic Energy + Potential Energy) of the particle when at P 


= (a, y)+0+ (ti y)-$@Y) 
=C+ (a, ¥1)=a constant, 
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Hence, when a particle moves under the action of a Con- 
servative System of Forces, the sum of its Kinetic and Potential 
Energies is constant throughout the motion. 


93. In the particular case when gravity is the only force 
acting we have, if the axis of y be vertical, X =0 and Y=—mg. 

Equation (8) then gives 4mv* = — mgy + C. 

Hence, if Q be a point of the path, this gives 

kinetic energy at P — kinetic energy at Q 

= mg x difference of the ordinates at P and Q 
= the work done by gravity as the particle passes from Q to P. 

This result is important; from it, given the kinetic energy 
at any known point of the curve, we have the kinetic energy at 
any other point of the path, if the curve be smooth. 


94. If the only forces acting on a particle be perpendicular 
to its direction of motion (as in the case of a particle tethered 
by an inextensible string, or moving on a smooth surface) its 
velocity is constant; for the work done by the string or reaction 
is Zero, 


95. All forces which are one-valued functions of distances 
from fixed points are Conservative Forces. 

Let a force acting on a particle at the point (w, y) be a 
function f(r) of the distance r from a fixed point (a, 6) so that 


r= (a—a)'t+(y—b) 
Also let the force act towards the point (a, b). 
dr dr 
Then Wee ae Grit 
The component X of this force parallel to the axis of # 
= v (r) x — ’ 
if the force be an attraction, and the component Y parallel to y 
—b 
=—(r)x2—, 
Hence Xdux+ Ydy=—wy (r) x (# — a) da + (y—b) dy 
r 


== 4) ay oan, 
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: a 
Hence, if #’(r) be such that ce F(r)=—wW(r) ...2006--(1), 


we have 
[(xae + Vay) = E Edn) econ 


Such a force therefore satisfies the condition of being a 
Conservative Force. 


If the force be a central one and follow the law of the inverse square, so that 


v(r) =, then F (r) = - | W (r) dr=* and hence 
i (Xdx + Ydy) = + constant, 


96. The work done in stretching an elastic string ts equal to 
the extension produced multiplied by the mean of the initial and 
final tensions. 

Let a be the unstretched length of the string, and 2» its 
modulus of elasticity, so that, when its length is a, its tension 


= v= , by Hooke’s Law. 


The work done in stretching it from a length b to a length c 


= [P.de= [7 2 x [@- 2h 
aye 


= J [(e- a -(@- ay] = (0-8) |" 
=(c —b) x mean of the initial and final tensions. 

Ex. Aand Bare two points in the same horizontal plane at a distance 2a apart; 
AB is an elastic string whose unstretched length is 2a. To O, the middle point of 
AB, is atiached a particle of mass m which ia allowed to fall under gravity ; find 
its velocity when it has fallen a distance « and the greatest vertical distance 
through which it moves. 

When the particle is at P, where OP =z, let its velocity be v, so that its 
kinetic energy then is 42nv?. 

The work done by gravity=mg. «. 

The work done against the tension of the string 


=2x (BP -BO) x ; y SPA 50. = (pp - a)? = Jat +at — ap. 


Hence, by the ene of oo 
4mv2 = mga — — * Wate 224 a?-a}. 


The particle comes to rest when sey and then z is given by the equation 
mgaza=N [V a+ a- a} 
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EXAMPLES 


1. If an elastic string, whose natural length is that of a uniform rod, 
be attached to the rod at both ends and suspended ‘by the middle point, 
shew by means of the Principle of Energy, that the rod will sink until the 
strings are inclined to the horizon at an angle @ given by the equation 


6 6 
eo 
cot 3 cot 3 2n, 
given that the modulus of elasticity of the string is m times the weight of 


the rod. 


2. A heavy ring, of mass m, slides on a smooth vertical rod and is 
attached to a light string which passes over a small pulley distant a from 
the rod and has a mass Mf (> m) fastened to its other end. Shew that, if 
the ring be dropped from a point in the ie in the same horizontal plane 


as the pulley, it will descend a distance , before coming to rest. 


2Mm 
— 

Find the velocity of m when it has fallen oe any distance «. 

3. <A shell of mass MY is moving with velocity V. An internal 
explosion generates an amount of energy # and breaks the shell into two 


portions whose masses are in the ratio m,:m . ,'The fragments continue 
to move in the original line of motion of the shell Shew that their 


velocities are V+ J Pa a gia me ee 
olf 


4, An endless elastic string, of natural length 27a, lies on a smooth 
horizontal table in a circle of radius a. The string is suddenly set in 
motion about its centre with angular velocity . Shew that if left to 
itself the string will expand and that, when its radius is r, its angular 


2 

velocity is <0, and the square of its radial velocity from the centre is 
2 -—a)? 

ao aa" (79 a2) — 27rd as a) 


Hate of the string. 


» where m is the mass and A the modulus of 


5. Four equal particles are connected by strings, which form the 
sides of a square, and repel one another with a force equal to p x distance; 
if one string be cut, shew that, when either string makes an angle 6 with 
4u sin 6 (2+sin @) 

2—sin? 6 ; 

[As in Art 47 the centre of mass of the whole system remains at rest; 
also the repulsion, by the well-known property, on each particle is the 
same as if the whole of the four particles were collected at the centre and 
=4u x distance from the fixed centre of mass. Equate the total kinetic 
energy to the total work done by the repulsion.] 


its original position, its angular velocity is Mh 
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6. A uniform string, of mass M and length 2a, is placed symmetrically 
over a smooth peg and has particles of masses m and m’ attached to its 
extremities ; shew that when the string runs off the peg its velocity is 


M+2(m—-m’) 
MN+m+m' “1 


7. Avheavy uniform chain, of length 2/, hangs over a small smooth fixed 
pulley, the length 7+¢ being at one side and /—c at the other; if the end 
of the shorter portion he held, and then let go, shew that the chain will 


3 (Roa 
slip off the pulley in time (5) log a 


8. A uniform chain, of length 7 and weight W, is placed on a line of 
greatest slope of a smooth plane, whose inclination to the horizontal is a, 
and just reaches the bottom of the plane where there is a small smooth 
pulley over which it can run. Shew that, when a length « has run off, the 


tension at the bottom of the plane is W(1—sina) 2 S =) : 


9, Over a small smooth pulley is placed a uniform flexible cord ; the 
latter is initially at rest and lengths 7—@ and /+a hang down on the two 
sides. The pulley is now made to move with constant upward accelera- 
tion £ Shew that the string will leave the pulley after a time 


—— cosh-! : C 
a 


ftg 
97. Oscillations of a Simple Pendulum. 
A particle m %s attached by a light string, of length I, to a 


fixed point and oscillates under gravity through a small angle; 


to find the period of its motion. 
When the string makes an angle @ with the vertical, the 


equation of motion is 


A 
d?s : 
Si eercecere 1 . 
™ Ta mg sin 0 (1) 
But s= 10. 
SUE 4 sin = — g 6, to a first approxima- 
tion. f 
If the pendulum swings through a small A ee 


angle a on each side of the vertical, so that 
@=a and 6=0 when ¢=0, this equation 


gives a 
@=acos [Ve] 
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so that the motion is simple harmonic and the time, 7}, of a 
very small oscillation = 27 a ; ,as in Art, 22. 

For a higher approximation we have, from equation (1), 


162 = 2g (cos O — COS A) -eeeceeeereeaeees (2), 


since 6 is zero when 6 = 4. 
[This equation follows at once from the Principle of Energy. ] 


c/a casa: 
ie o Vcos 6 —cos a’ 


where ¢ is the time of a ek 


vi ae Perce 


Put ea oo sin5. sin @. 


= 2 sin = cos ddd 
r 


@ 
COS 5- 


0 2 
taa/E, Mrewerrer OR 
4 
0 (a -sin'$ sin? o) ntiviah Sacieds «sdeatibwedees (3) 
ea 1+ 5sin', sin? @ + se etnies, .| dp 
2° 2.4 2 ts 

eee seats 8 54) sing 
g 2 ee ee € 4 2 


1.3.5 ot 
+(553) sin +. cena (4). 


Hence a second approximation to the required period, 7,, 


aa 
=1,| 1+.g.sint§|=2, [1+ F6> 


if powers of a higher than the second are neglected. 
Even if a be not very small, the second term in the bracket 
of (4) is usually a sufficient approximation, For example, 


iat z 
sin 5 cos 
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suppose 2 = 30°, so that the pendulum swings through an angle 


of 60°; then sin? [= sin? 15° = -067, and (4) gives 


ro fh 
=F /tns 017 + 00063 +...]. 


[The student who is acquainted with Elliptic Functions 
will see that (3) gives 


sin ¢ = sn (¢ /3) ; (mod. sin 5) : 
so that sin a sin = sn (é v 2) (mod sin 5) 
2 2 i}? see ay 


The time of a complete oscillation is also, by (3), equal to 


Vf ; multiplied by the real period of the elliptic function with 


modulus sin ; A 


98. The equations (1) and (2) of the previous article give 
the motion in a circle in any case, when a@ is not necessarily 
small. If w be the angular velocity of the particle when 
passing through the lowest point A, we have 

16? = 2g cos 6 + const. =lw* — 2g (1 — cos @)...... (5). 

This equation cannot in general be integrated without the 
use of Elliptic Functions, which are beyond the scope of this 
book. 

If T be the tension of the string, we have 

TL — mg cos 6 = force along the normal PO 


= ml6? = mle? — 2mg (1 — cos @), 


“. LT=m {lo*—g(2—30084)} ..........-- (6). 
Hence T vanishes and becomes negative, and hence circular 
2g — lw? 


motion ceases, when cos @ = 3g 
Particular Case. Let the angular velocity at A be that due to a fall from the 
highest point 4’, so that , 
Put=2g.2l, ine. w=? 
2 
.Then (5) gives eed (1+cos @). 
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0 /%= few) 1 40 
" or cos @~ A/2 ae 
3 
ga ave [2 log tan ( + ny 
cosy +sin $ 1+sin 
4 l 
= / 10g ———4 =n ban/! log gma ghe[seatens)) 


cos | ~ sin! 


giving the time t of describing an angle @ from the lowest point, 
Also in this case 


T=m {4g -29g+3g cos 6} =mg[2+3 cos 6]. 


A) 
Circular motion therefore ceases when cos @= —= 


3? and then see © ==/6 and 


tan a= /5. Therefore the time during which the circular motion lasts 


=a log, (./5 + »/6). 


99, Ex. 1. Shew that a pendulum, which beats seconds when it swings 
through 3° on each side of the vertical, will lose about 12 secs. per day if the 
angle be 4° and about 27 secs. per day if the angle be 5°. 


Ex.2. A heavy bead slides on a smooth fixed vertict! circular wire of radius 
a; if it be projected from the lowest point with velocity just sufficient to carry it 
to the highest point, shew that the radius to the bead is at time t inclined to the 


vertical at an angle 2 tan-! [ sinh x 2 |, and that the bead will be an infinite 


time in arriving at the highest point. 


100. Motion on a smooth cycloid whose awis ts vertical and 
vertex lowest. 


AY 
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Let AQD be the generating circle of the cycloid CPAC’, 
P being any point on it; let PZ be the tangent at P and 
PQN perpendicular to the axis meeting the generating circle 
in Q. The two principal properties of the cycloid are that the 
tangent 7'P is parallel to AQ, and that the are AP is equal to 
twice the line AQ. 

Hence, if P7z be 8, we have 


C=Z0Ar—ADY, 
and s=arcAP=2.AQ=4asin 0 


if a be the radius of the generating circle, 
If R be the reaction of the curve along the normal, and m 
the particle at P, the equations of motion are then 


m —. = force along P7 =— mgsin@ ......... (2), 


“ 


and m. - = force along the normal = R—mg cos @ ...(8). 


From (1) and (2), we then have 
d?s g 
de =— AG SW ivie atalelt alalelefalolavata/elete! vie <velere (4), 


so that the motion is simple harmonic, and hence, as in 
Art. 22, the time to the lowest point 


and is therefore always the same whatever be the point of the 
curve at which the particle started from rest. 
Integrating equation (4), we have 


v= (G) =e t0=— 9. tasint 0+ 6 


= 4ag (sin? 6, — sin? @), 


if the particle started from rest at the point where 0 = 4. 
[This equation can be written down at once by the 
Principle of Energy.] 


Also p= ce = 4a cos 8, 
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Therefore (3) gives 
sin?6,—sin?@ —_— cos20+sin?4, 
R=mg cos 6+mg en eee on eg 


giving the reaction of the curve at any point of the path. 

On passing the lowest point the particle ascends the other 
side until it is at the height from which it started, and thus 
it oscillates backwards and forwards. 


101. The property proved in the previous article will be 
still true if, instead of the material curve, we substitute a 
string tied to the particle in such a way that the particle 
describes a cycloid and the string is always normal to the 
curve. This will be the case if the string unwraps and wraps 
itself on the evolute of the cycloid. It can be easily shewn 
that the evolute of a cycloid is two halves of an equal cycloid. 

For, since p=4acos@, the points on the evolute corre- 
sponding to A and C are A’, where AD= DA’, and C itself. 
Let the normal PG meet this evolute in P’, and let the arc 
CP’ be o. By the property of the evolute 

o=are P’C= P’P, the radius of curvature at P, 
= 4a cos 0 = 4a sin P’GD. ie 

Hence, by (1) of the last article, the curve is a similar 
cycloid whose vertex is at C and whose axis is vertical. This 
holds for the arc CA. The evolute for the are C’A is the 
similar semi-cycloid C’A’, 

Hence if a string, or flexible wire, of length equal to the 
arc CA’, t.e. 4a, be attached at A’ and allowed to wind and 
unwind itself upon fixed metal cheeks in the form of the 
curve CA’C’, a particle P attached to its other end will 
describe the cycloid CAC’, and the string will always be 
normal to the curve CAC’; the times of oscillation will 
therefore be always isochronous, whatever be the angle through 
which the string oscillates. In actual practice, a pendulum is 
only required to swing through a small angle, so that only 
small portions of the two arcs near A’ are required. This 
arrangement is often adopted in the case of the pendulum 
of a small clock, the upper end of the supporting wire consisting 
of a thin flat spring which coils and uncoils itself from the two 
metal cheeks at A’, 
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102. Motion on a rough curve under gravity. 

Whatever be the curve described under gravity with friction, 
we have, if ¢ be the angle measured from the horizontal made 
by the tangent, and if s increases with ¢, 


ve R 
and ia g cos f — mo sioheeeraa eee (2). 


ai iE — 2y07 = 2gp (sin ¢ — uw cos ). 
Multiplying by e~?* and integrating, we have 
ve-$ = 2g [oe (sin d — w cos d) + constant. 
When the curve is given, so that p is known in terms of ¢, 


this gives v*, and hence (3 d 7a) (sey. Hence “ is known, and 


therefore theoretically ¢ in terms of ¢. 


103. If the cycloid of Art. 100 be rough with a coefficient of 
friction p, to find the motion, the particle sliding downwards. 

In this case the friction, wf, acts in the direction 7'P 
produced. Since s=4asin0, we have p=4acos 6, and 
v =4acos @.6, so that the equations of motion are 


m © (4a.cos 0. 6) = wR — mg sin 8 Bictas ok Cy 
and me*/p=m. 4a cos 6. 62= R—mgeos@ ......... (2). 
a SEN 0)— pcos @. = — 7 (sin 0 — pcos 0), 


112 Dynamics of a Particle 
1.6, 2 [6 cos Oe-"9] = — we (sin 0 — cos @) e~? (3) 
KA ay LY 08 he be ACE 


Now a! [e-¥? (sin 6 — w cos 0)]=(1 + w*) e** cos 0. 6. 


[e-#? (sin 0 — pcos )] = — (1+ »’) rf [e-¥? (sin 6 — cos 6)]. 


“. e-"* (sin 6 — «cos 8) =A cos (eee B] ...(4), 


where A and B are constants depending on the initial conditions. 
Differentiating (4), we obtain 


Hence (3) gives 
a 
dt? 


v= 16a? cos? 6. 62 = 


a Ate’ — (sin 8 — 008 0). 


EXAMPLES ON CHAPTER VI. 


1. A particle slides down the smooth curve y=a sinh =, the axis of x 


being horizontal and the axis of y downwards, starting from rest at the 
point where the tangent is inclined at a to the horizon; shew that it will 
leave the curve when it has fallen through a vertical distance @ sec a. 


2. A particle descends a smooth curve understhe action of gravity, 
describing equal vertical distances in equal times, and starting in a 
vertical direction. Shew that the curve is a semi-cubical parabola, the 
tangent at the cusp of which is vertical. 


3. A particle is projected with velocity V from the cusp of a smooth 
inverted cycloid down the are; shew that the time of reaching the 


vertex is 2 ne tan~1 [a2]. 
g Vi 


4. A particle slides down the are of a smooth cycloid whose axis is 
vertical and vertex lowest ; prove that the time occupied in falling down 
the first half of the vertical height is equal to the time of falling down 
the second half. 


5. A particle is placed very close to the vertex of a smooth cycloid 
whose axis is vertical and vertex upwards, and is allowed to run down the 
curve. Shew that it leaves the curve when it is moving in a direction 
making with the horizontal an angle of 45°. 


6. A ring is strung on a smooth closed wire which is in the shape 
of two equal cycloids joined cusp to cusp, in the same plane and sym- 
metrically situated with respect to the line of cusps. The plane of the 
wire is vertical, the line of cusps horizontal, and the radius of the 
generating circle is a The ring starts from the highest point with 
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velocity » Prove that the times from the upper vertex to the cusp, and 
from the cusp to the lower vertex are respectively 


2/4 sinn-1(YD) ana 29/Ssin-1 / 
Y) v g v+8ag 


7. A particle moves in a smooth tube in the form of a catenary, being 
attracted to the directrix by a force proportional to the distance from it 
Shew that the motion is simple harmonic. 


8. A particle, of mass m, moves in a smooth circular tube, of 
radius a, under the action of a force, equal to mpxdistance, to a point 
inside the tube at a distance c from its centre; if the particle be placed 
very nearly at its greatest distance from the centre of force, shew that 
it will describe the quadrant ending at its least distance in time 


J “og (J2+1). 


9. A bead is constrained to move on a smooth wire in the form of an 
equiangular spiral. It is attracted to the pole of the spiral by a force, 
= my (distance)-*, and starts from rest at a distance 6 from the pole. 
Shew that, if the equation to the spiral be r=ae? '*, the time of arriving 


at the pole is : ee . SEC a. 
be 


Find also the reaction of the curve at any instant. 


10. A smooth parabolic tube is placed, vertex downwards, in a 
vertical plane; a particle slides down the tube from rest under the 
influence of gravity ; prove that in any position the reaction of the 


tube is Sake , where w is the weight of the particle, p the radius of 


curvature, 4a the latus rectum, and A the original vertical height of the 
particle above the vertex. 


11. From the lowest point of a smooth hollow cylinder whose cross- 
section is an ellipse, of major axis 2a and minor axis 2b, and whose minor 
axis is vertical, a particle is projected from the lowest point in a vertical 
plane perpendicular to the axis of the cylinder; shew that it will leave 
the cylinder if the velocity of projection lie between 


24.42 
296 and fae * : 


12. A small bead, of mass m, moves on a smooth circular wire, being 


acted upon by a central attraction to a point within the circle 


mp. 
(distance)? 
situated at a distance 6 from its centre. Shew that, in order that the 
bead may move completely round the circle, its velocity at the point of 


4ub 
the wire nearest the centre of force must not be less than u, oe 


Ds 8 
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13. A small bead moves on a thin elliptic wire under a force to the 


focus equal to E+ oh It is projected from a point on the wire distant 
ae 


R from the focus with the velocity which would cause it to describe the 


ellipse freely under a force ep Shew that the reaction of the wire is 
Af 1 1 4 . 
p Aes art zh 


where p is the radius of curvature. 


14. If a particle is made to describe a curve in the form of the 
four-cusped hypocycloid wi+ys=as under the action of an attraction 
perpendicular to the axis and varying as the cube root of the distance 
from it, shew that the time of descent from any point to the axis of x 
is the same, 2.e. that the curve is a Tautochrone for this law of force, 


15. A small bead moves on a smooth wire in the form of an epi- 
cycloid, being acted upon by a force, varying as the distance, from the 
centre of the epicycloid; shew that its oscillations are always isochronous. 
Shew that the same is true if the curve be a hypocycloid and the force 
always towards, instead of from, the centre. 


16. A curve in a vertical plane is such that the time of describing 
any arc, measured from a fixed point O, is equal to the time of sliding 
down the chord of the arc; shew that the curve is a lemniscate of 
Bernouilli, whose node is at O and whose axis is inclined at 45° to the 
vertical. ~ 


17. A particle is projected along the inner surface of a rough sphere 
and is acted on by no forces; shew that it will return to the point of 


projection at the end of time =, (e#*—1), where a is the radius of the 
sphere, V is the velocity of projection and , is the coefficient of friction. 


18. A bead slides down a rough circular wire, which is in a vertical 
plane, starting from rest at the end of a horizontal diameter. When it 
has described an angle @ about the centre, shew that the square of its 
angular velocity os 


a (1- = ae + 4?) ie 2p?) sin 6+ 3p (cos 6 — e7 2H9y), 


where p. is the coefficient of friction and a the radius of the rod. 


19. <A particle falls from a position of limiting equilibrium near the 
top of a nearly smooth glass sphere. Shew that it will leave the sphere 
at the point whose radius is inclined to the vertical at an angle 


4 a 
watt (2-5 sin a 
where cos a=4%, and p is the small coefficient of friction. 


20. A particle is projected horizontally from the lowest point of 
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a rough sphere of radius a. After describing an arc less than a quadrant 
it returns and comes to rest at the lowest point. Shew that the initial 
1+ ,2 

1—2)2” 
and @a is the are through which the particle moves. 


velocity must be sina , 2Qga where y is the coeflicient of friction 


21. The base of a rough cycloidal are is horizontal and its vertex 
downwards ; a bead slides along it starting from rest at the cusp and 
coming to rest at the vertex. Shew that p2e"7=1. 


22. A particle slides in a vertical plane down a rough cycloidal are 
whose axis is vertical and vertex downwards, starting from a point where 
the tangent makes an angle @ with the horizon and coming to rest at the 
vertex. Shew that pe”’=sin 6—p cos 6. 


23. A rough cycloid has its plane vertical and the line joining its 
cusps horizontal. A heavy particle slides down the curve from rest at 
a cusp and comes to rest again at the point on the other side of the 
vertex where the tangent is inclined at 45° to the vertical. Shew that 
the coefficient of friction satisfies the equation 

3um +4 log, (1+p)=2 log, 2. 


24. A bead moves along a rough curved wire which is such that it 
changes its direction of motion with constant angular velocity. Shew 
that a possible form of the wire is an equiangular spiral. 


25. A particle is held at the lowest point of a catenary, whose axis ts 
vertical, and 78 attached to a string which lies along the catenary but is 
free to unwind fromit. If the particle be released, shew that the time that 
elapses before rt 1s moving at an angle > to the vertical is 


— 1+,/2 aa” 
NE log ada 

9 fe) ’ 

“9 1—,/2 sin g 


and that its velocity then is 2A/gc sin ' where c is the parameter of the 


catenary. Find also the tension of the string in terms of o. 

At time ¢, let the string PQ be inclined at an angle ¢ to the horizontal, 
where P is the particle and Q the point where the string touches the 
catenary. A being the lowest point, let 

s=arc AQ=line Py. 

The velocity of P along @P=vel. of Q along the tangent+the vel. of 

P relative to Q 


me = S) dO eravanvted ess peaacst spas Pee 
The velocity of P perpendicular to QP similarly 
sR ia Pree asia tiated coi peddesces (2). 


The acceleration of P along QP (by Arts. 4 and 49) 
=acc. of Q along the tangent @P+the ace. of P relative to Q 
=-5+(8—sh2)= —s¢? Peeeooeoorecceoeseoecece Poor seceocseeev een eroces (3). 
8—2 
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The acceleration of P perpendicular to QP 
=acc. of @ in this direction+ace. of P relative to Q 
# 1d 


mre (89h) = — 56 + [sp + 254] 


HSPHEG ceeseeee PERRIS P EA CED AAS, Sica te WE 6? Hil ta (4). 
These are the component velocities and accelerations for any curve, 
whether a catenary or not. 
The equation of energy gives for the catenary 


$m. (c tan pf)?=mg (c— CCOS H) veeesecceees Sasseaest (5). 
Resolving along the line PQ, we have 
metan pb. f= T'— mg sin h cececeessreeceeee eenseral(O)s 


(5) and (6) give the results required. 


26. A particle is attached to the end of a light string wrapped round 
a vertical circular hoop and is initially at rest on the outside of the 
hoop at its lowest point. When a length aé of the string has become 
unwound, shew that the velocity v of the particle then is 


a/2ag (@ sin 6+cos 6—1), 


and that the tension of the string is (3 pg - 


-3) times the 


é 6 
weight of the particle, 


27. A particle is attached to the end of a fine thread which just 


winds round the circumference of a circle from the centre of which acts 
Qqr 


Np’ 
and that the tension of the thread at any time ¢ is Qmptat, where a is the 
radius of the circle. 


a repulsive force mp (distance) ; shew that the time of unwinding is 


28. <A particle is suspended by a light string from the circumference 
of a cylinder, of radius a, whose axis is horizontal, the string being 
tangential to the cylinder and its unwound length being a8. The particle 
is projected horizontally in a plane perpendicular to the axis of the 
cylinder so as to pass under it; shew that the least velocity it can 
have so that the string may wind itself completely up is 


/2ga (8—sin B). 

29. From the lowest point of a smooth hollow cylinder whose cross- 
section is one-half of the lemniscate 7?=a? cos 26, with axis vertical and 
node downwards, a particle is projected with velocity V along the inner 
surface in the plane of a cross-section; shew that it will make a complete 
revolution if 3V?>7ag. 


30. If a particle can describe a certain plane curve freely under one 
set of forces and can also describe tt freely under a second set, then it can 
describe it freely when both sets act, provided that the initial kinetic energy 
in the last case is equal to the sum of the initial kinetic energres in the first 
two cases. 
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Let the are s be measured from the point of projection, and let the 
initial velocities of projection in the first two cases be U, and Up. 
Let the tangential and normal forces in the first case be 7, and MW, 
when an arc s has been described, and 7, and J, similarly in the second 
case ; let the velocities at this point be », and v,. Then 
dv v2 


1 
=T7); pees tt 


Mv; as 


2 
muy = Ty and m= Ms. 
8 
on i T,ds-+4mU~, 
0 


and $mvi= i : Teds +4m U3, 
0 
2. 4m (ot+o)= | Taos |’ Tods +4m 0,2 +4m U2? ......(1), 
0 0 


2 2 
and m oe SGN ed dart aay eee (2). 


If the same curve be described freely when both sets of forces are 
acting, and the velocity be v at arcual distance s, and U be the initial 
velocity, we must have similarly 


dot [+ DS dae bite UP esis 2b sss .44(3), 


2, 
and ™ ; =N,+, cance eeenr cer cescescccccecceecees (4). 


Provided that 4m U?=4mU,?+4mU,? equations (1) and (3) give 
v2 =? + v3, 
and then (4) is the same as (2), which is true. 
Hence the conditions of motion are satisfied for the last case, if the 
initial kinetic energy for it is equal to the sum of the kinetic energies in 


the first two cases. 
The same proof would clearly hold for more than two sets of forces. 


Cor. The theorem may be extended as follows. 

If particles of masses m,, mg, m3... all describe one path under 
forces /,, F,, F3...; then the same path can be described by a particle 
of mass I/ under all the forces acting simultaneously, provided its kinetic 
energy at the point of projection is equal to the sum of the kinetic 
energies of the particles m,, mz, m3... at the same point of projection. 


31. A particle moves under the influence of two forces = to one point 


{A 
and a to another point; show that it is possible for the particle to 


describe a circle, and find the circle. 
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32. Shew that a particle can be made to describe an ellipse freely 


B 5 directed towards its foci. 


under the action of forces w+, dr +5 


33. A circle, of radius a, is described by a particle under a force 
—_—_ __ to a point on its circumference. If, in addition, there be a 
(distance)® re 
constant normal repulsive force me shew that the circle will still be 


described freely if the particle start from rest at a point where 


Be 


r=a Onl" 


34. Shew that a particle can describe a circle under two forces 
he 
rP 


directed to two centres of force, which are inverse points for the circle at 
distances f and /’ from the centre, and that the velocity at any point is 


35. A ring, of mass m, is strung on a smooth circular wire, of mass M 
and radius a; if the system rests on a smooth table, and the ring be 
started with velocity v in the direction of the tangent to the wire, shew 

Um vw 
M+m a’ 


that the reaction of the wire is always 


36. O, A and B are three collinear points on a smooth table, such 
that OA=aand AB=b. A string is laid along AB and to B is attached 
a particle. If the end A be made to describe a circle, whose centre is 0, 
with uniform velocity v, shew that the motion of the string relative to the 


revolving radius OA is the same as that of a pendulum of length a ; 
and further that the string will not remain taut unless a> 46, 


37. A particle slides under gravity down a rough cycloid, whose axis 
is vertical and vertex downwards, starting from rest at the cusp. Shew 
that it will come to rest before reaching the lowest point if we2 >1, where 
pis the coefficient of friction. 

Prove that this inequality is satisfied if w=}. 


38. A smooth parabolic tube is fixed in a vertical plane with its 
vertex downwards. A particle starts from rest at the extremity of the latus 
rectum and slides down the tube; express as a definite integral the time 
taken to reach the vertex, and shew that this time is approximately 


27 x ee: 2 seconds, where 4a is the length of the latus rectum, 


CHAPTER VII 


MOTION IN A RESISTING MEDIUM. MOTION OF 
PARTICLES OF VARYING MASS 


104. When a body moves in a medium like air, it ex- 
periences a resistance to its motion which increases as its 
velocity increases, and which may therefore be assumed to be 
equal to some function of the velocity, such as kpf(v), where 
p is the density of the medium and & is some constant 
depending on the shape of the body. 

Many efforts have been made to discover the law of 
resistance, but without much success. It appears, however, that 
for projectiles moving with velocities under about 800 feet per 
second the resistance approximately varies as the square of the 
velocity, that for velocities between this value and about 1350 
feet per second the resistance varies as the cube, or even a 
higher power, of the velocity, whilst for higher velocities the 
resistance seems to again follow the law of the square of the 
velocity. 

For other motions it is found that other assumptions of the 
law for the resistance are more suitable. Thus in the case of 
the motion of an ordinary pendulum the assumption that the 
resistance varies as the velocity is the best approximation. 

In any case the law assumed is more or less empiric, and 
its truth can only be tested by enquiring how far the results, 
which are theoretically obtained by its use, fit with the actually 
observed facts of the motion. 

Whatever be the law of resistance, the forces are non- 
conservative, and the Principle of Conservation of Energy 
cannot be applied. 
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105. In the case of a particle falling under gravity in a 
resisting medium the velocity will never exceed some definite 
quantity. 

For suppose the law of resistance to be ku™.m. Then the 
downward acceleration is g—kv", and this vanishes when 
ku” = g, t.e. when the velocity = (2). This ‘therefore will be 
the maximum velocity possible, and it is called the limiting or 
terminal velocity. 

It follows from this that we cannot tell the height from 
which drops of rain fall by observing their velocity on reaching 
the ground. For soon after they have started they will have 
approximately reached their terminal velocity, and will then 
continue to move with a velocity which is sensibly constant and 
very little differing from the terminal velocity. 

In the case of a ship which is under steam there is a full 
speed beyond which it cannot travel. This full speed will 
depend on the dimensions of the ship and the size and power of 
its engines, etc. 

But whatever the latter may be, there will be some velocity 
at which the work that must be done in overcoming the 
resistance of the water, which varies as some function of the 
velocity, will be just equivalent to the maximum amount of 
work that can be done by the engines of the ship, and then 
further increase of the speed of the ship is impossible. 


106. A particle falls under gravity (supposed constant) in a 
resisting medium whose resistance varies as the square of the 
velocity ; to find the motion if the particle starts from rest. 

Let v be the velocity when the particle has fallen a distance 
# in time ¢ from rest. The equation of motion is 


dx : 
Ge 9 ee 
Let pad, so that ena (1 -h) Se en eee Cl) 


From (1) it follows that if » equalled &, the acceleration 
would be zero; the motion would then be unresisted and the 
velocity of the particle would continue to be & For this 
reason & is called the “terminal velocity.” 
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From (1), v=9(1-§), 
so that a e= — — log (k? —v*) + A. 
Since v and «# are both zero initially, ... A =log#? 
'P—-y= we ®, 
Sie E —e@ “P| Seoesieagacva sitio. (2), 


It follows that #= 0 ner v=k. Hence the particle would 
not actually acquire the “terminal velocity” until it had fallen 
an infinite distance. 

Again (1) can be written 


B =9(1- Ny 


Ly pee 
ff tod i 7 te. 


8 i 
Since v and ¢ were zero sat Hee .. B=0. 
2gt 
Hence tae ae.” 
k-v 
ae 
wv=k- iat =k tanh (F) pe Vasa aice ge (3) 
e* +] 
From (2) and (3), we have 
2 gt 1 
ie ay pee 
e 1 i 1 — tanh? i= ie 
cosh? =- 
k 
ke t 
ae gt =e Ze 
so that e” = cosh i and « a log cosh Roce (4). 


107. If the particle were projected upwards instead of 
downwards, to find the motion. 

Let V be the velocity of projection. 

The equation of motion now is 


aa v 
ot gph (1+ +h) eee (5), 


where « is measured upwards. 
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dy v 
Hence yo=-g(1+p). 
Quad 
Ban- a= — log (8 + Mt A, 
where 0=-log(V?+h)+ A. 
, Aga V+ 
o.18 2 => log Yate Sane ae Be errs (is) } 
Again (5) gives 
ge-o(e9 
mite g ie)" 
_v 
ae a ee tan ‘+B, 
: per 
where O=7 tan ‘2 +B. 
Line eet ive os 
“7 = tan™ tan™ 7 ry (7), 


Equation (6) gives the velocity when the particle has 
described any distance, and (7) gives the velocity at the end 
of any time. m 


108. Hx. A person falls by means of a parachute from a height of 800 yards 
in 24 minutes. Assuming the resistance to vary as the square of the velocity, shew 
that in a second and a half his velocity differs by less than one per cent. from its 
value when he reaches the ground and jind an approximate value for the limiting 
velocity. 

When the parachute has fallen a space x in time t, we have, by Art. 106, if 


2 
and = - log cosh (§) Seeaeceatawaceniica sions nerets (3). 


, g 150 
ere 2400 2 log cosh ( : 2) . 


1509  _ 150g 


e002 ek +e k 
wT ceerttttteettcccsnseeees (A) 


The second term on the right hand is very small, since k is positive. 


g 1509 
Be ery 


Hence (4) is approximately ne to e 
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Hence k=16 is a first approximation. 
Putting k=16(1+y), (4) gives, for a second approximation, 
2001-9) , .-30001-y) —,300(1-y) 
a ee ls ee 
97 800: 
"=4. 


Pay (1-2y) = 


693 
y= 59 lot 2= The = 0023, 


Therefore a second approx. is k=16 (1+-0023), giving the terminal velocity. 
Also the velocity v;, when the particle reaches the ground, is, by (1), given by 


_2.82..2400 
v= hk? [1 -e 16 Jeep eae) 


= k2, for all practical purposes, 
When v is 99 °/, of the terminal velocity, (2) gives 
Ge) 
tanh . =z 
2gt 58 
nek =199=0° , from the Tables. 
k 16 


a 35 x53= 64% 5°3=1:325 approx., 


i.e. t is legs than 14 secs. 
EXAMPLES 


1. A particle, of mass m, is falling under the influence of gravity 
through a medium whose resistance equals » times the velocity. 
If the particle be released from rest, shew that the distance fallen 


through in time ¢ is gs fem 14H 

2. A particle, of mass m, is projected vertically under gravity, the 
resistance of the air being mk times the velocity ; shew that the greatest 
height attained by the particle is Le este +A)], where V is the 
terminal velocity of the particle and XV is its initial vertical velocity. 


3. A heavy particle is projected vertically upwards with velocity w in 
a medium, the resistance of which is gu~*tan?a times the square of the 
velocity, a being a constant. Shew that the particle will return to the 
point of projection with velocity wcosa, after a time ‘ 


ug-teoba ( a-+log i a .) ‘ 


4 A particle falls from rest under gravity through a distance « in a 
medium whose resistance varies as the square of the velocity ; if » be the 
velocity actually acquired by it, v the velocity it would have acquired had 
there been no resisting medium, and V the terminal velocity, shew that 

v OR al Oye 1 4% 


of 175 Vitg.3 Vi 2.3.4 Vi 
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5, A particle is projected with velocity V along a smooth horizontal 
plane in a medium whose resistance per unit of mass is p times the cube 
of the velocity. Shew that the distance it has described in time ¢ is 

Paras at 
pV [~ it = 2p V t 1], ac 
d that its velocity then is ———_ . 
a V1+2pV%t | 

6. A heavy particle is projected vertically upwards with a velocity wu 
in a medium the resistance of which varies as the cube of the particle’s 
velocity. Determine the height to which the particle will ascend. 


7. If the resistance vary as the fourth power of the velocity, the 
energy of m lbs. at a depth 2 below the highest point when moving in 
mya 


a vertical line under gravity will be Z tan B 


when rising, and 


mga 
Wy) 
when falling, where # is the terminal energy in the medium. 


E tanh 


8. <A particle is projected in a resisting medium whose resistance 
varies as (velocity)", and it cbmes to rest after describing a distance s in 
time ¢. Find the values of s and ¢ and shew that s is finite if n <2, but 
infinite if n= or > 2, whilst ¢ is finite if m < 1, but infinite if m= or > 1. 


9. In the previous question if the resistance’ be & (velocity) and the 


initial velocity be V, shew that v= Ve-* and s= ss (1—e-**), 


10. A heavy particle is projected vertically upwards in a medium 
the resistance of which varies as the square of the velocity. It has a 
kinetic energy X in its upward path at a given point ; when it passes the 

K2 
K+K' 
X' is the limit to which its energy approaches in its downward course. 


same point on the way down, shew that its loss of energy is , where 


11. If the resistance to the motion of a railway train vary as its mass 
and the square of its velocity, and the engine work at constant H.P., shew 
that full speed will never be attained, and that the distance traversed from 


rest when half-speed is attained is = log, - where p» is the resistance per 


unit mass per unit velocity. 
Find also the time of describing this distance. 


12. A ship, with engines stopped, is gradually brought to rest by the 
resistance of the water. At one instant the velocity is 10 ft. per sec. and 
one minute later the speed has fallen to 6 ft. per sec. For speeds below 
2 ft. per sec. the resistance may be taken to vary as the speed, and for 
higher speeds to vary as the square of the speed. Shew that, before 
coming to rest, the ship will move through 900[1+log, 5] feet, from the 
point when the first velocity was observed. 
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13. A particle moves from rest at a distance @ from a fixed point O 
under the action of a force to O equal to mu times the distance per unit of 
mass ; if the resistance of the medium in which it moves be & times the 
square of the velocity per unit of mass, shew that the square of the velocity 


when it is at a distance x from 0 is - aa SOM ars [1 — e%(e-a)), 


Shew also that when it first comes to rest it will be at a distance 6b 
given by (1 —2hkb) e2=(1+ 2ha) e~2ak, 

14, A particle falls from rest at a distance a from the centre of the 
Earth towards the Earth, the motion meeting with a small resistance 


proportional to the square of the velocity v and the retardation being p for 
unit velocity ; shew that the kinetic energy at distance x from the centre 


is mgr? 13 - * 42 (1 - =) — 2p log, 5} , the square of » being neglected, and 
r being the radius of the Earth. 


15. An attracting force, varying as the distance, acts on a particle 
initially at rest at a distance a. ‘Shew that, if V be the velocity when the 
particle is at a distance x, and V’ the velocity of the same particle when 
the resistance of the air is taken Pas account, then 


vi=v[1—5 1) (2a+2) | 

ara 
nearly, the resistance of the air ae given to be & times the square of the 
velocity per unit of mass, where / is very small. 


109. A particle is projected under gravity and a resistance 
equal to mk (velocity) with a velocity u at an angle a to the 
horizon; to find the motion. 

Let the axes of « and y be respectively horizontal and 
vertical, and the origin at the point of projection, Then the 
equations of motion are 


yes. dx _ _ da 
oo di’ ds dt’ 
M ds dy ren dy _ 
and lO Fa ae g. 


Integrating, we have 
log ¢ =— kt + const. =— kt + log (u cos @), 
and log (ky +g) = — kt + const. =— kt + log (ku sin «+ 9); 
Dies COSC TE We Reid s sinh suasees dss (1), 


and ky + g =(kusin &+ 7) O™ veseseeseerrees (2). 
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COS a U COS & 


nes i ea kt ik const. = (il- g*) eceeee (3), 
and ky + gt=— busing 9 e-™ + const. 
ee (4). 


Eliminating ¢, we have 


ka 
y = Flog (1 - \+ 


U COS & 


(u sin a+ 2) 5. ADD, 


U COS O 
which is the equation to the path. 
The greatest height is attained when y = 0, t.e. when 


1 ku sin a 
+ aferg ia oti Ha 4) 
é kusina+g’ ae. at time Z 1° a 9 
usin a ku sin a 
and then yaar — jalog (1+ F ). 
It is clear from equations (3) and (4) that when t= 00 
=< and y=— oo. Hence the path has a vertical 
f : UCOS a : 
asymptote at a horizontal distance —T from the point of 


projection. Also, then, #=0 and 7= ~{, ae. the particle will 


then have just attained the limiting velocity. 

Cor. If the right-hand side of (5) be expanded in powers 
of k, it becomes 

y=B| - ko 1 ke 1 Re -...| 


ucosa 2uwucos?a 3 u costa 
x : g 
+ —— (usina+*], 
u COS A k 


2u? costa surcosta 4 utcosta 
On putting & equal to zero, we have the ordinary equation 
to the trajectory for unresisted motion. 


110. A particle is moving under gravity in a medium 
whose resistance = mp (velocity); to find the motion. 

When the particle has described a distance s, let its tangent 
make an angle ¢ with the upward drawn vertical, and let v be 
its velocity, 
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The equations of motion are then 


07 = 9 008 b — MY encase tmsaa a. (1), 
v ; 
and 7a De ieee swe sate cometen tect (2). 
wv oo 


(1) gives = 29 cos b— 2uv?, 


“i as 


; 1d ‘ 
1.€. from (2), — pa (p sin f) = — 2 cos d — 2yp sin ¢. 


a G5 80 b + 8005 6= — 2up sin ¢. 


d (5) 1 3cosh 1 2p 


G6 \p)sint'$” sin’ p sin?’ 


a 
"* psintd — = o| sare as 
imi) cos h l+cos¢ 
= Pag ah Seay +A ...(8). 


(2) then gives 
i: | 4-« cos p Seo tee esi 


sin sin? 5 


Equation (3) gives the intrinsic equation of the path, but 
cannot be integrated further. 


111. <A bead moves on a smooth wire in a vertical plane 
under a resistance {= k (velocity)’} ; to find the motion. 

When the bead has described an arcual distance s, let the 
velocity be v at an angle ¢ to the horizon (Hig. Art. 102), 
and let the reaction of the wire be &. 

The equations of motion are 


a =f SUG) — Boge dunn 38 Facies Gh). 
and T= cos $k PR ee (2). 


Let the curve be s = /(¢). 
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Then (1) gives 


a oy = f'($) [g sin 6 — kv’), 


fe ap) + 2h/"(p). 0 = 2g sin ¢.7(9), 
a linear equation to give v’. 


Particular case. Let the curve be a circle so that s=ad, if s and ¢ be 
measured from the highest point. 


(1) then gives 5 (v2) + 2akv? = 2ag sin ¢. 


o vre2akd — 2ag {sin p . e2akb 


—_ 299  ,vakp i 
Th 1gR° (2ak sin ¢ — cos ¢)+C. 


AL Ee wise (2ak sin ¢ ~ cos ¢) + Ce~ 24k, 


EXAMPLES 


1. A particle of unit mass is projected with velocity u at an 
inclination a above the horizon in a medium whose resistance is & times 
the velocity. Shew that its direction will again make an angle a with 


the horizon after a time i beg 1! + sin ah. 


2. If the resistance vary as the velocity and the range on the 
horizontal plane through the point of projection is a maximum, shew 
that the angle a which the direction of projection makes with the vertical 
‘ A(1 : 3 
is given by Utes) =log[1+Aseca], where \ is the ratio of the 


velocity of projection to the terminal velocity. 


3. <A particle acted on by gravity is projected in a medium of which 
the resistance varies as the velocity. Shew that its acccleration retains 
a fixed direction and diminishes without limit to zero. 


4. Shew that in the motion of a heavy particle in a medium, the 
resistance of which varies as the velocity, the greatest height above the 


level of the point of projection is reached in less than half the total time 
of the flight above that level. 


5. If a particle be moving in a medium whose resistance varies as 
the velocity of the particle, shew that the equation of the trajectory 
can, by a proper choice of axes, be put into the form 


y¥ytar=b log x. 
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6. If the resistance of the air to a particle’s motion be n times its 
weight, and the particle be projected horizontally with velocity V, shew 
that the velocity of the particle, when it is moving at an inclination p 

n-1 n+1 
to the horizontal, is V(1—sin¢@) ? (1+sing) 2. 

7. A heavy bead, of mass m, slides on a smooth wire in the shape 

of a cycloid, whose axis is vertical and vertex upwards, in a medium 


2 
whose resistance is m oa and the distance of the starting point from the 


vertex isc; shew that the time of descent to the cusp is ni Bale) P 
ge 
where 2a is the length of the axis of the cycloid. 

8. <A heavy bead slides down a smooth wire in the form of a cycloid, 
whose axis is vertical and vertex downwards, from rest at a cusp, and 
is acted on besides its weight by a tangential resistance proportional to 
the square of the velocity. Determine the velocity after a fall through 
the height z. 


9. If a point travel on an equiangular spiral towards the pole with 
uniform angular velocity about the pole, shew that the projection of the 
point on a straight line represents a resisted simple vibration. 


10. A particle, moving in a resisting medium, is acted on by a 


Ie 


central force aa if the path be an equiangular spiral of angle a, whose 


pole is at the centre of force, shew that the resistance is 1 — ? 

11. A particle, of mass m, is projected in a medium whose resist- 
ance is mk (velocity), and is acted on by a force to a fixed point 
(=m. p.distance). Find the equation to the path, and, in the case 
when 24?=9y, shew that it is a parabola and that the particle would 
ultimately come to rest at the origin, but that the time taken would be 


infinite. 

12. If a high throw is made with a diabolo spool the vertical 
resistance may be neglected, but the spin and the vertical motion 
together account for a horizontal drifting force which may be taken as 
proportional to the vertical velocity. Shew that if the spool is thrown 
go as to rise to the height h and return to the point of projection, the 
spool is at its greatest distance ¢ from the vertical through that point 


when it is at a height A ; and shew that the equation to the trajectory is 


of the form 4/32? = 27cy? (h—y). 
13. Ifa body move under a central force in a medium which exerts a 
resistance equal to & times the velocity per unit of mass, prove that 


ad*u 
da Rat © 


about the centre of force. 
L. D. 9 


2kt where h is twice the initial moment of momentum 
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14, A particle moves with a central acceleration P in a medium of 
which the resistance is /. (velocity)?; shew that the equation to its path 


is tuna e*, where s is the length of the are described, and A is 


twice the initial moment of momentum about the centre of force. 


15. A particle moves in a resisting medium with a given central 
acceleration P; the path of the particle being given, shew that the 


sistance is a a a iv 
ii 2p" ds i dp 


112. Motion where the mass moving varies. 


The equation P=mf is only true when the mass m is 
constant. Newton’s second las in its more fundamental form is 


Pe == (ms) eT ee ee er (1). 


Suppose that a particle gains in time o¢ an increment dm 
of mass and that this increment 6m was moving with a 
velocity w. 

Then in time 6¢ the increment in thé momentum of the 
particle 

=m. $v + dm(v+dv—w), 

and the impulse of the force in this time is Pét. 

Equating these we have, on proceeding to the limit, 

du dm dn 


ip 
ae wa =e, 
5 dm 
me £ (mv) = =P+yu Ge es cy). 


When w is zero we es the result (1). 


113. Ex. 1. A spherical raindrop, falling freely, receives in each instant 
an increase of volume equal to d times its surface at that instant; find the 
velocity at the end of time t, and the distance fallen through in that time. 

When the raindrop has fallen through a distance x in time t, let its radiug 
be r and its mass M. Then 


Now M= =. Sor) 80 that 47 ee a == p.4Arr?, by the question. 
dr 
s ah and r=a+Nt, 
where a is the initial radius. 


: d dx 
Hence (1) gives d [ @ +At)8 ct =(a+At)>g. 
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dx _(a+nt)* at 


» (a+r1)8 dt 5 ea I~ 
since the velocity was zero to start with. 
, dag at 
oir ier Rascercesry ap 
_ g T(a+ni)? at Game 
— =a: 3 2 (a+ a aye Os 


since z and ¢ vanish together. 
g nee 20a 
eo 
ae (2+ ee CES aa 


g at 72 gt? (-2a+nt72 
=a | are ul =: = | 3 
Ex, 2. A mass in the form of @ solid cylinder, the area of whose cross- 
section 13 A, moves parallel to its axis, being acted on by a constant force I, 
through a uniform cloud of fine dust of volume density p which is moving in 
a direction opposite to that of the cylinder with constant velocity V. If all the 
dust that meets the cylinder clings to it, find the velocity and distance described 
in any time t, the cylinder being originally at rest, and its initial mass m. 
Let M be the mass at time ¢ and v the velocity. Then 
M.6v+ 61 (v+6v+V)=increase in the momentum in time d¢= Fot. 
dv dM dM 


oe Mat? ae ta ae at ANCODASENGE nopassennosneod (4) 
in the limit. 
Also ON = Ap (UHV ie osecaes corbsatcnoesssasdocateusres (2). 
(1) gives Mv+MV=Ft+ const, =Ft+mV. 
Therefore (2) gives M = Ap(Ft+mV). 


M?=Ap (Ft? + 2mVt) + m3. 
Therefore (2) gives 


Oe aiid se tlB): 
M n/m? + 2m ApVt-+ AF pt? 


Also if the hinder end of the cylinder has described a distance # from rest, 


dt 
From (3) we have that the acceleration 
dv _ m2 (F' — ApV?) 
dt (m2+2mApVt+AFpt?)t 
so that the motion is always in the direction of the force, or opposite, according 

Np Ped y) 
as IF = ApV®. 

Ex. 3. A uniform chain is coiled up un a horizontal plane and one end 
passes over a small light pulley at a heiyht a above the plane; initially a 
length b, >a, hangs jreely on the other side; find the motion. 

When the length b has increased to «, let v be the velocity; then in the 
time dt next ensuing the momentum of the part (+a) has increased by 

9—2 


so that ipod , then z= - Vee 7 m2 2mApVt-+ Alp? - is 
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m(x-+a)5v, where m is the mass per unit length, Also a length mda has 
been jerked into motion, and given a velocity v+év. Hence 
m (a+) 6v + méax (v+6v)=change in the momentum , 
=impulse of the acting force =mg (x - a) . 5t. 
Hence, dividing by 5¢ and proceeding to the limit, we have 


dv 
Car ap i 
(2 +a) 7 +02=(e-a)g 


dv 
a v5 TU tea (e—a) 9. 


Ea 73 — U8 
so (erate? a(at— at) a2 PE a2 (e-y)h g, 
2g (x —b) (a? + dx +b? - 3a) 
£3 (+a)? ss 
This equation cannot be integrated further. 


so that v= 


In the particular case when b=2a, this gives v= (2-0), so that the 


end descends with constant acceleration on 


3 
The tension T of the chain at the coil is clearly given by Tét=médz.v, so 
that 7 =mv?. 


EXAMPLES 


1. A spherical raindrop of radius @ cms. falis from rest through a 
vertical height 2, receiving throughout the motion an accumulation of 
condensed vapour at the rate of & grammes per square cm. per second, 
no vertical force but gravity acting; shew that when it reaches the ground 


Qh 
its radius will be & J [a+ Jie ay; fa. 


2. A mass in the form of a solid cylinder, of radius ¢, acted upon by 
no forces, moves parallel to its axis through a uniform cloud of fine dust, 
of volume density p, which is at rest. If the particles of dust which 
meet the mass adhere to it, and if M and u be the mass and velocity 
at the beginning of the motion, prove that the distance z traversed in 
time ¢ is given by the equation (M+ pmre®x)?= M? + 2pructMt. 


3. <A particle of mass Mf is at rest and begins to move under the 
action of a constant force / in a fixed direction. It encounters the 
resistance of a stream of fine dust moving in the opposite direction with 
velocity V, which deposits matter on it at a constant rate p. Shew that 
its mass will be m when it has travelled a distance 


=| m- YU {1 -+log | where k= F'—pV 


4. Aspherical raindrop, whose radius is 04 inches, begins to fall from 
a height of 6400 feet, and during the fall its radius grows, by precipitation 
of moisture, at the rate of 10-4 inches per second. If its motion be 
unresisted, shew that its radius when it reaches the ground is ‘0420 inches 
and that it will have taken about 20 seconds to fall, 
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5. Snow slides off a roof clearing away a part of uniform breadth ; 
shew that, if it ali slide at once, the time in which the roof will be cleared 


: 6ra (4) : 
is ye gemma PQ)’ but that, if the top move first and gradually set the 


rest in motion, the acceleration is }g sina and the time will be os oane ; 

° a 
where a is the inclination of the roof and a the length originally covered 
with snow. 


6. A ball, of mass m, is moving under gravity in a medium which 
deposits matter on the ball at a uniform rate ». Shew that the 
equation to the trajectory, referred to horizontal and vertical axes 
through a point on itself, may be written in the form 

ka 
Puy=ke (g+kv)+gu(l—e%), ‘ 
where w, v are the horizontal and vertical velocities at the origin and 
mk =2y. 


7. A falling raindrop has its radius uniformly increased by access of 
moisture. If it have given to it a horizontal velocity, shew that it will 
then describe a hyperbola, one of whose asymptotes is vertical. 


8. If a rocket, originally of mass M, throw off every unit of time 
a mass ef with relative velocity V, and if J/’ be the mass of the case etc., 


eV 
Mies 


shew that it cannot rise at once unless eV >g, nor at all unless 


If it just rises vertically at once, shew that its greatest velocity is 


and that the greatest height it reaches is 
Lege (tee 
3g (198 ay eee I), 


9. A heavy.chain, of length é, is held by its upper end so that its lower 
end is at a height / above a horizontal plane; if the upper end is let go, 
shew that at the instant when half the chain is coiled up on the plane 
the pressure on the plane is to the weight of the chain in the ratio 
OT 7 3% 

10. A chain, of great length a, is suspended from the top of a tower 
so that its lower end touches the Earth; if it be then let fall, shew that 
the square of its velocity, when its upper end has fallen a distance ~, is 

a+r 
a+r-—x 


2gr log , where r is the radius of the Earth. 


11. A chain, of length J, is coiled at the edge of a table. One end is 
fastened to a particle, whose mass is equal to that of the whole chain, 
and the other end is put over the edge. Shew that, immediately after 


eri een) Bgl 
leaving the table, the particle is moving with velocity av 6° 
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12. A uniform string, whose length is 7 and whose weight is W, rests 
over a small smooth pulley with its end just reaching to a horizontal 
plane; if the string be slightly displaced, shew that when a length x 
has been deposited on the plane the pressure on it*is 


l x 
(—2Q4 


and that the resultant pressure on the pulley is W par 


13. A mass J/ is attached to one end of a chain whose mass per unit 
of length is m. The whole is placed with the chain coiled up on a smooth 
table and J/ is projected horizontally with velocity V. When a length x 
of the chain has become straight, shew that the velocity of 1 is ae ; 

[+mx 
and that its motion is the same as if there were no chain and it were 
acted on by a force varying inversely as the cube of its distance from 
a point in its line of motion. 

Shew also that the rate at which kinetic energy is dissipated is at 
any instant proportional to the cube of the velocity of the mass. 


14. A weightless string passes over a smooth pulley. One end is 
attached to a coil of chain lying on a horizontal table, and the other 
to a length 7 of the same chain hanging vertically with its lower end 
just touching the table. Shew that after motion ensues the system will 
first be at rest when a length 2 of chain has been lifted from the table, 

2% 
such that (J—#)e!’ =l. Why cannot the Principle of Energy be directly 
applied to find the motion of such a system ? 


15. A ship’s cable passes through a hole in the deck at a height a 
above the coil in which the cable is heaped, then passes along the deck 
for a distance b, and out at a hole in the side of the ship, immediately 
outside of which it is attached to the anchor. If the latter be loosed find 
the resulting motion, and, if the anchor be of weight equal to 2a+4b 
of the cable, shew that it descends with uniform acceleration dg. 


16. A mass ¥ is fastened to a chain of mass m per unit length coiled 
up on a rough horizontal plane (coefficient of friction=p). The mass is 
projected from the coil with velocity V; shew that it will be brought to 


rest in a distance se {a vee ~\ ~ i} ‘ 


17. A uniform chain, of mass JM and length J, is coiled up at the top 
of a rough plane inclined at an angle a to the horizon and has a mass / 
fastened to one end. This mass is projected down the plane with 
velocity V. If the system comes to rest when the whole of the chain 


is just straight, shew that V2= MI se «sin (e—a), where «¢ is the angle 


of friction, 
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18. A uniform chain, of length 7 and mass mi, is coiled on the floor, 
and a mass me is attached to one end and projected vertically upwards 


with velocity /2gh. Shew that, according as the chain does or does not 
completely leave the floor, the velocity of the mass on finally reaching 
the floor again is the velocity due to a fall through a height 


3[2- e+ 


Cie ica | or a-—e, 
where a§=c? (c+ 3h). 

19. A uniform chain is partly coiled on a table, one end of it being 
just carried over a smooth pulley at a height 4 immediately above the 
coil and attached there to a weight equal to that of a length 2h of the 
chain. Shew that until the weight strikes the table, the chain uncoils 
with uniform acceleration 49, and that, after it strikes the table, the 

xh 
velocity at any moment is /Zghe %*, where x is the length of the 
chain uncoiled. 


20. A string, of length 7, hangs over a smooth peg so as to be at rest. 
One end is ignited and burns away at a uniform rate v. Shew that the 
other end will at time ¢ be at a depth a below the peg, where x is given 
by the equation (J— vi?) (Sa 2 +9) -v a 2gx=0. 

[At time ¢ let % be the longer, and y the shorter part of the string, 
so that <+y=/-vt. Also let V, (=<), be the velocity of the string then. 
On equating the change of momentum in the ensuing time 4¢ to the 
impulse of the acting force, we have 


(a+y—vbdt)(V+5V)—(w+y) V=(4-y) gt, 
giving (e+y) eo V=(e2-y) 9=(2u —1+ 21) g, etc.] 


21. A chain, of mass m and length 2/, hangs in equilibrium over a 
smooth pulley when an insect of mass J alights gently at one end and 
begins crawling up with uniform velocity V relative to the chain; shew 
that the velocity witl: which the chain leaves the pulley will be 

M? 2M+m , hh 
| area UGS tart 

[Let Vo be the velocity with which the chain starts, so that V—Vois 
the velocity with which the insect starts. Then J/(V—V )=the initial 
impulsive action between the insect and chain=mVo, so that 

MU 
Vo= U+mn V. 

At any subsequent time ¢ let x be the longer, and y the shorter part 
of the chain, z the depth of the insect below the pulley, and P the force 
exerted by the insect on the chain. We then have 
dex 
dt? 


d 
a = P+  (e-y)s au Gi=Mg-P; and Gan” 


UAT: dé 
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Also e+y=2l. 
These equations give 


(Al-+m) i2=2 (M—m) gr+ "9 224d, 
Also, when r=1, #= Vo, etc.] 


22. A uniform cord, of length J, hangs over a smooth pulley and a 
monkey, whose weight is that of the length & of the cord, clings to one 
end and the system remains in equilibrium. If he start suddenly, and 
continue to climb with uniform relative velocity along the cord, shew 
that he will cease to ascend in space at the end of time 


(=) cosh} ( + ‘) . 


23. One end of a heavy uniform chain, of length 5a and mass 5ma, 
is fixed at a point O and the other passes over a small smooth peg at a 
distance a above 0; the whole hangs in equilibrium with the free end at 
a depth 2a below the peg. The free end is slightly displaced downwards ; 
prove that its velocity V, when the length of the free portion is 2, is given by 
_ 2 (e— 2a)? («@+10a) 
—_ (2+6a)? ; 
and find the impulsive tension at O at the instant when the part of the 
chain between O and the peg becomes tight. 


p2 


24. A machine gun, of mass J/, stands on a horizontal plane and con- 
tains shot, of mass Jf’, The shot is fired at the rate of mass m per unit of 
time with velocity w relative to the ground. If the coefficient of sliding 
friction between the gun and the plane is p, shew that the velocity of the 
gun backward by the time the mass J’ is fired is 

M’ (M+M'P-M 
MY 2m Hos 


CHAPTER VIII 
OSCILLATORY MOTION AND SMALL OSCILLATIONS 


114. In the previous chapters we have had several examples 
of oscillatory motion. We have seen that wherever the equation 
of motion can be reduced to the form #=— na, or 6 =—n?O, 
the motion is simple harmonic with a period of oscillation equal 


to = We shall give in this chapter a few examples of a 


more difficult character. 


115. Small oscillations. The general method of finding 
the small oscillations about a position of equilibrium is to write 
down the general equations of motion of the body. If there is 
only one variable, # say, find the value of # which makes 4, 
& ... etc. zero, te. which gives the position of equilibrium, Let 
this value be a. 

In the equation of motion put e=a+&, where £ is small. 
For a small oscillation £ will be small so that we may neglect 
its square. The equation of motion then generally reduces to 
the form £ =—€, in which case the time of a small oscillation 


For example, suppose the general equation of motion is 
dx dx\? 
tl (G) =o. 

For the position of equilibrium we have 
F (a) = 0, giving «=a, 

Put «=a+ E and neglect & 
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The equation becomes 


= F(a+£)=F (a) + €F"(a)tens 


by Taylor’s theorem. 
Since F(a) = 0 this gives = cE ECA). 


If F(a) be negative, we have a small oscillation and the 
position of equilibrium given by # =a 1s stable. 

If F(a) be positive, the corresponding motion is not 
oscillatory and the position of equilibrium is unstable. 


116. Ex. 1. A uniform rod, of length 2a, is supported in a horizontal 
position by two strings attached to its ends whose other extremities are tied toa 
fixed point; if the unstretched length of each string bel and the modulus of 
elasticity be n times the weight of the rod, shew that in the position of equilibrium 
the strings are inclined to the vertical at an angle a such that 


acota —lcosa=— 
2n’ 


and that the time of a small oscillation about the position of equilibrium is 


9 / a cota 
cs g 1+2n cos? a° 
When the rod is at depth x below the fixed point, let @ be the inclination of 
each string to the vertical, so that =a cot @ and the tension 


a 


sin 6 nmg a-l sin 0 
ee ie a in Sa 


The equation of motion is then 


nmg a- Lsin 6 


mi=mg —-2. oy Malema Wie as s 6, 
: a .». 2acosé 909 a- lsin 6 
Pyte 2— 2 
ae sin? 6 “sin? 9 ae i mae. ae 
i.e. 6 -2coteg= ~ 2 sin’ 0 +9 sin 0 cos 6 (a—Usin 6) ............(1). 


In the position of equilibrium when @=a, we have 6=0 and #=0, and 


U 
« acota—lcosa=— 


2 
Spy ee ettetee tae eeeeeestecensensene(2). 


For a small oscillation put 2=a+y, where y is small, and 
. sin@d=sina+ycosa, and cosd=cosa—y sina. 


In this case 6? is the square of a small quantity and is negligible, and (1) gives 


Small Oscillations 139 


: 2 : 
(sin a+ cos a)? + ~ (sin a+ cos a) (cosa — ain a) 
[a —1(sina+ W cos a)] 


Lg : 2 2 
= -2 (sin? a + 2y sin a cog a) + <4 [sin a cos a+ W (cos? a — sin? a)] 


j=- 


aie 


U ; 
(= tan a — ly cos a) by equation (2) 
=-y. 2 [an sin acos?a + tan a] 
= -y 2 tana (L+2n cos? a), 


a cota 
g 1+2n cos8a’ 

Making use of the prinsiple of the last article, if the right-hand side of (1) 
be f (0), the equation for small oscillations is 


v=y.f'"(a), 


Hence the required time =2r n 


and 


29. 2 c : 
SI'(a~= ~~ sin acosa+—% (cos? a ~ sin? a) (a — isin aac! ina eota 
a 


=etc., as before. 
Ex. 2. A heavy particle is placed at the centre of a smooth circular table; n 
strings are attached to it and, after passing over small pulleys symmetrically 


arranged at the circumference of the table, each is attached to a mass equal to that 
of the particle on the table. If the particle be slightly displaced, shew that the time 


of an oscillation is ara/ 2 € + 5 5 

Let O be the centre of the board, 4;, Ag, ..., A, the pulleys, and let the 
particle be displaced along a line OA lying between OA, and O4;. When.its 
distance OP =z, let PA,=y, and £PO4,=a,. Also, let a be the radius of the 
table and 1 the length of a string. 

Then y,= Jat +22 - 2ax cosa,=a (2 - = 08 ur) , since x is very small. 

Let 7', be the tension of the string PA,. 

ad? ne 
Then mg - T,=m ae (l— Yy,) =m COS a,. 
. T,=m (g —# cos a,). 

a C08 a, —~ 

Yr 


a @ COS 6, — & z 
=m (g -Zcosa,) eee (1 += cos ar) 


Also T,.cos APA,=m (g — cosa,). 


2 ie 
= - (g -< cos a,,) [a? cos a, — ax + aa cos? a,]. 


Now if POA, =a, then 
2ar 
2 COS a, = COs a+ cos (« ar =) +... to n terms=0, 
1 Aor _n 
2 008? a,=5 [2 + cos 2a +1-4008( 2a + ) +. | at 


1 
and Z cos? a, =773 008 a, + COS 3a,.]=0. 
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Therefore the equation of motion of P is 


es m™ n ab 
mx = XT,cos APA, ="| -agz. n+gars— ast |, 


Bolt, m\_ _ 1g - 
2 #(145)= 9a 


caress ng 
a (2+n) re 
a (2+n) 
ng - 
It can easily be shewn that the sum of the resolved parts of the tensions 
perpendicular to OP vanishes if squares of x be neglected. 


and the time of a complete oscillation =2r nk 


Ex.3. Two particles, of masses m and m’, are connected by an elastic string 
of natural length a and modulus of elasticity \; m is on a smooth table and 
describes a circle of radius c with uniform angular velocity ; the string passes 
through a hole in the table at the centre of the circle and m’ hangs at rest ata 


2 
distance c’ below the table. Shew that, if m be slightly disturbed, the periods — 
of small oscillations about this state of steady motion are given by the equation 

a2emm’'p4 — {me + (4c + 3c’ — 3a) m’} adp? +8 (e+c’—a)=0. 


At any time during the motion let x and y be the distances of m and m’ from 
the hole and 7' the tension, so that the equations of motion are 


mn (@=202)= —T=-,2t 34 Pree Aee an 6 
ld 
z i (4) =0 ee eee rneresesecces Oot eee cer eeeeereee (2), 
and mi=m'g -T=m'g-dr cue cekieseatecuscecasene ee (3). 
(2) gives x26 =const. = 
so that (1) gives fala BED (c+y-a) 4 
(1) gi i= A= G) eedecnenceectceecscesess aed ()} 


When r=c, y=c’ we have equilibrium, so that =y=0 then, and hence 
from (3) and (4) 
h?_A(c+e'—a) 
. hee ee Sowmeuiddereceseensesaneesel Os 


Hence (4) and (3) give, on putting s=c+é and y=c’+7 where é and 7 are 
small, 


ee «=e BE Xr 4 3c’ -—3 
=5 (1-2) — — (c+e'-at+k+n)= ERIS, |, 


m'g=m— 


ma am c 
and j= 2-5 (& +). 
am 
To solve these equations, put 


=A cos (pt+8) and n=B cos (pt+). 
On substituting we have 


4| -p? f +X ete |+ A B= 0, 


c am 


Ee Bee er el | 
and 4.43 p + ay |=O. 
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: A 
Equating the two values of 3 thus obtained, we have, on reduction, 


aemm'pt — {me +m’ (4c + Bc! — 8a)} adp? +3 (c+! - a) 2 =0. 
This equation gives two values, p;? and p,®, for p2, both values bein iti 
The solution is thus of the form anita 
om A, cos (pit+ Bi) + As cos (pot + B,) 
with a similar expression for ». 
Hence the oscillations are compounded of two simple harmonic motions 


whose periods are es and on 
Pi Pa 


EXAMPLES 


1. Two equal centres of repulsive force are at a distance 2a, and the 
F a : 
law of force is Ait = ; find the time of the small oscillation of a particle 


on the line joining the centres. 
If the centres be attractive, instead of repulsive, find the corresponding 
time for a small oscillation on a straight line perpendicular to it. 


2. A heavy particle is attached by two equal light extensible strings 
to two fixed points in the same horizontal line distant 2a apart; the length 
of each string when unstretched was 6 and the modulus of elasticity is A. 
The particle is at rest when the strings are inclined at an angle a to the 
vertical, and is then slightly displaced in a vertical direction ; shew that 
the time of a complete small oscillation is 2m if Oe oes : 

g @-bsinra 

3. Two equal heavy particles are fastened to the ends of a weightless 
rod, of length 2c, and oscillate in a vertical plane in a smooth sphere of 
radius @; shew that the time of the oscillation is the same as that of a 

Be) 


simple pendulum of length Te 


a? — 


4, A heavy rectangular board is symmetrically suspended in a 
horizontal position by four light elastic strings attached to the corners of 
the board and to a fixed point vertically above its centre. Shew that the 

ne ae 4c2p\ ~ 2 : 
period of the small vertical oscillations is 2m (2 = Bu) where ¢ is the 


equilibrium-distance of the board below the fixed point, a is the length of 
a semi-diagonal, k= a?+c? and is the modulus. 


5. A rod of mass m hangs in a horizontal position supported by two 
equal vertical elastic strings, each of modulus A and natural length a. 
Shew that, if the rod receives a small displacement parallel to itself, the 


; ; P ‘ ; a7 
period of a horizontal oscillation is 27 Ne a (G+ : 


142 Dynamics of a Particle 


6. A light string has one end attached to a fixed point 4, and, after 
passing over a smooth peg B at the same height as A and distant 2a 
from A, carries a mass P at the other end. A ring, of mass JM, can 
slide on the portion of the string between A and B. Shew that the time 
of its small oscillation about its position of equilibrium is 


4 (aM P (M+ P)+g (4P?— U4), 
assuming that 2P > M. 


7. <A particle, of mass m, is attached to a fixed point on a smooth 
horizontal table by a fine elastic string, of natural length @ and modulus 
of elasticity A, and revolves uniformly on the table, the string being 
stretched to a length 0; shew that the time of a small oscillation for 
a small additional extension of the string is 27 a ab aay" 

8. Two particles, of masses m, and m2, are connected by a string, 
of length a,+a@,, passing through a smooth ring on a horizontal table, 
and the particles are describing circles of radii a, and ag with angular 
velocities ; and w, respectively. Shew that mja,o;?=mdyw»?, and that 
the small oscillation about this state takes place in the time 


Qr a Wen es eS 
3 (mo)? + Mz@3”) ° 
9, A particle, of mass m, on a smooth horizotital table is attached by a 
fine string through a hole in the table to a particle of mass m’ which hangs 
freely. Find the condition that the particle m may describe a circle 
uniformly, and shew that, if m’ be slightly disturbed in a vertical 
direction, the period of the resulting oscillation is 27 one 
Vv 
where @ is the radius of the circle. 


10. On a wire in the form of a parabola, whose latus-rectum is 4a and 
whose axis is vertical and vertex downwards, is a bead attached to the 


focus by an elastic string of natural length 3° whose modulus is equal to 


the weight of the bead. Shew that the time of a small oscillation is 


an /2. 
g 


11. At the corners of a square whose diagonal is 2a, are the centres of 
four equal attractive forces equal to any function m. f(x) of the distance a 
of the attracted particle m ; the particle is placed in one of the diagonals 
very near the centre ; shew that the time of a small oscillation is 


w/o rats} . 


12. Three particles, of equal mass m, are connected by equal elastic 
strings and repel one another with a force w times the distance. In 
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equilibrium each string is double its natural length; shew that if the 
particles are symmetrically displaced (so that the three strings always 


form an equilateral triangle) they will oscillate in period 2 ee = 
fp 
13, Every point of a fine uniform circular ring repels a particle with 
a force which varies inversely as the square of the distance; shew that the 
time of a small oscillation of the particle about its position of equilibrium 
at the centre of the ring varies as the radius of the ring. 


14. A uniform straight rod, of length 2a, moves in a smooth fixed 
tube under the attraction of a fixed particle, of mass m, which is at a 
distance c from the tube. Shew that the time of a small oscillation is 


eye esa (a? +0?) 
ym? C 


15. A uniform straight rod is perpendicular to the plane of a fixed 
uniform circular ring and passes through its centre; every particle of the 
ring attracts every particle of the rod with a force varying inversely as the 
square of the distance ; find the time of a small oscillation about the 
position of equilibrium, the motion being perpendicular to the plane of 
the ring. 


16. A particle, of mass M, hangs at the end of a vertical string, of 
length Z, from a fixed point O, and attached to it is a second string which 
passes over a small pulley, in the same horizontal plane as O and distant / 
from O, and is attached at its other end to a mass m, which is small 
compared with M. When m is allowed to drop, shew that the system 


ae F : U 
oscillates about a mean position with a period 27 [i+ gs +=, 7 e+y2) | Ji 
approximately, and find the mean position. 

17. <A heavy particle hangs in equilibrium suspended by an elastic 
string whose modulus of elasticity is three times the weight of the particle. 
It is then slightly displaced; shew that its path is a small arc of a 
parabola, If the displacement be in a direction making an angle cot} 4 


with the horizon, shew that the arc is the portion of a parabola cut off by 
the latus-rectum. 


117. A particle of mass m moves in a straight line under 
a force mn? (distance) towards a fixed point in the straight line 
and under a small resistance to its motion equal to m. pw (velocity) ; 
to find the motion. 

The equation of motion is 


aa 2 daz 
Mag = — ME — Ma, 
da 


UC. 
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[This is clearly the equation of motion if the particle is 
moving so that w is increasing. 

If as in the second figure the particle is moving so that 
x decreases, te. towards the left, the frictional resistance is 


: ; : daz . 
towards the right, and equals m.yv. But in this case a 8 


al: ee 
negative, so that the value of v is — o ; the frictional resistance 


is thus mu cS 5) —. The equation of motion is then 
eo) 
ma, =— mia +mp| — 7), 
which again becomes (1). 


Hence (1) gives the motion for all positions of P to the 
right of O, irrespective of the direction in which P is moving. 

Similarly it can be shewn to be the equation of motion for 
positions of P to the left of O, whatever be the direction in 
which P is moving. ] 

To solve (1), put «= Le?*, and we have 


p+ pp t+n=0, 


Awe eer 2 ae 
giving 5 bin/n i : 


1.6. w = Ae™2* cos af My B 2 
6. = ZED B | reseeeees (2), 


where A and B are arbitrary constants. 


Be 
If ~ be small, then Ae™2* isa slowly varying quantity, so 
that (2) approximately represents a simple harmonic motion of 


2 
period Qa = 9/ ae whose amplitude, Aga’, is a slowly 
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decreasing quantity. Such a motion is called a damped 
oscillation and ~ measures the damping. 

This period depends on the square of yw, so that, to the first 
order of approximation, this small frictional resistance has no 
effect on the period of the motion. Its effect is chiefly seen in 


the decreasing amplitude of the motion, which =A (1 ~§t) 


when squares of y are neglected, and therefore depends on the 
first power of pu. 

Such a vibration as the above is called a free vibration. 
It is the vibration of a particle which moves under the action 
of no external periodic force. 

If be not small compared with n, the motion cannot be 
so simply represented, but for all values of u, < 2n, the equation 
(2) gives the motion. 

From (2) we have, on differentiating, that ¢=0 when 


tan [af +B| SS a (say)...(3), 


giving solutions of the form 


2 
s/w Ett Ba w+a, Qr+td,... 


Hence «& is zero, that is the velocity vanishes, at the ends of 


2 


periods of time differing by 7+ ne oe : 


The times of oscillation thus still remain constant, though 
they are greater than when there is no frictional resistance. 


If the successive values of ¢ obtained from (3) are t,, ty, ts, ... 
then the corresponding values of (2) are 


paisa ee) aes 
Ae 2"cosa, —Ae 2*cosa, Ae 2 cosa,... 


so that the amplitudes of the oscillations form a decreasing G.P. 


és Sa elie 2 
whose common ratio = e737" = e7 2 Nes an 


If 4 > 2n, the form of the solution changes; for now 


__! HE 
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and the general solution is 


net [rel ) 4 re) 


t 2 
= oF A,cosh| «/( _ 1?) th ’ 


In this case the motion is no longer oscillatory. 
If 4 =2n, we have by the rules of Differential Equations 
c= Le™+ Lt Mem 
y=0 
= Le™ + Lt Me (1 — yt + squares) 


ea 
= Le™ + Myte™ = e-™ (L, + Ut). 
Ex. The time of oscillation of a particle when there is no frictional 
resistance is 14 secs.; if there be a frictional resistance equal to } x m x velocity, 


find the consequent alteration in the period and the factor which gives the ratio 
of successive maximum amplitudes. 


118. The motion of the last article may be represented 
graphically ; let time ¢ be represented by distances measured 
along the horizontal axis and the displacement «& of the particle 
by the vertical ordinates. Then any displacement such as that 
of the last article will be represented as ui*the figure. 


The dotted curve on which all the ends of the maximum 


“» 
ordinates lieisw=+Ae 2° cosa. The times AAA A shoe 
of successive periods are equal, whilst the corresponding maxi- 
mum ordinates A,B,, A,B,, ... form a decreasing geometrical 
progression whose ratio 


Le! 
A cos ae™ 2042 


& 
A cos ae™ 2°41 


where 7 is the time of an oscrilation. 
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If we have a particle moving with a damped vibration of 
this character, and we make it automatically draw its own dis- 
placement curve as in the above figure, we can from the curve 
determine the forces acting on it. For measuring the successive 
distances C,C,, C,C;,..., etce., and taking their mean, we have 
the periodic time + which we found in the last article to be 

2 2 2 
ore a/ ml, so that ame 

Again, measuring the maximum ordinates A,B,, A,B,, 
A,B, A,B; 
A,B,’ A,B, - 


Me 
mean, X, we have the value of the quantity e 2°, so that 


A,B;, ..., finding the values of 


., and taking their 


— 5 T= loged. 


We thus have the values of n? and yu, giving the restorative 
force and the frictional resistance of the motion. 


119. <A point ts moving ina straight line with an accelera- 
tion pa towards a fixed centre in the straight line and with an 
additional acceleration L cos pt; to find the motion. 

The equation of motion is 

Da 
aT 

The solution of this is 


— pa + L cos pt. 


— 1 
a2=A cos (Vai +B) +L 7, cos pt 


= A cos [Wut + B) + 
[ he ] pp 
If the particle starts from rest at a distance a at zero time, 


we have B=0 and A=a—- 


(sae 
: e=|a— az , [eos Wat + 
wp He 


The motion of the point is thus compounded of two simple 


; : : 2a 2ar 
harmonic motions whose periods are aff and a 


From the right-hand side of (2) it follows that, if p be 
10—2 
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: L 
nearly equal to »/u, the coefficient oe becomes very great; 


in other words, the effect of the disturbing acceleration L cos pt 
becomes very important. It follows that the ultimate effect of 
a periodic disturbing force depends not only on its magnitude 
L, but also on its period, and that, if the period be nearly that 
of the free motion, its effect may be very large even though its 
absolute magnitude L be comparatively small. 

If p=, the terms in (2) become infinite. In this case 
the solution no longer holds, and the su term in (1) 


ay et as mage LL a 008 Wat)! 


D +p a 
=I Lt ———- ae 
ie Was +)? 


=~—L me (something infinite —¢ sin Vt]. 


Hence, by the ordinary theory of Differential Equations, the 
solution is 


a= A, cos [Vat + B+ 57 ; 7 tgin Vat. 


If, as before, x =a and «=0 eee ocd 0, this gives 


=a 008 Vit + 57 tain Vi 
dh = (= - NA ) sin Vit + 5 t00s Wat 
and hence #= Daf a/u)sin Vut+ > pt. 


Tt follows that the amplitude of the motion, and also the 
velocity, become very great as ¢ gets large. 


120. If, instead of a linear motion of the character of the 
previous article, we have an angular motion, as in the case of 
a simple pendulum, the equation of motion is 


@O  g 
den TO tL os mt, 


and the solution is similar to that of the last article. 


In this case, if Z be large compared with 4 or if p be very 


nearly equal to / a the free time of vibration, @ is no longer 
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small throughout the motion and the equation of motion must 
be replaced by the more accurate equation 


oe=—4sin 0+ L cos pt. 


121. As an example of the accumulative effect of a periodic 
force whose period coincides with the free period of the system, 
consider the case of a person in a swing to whom a small 
impulse is applied when he is at the highest point of his swing. 
This impulse is of the nature of a periodic force whose period 
is just equal to that of the swing and the effect of such an 
impulse is to make the swing to move through a continually 
increasing angle. 

If however the period of the impulse is not the same as 
that of the swing, its effect is sometimes to help, and sometimes 
to oppose, the motion. 

If its period is very nearly, but not quite, that of the swing 
its effect is for many successive applications to increase the 
motion, and then for many further applications to decrease the 
motion. In this case a great amplitude of motion is at first 
produced, which is then gradually destroyed, and then produced 
again, and so on. 


122. A particle, of mass m, is moving in a straight line 
under a force mn® (distance) towards a fixed point in the straight 
line, and under a frictional resistance equal to m. mw (velocity) 
and a periodic force mL cos pt ; to find the motion, 

The equation of motion is 


OF = nto —w + L cos pt, 
} 7 ae + nx = L cos pt 
1.8. qt’ a = pt. 


The complementary function is 


ree 
Ae-3* cos f/m 8 Be eee (1), 


assuming w < 2n, and the particular integral 


a 1 (n? — p*’ cos pt + wp sin pt 
apt pee ie Det 
Lsine 


= BICOS (DUE) subse rhaser apni eiqasss<¢ odes sesaventess (2), 
ie (pt —€) 
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where tan é = eet 
The motion is thus compounded of two oscillations; the 
first is called the free vibration and the second the forced 


vibration. 


Particular case. Let the period of the disturbing force 


be equal to = the free period. 
The solution is then, for the forced vibration, 
fre 
@=— sin nt. 
pn 


If, as is usually the case, w is also small, this gives a vibra- 
tion whose maximum amplitude is very large. Hence we see 
that a small periodic force may, if its period is nearly equal to 
that of the free motion of the body, produce effects out of all 
proportion to its magnitude. 

Hence we see why there may be danger to bridges from the 
accumulative effect of soldiers marching over them in step, why 
ships roll so heavily when the waves are of the proper period, 
and why a railway-carriage may oscillate considerably in a 
vertical direction when it is travelling at such a rate that the 
time it takes to go the length of a rail is equal to a period of 
vibration of the springs on which it rests. : 

Many other phenomena, of a more complicated character, 
are explainable on similar principles to those of the above 
simple case. 


123. There is a very important difference between the 
free vibration given by (1) and the forced vibration given 
by (2). 

Suppose for instance that the particle was initially at rest 
at a given finite distance from the origin. The arbitrary 
constants A and B are then easily determined and are found 


to be finite. The factor e72° in (1), which gradually diminishes 
as time goes on, causes the expression (1) to continually 
decrease and ultimately to vanish. Hence the free vibration 
gradually dies out. 

The forced vibration (2) has no such diminishing factor but 
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is a continually repeating periodic function. Hence finally it 
is the only motion of any importance. 


124. Small oscellations of a simple pendulum under gravity, 
where the resistance = yw (velocity)? and w ts small. 

The equation of motion is 

1B P90 A BUO® v2 Nass eeuttion (1). 

[If the pendulum start from rest at an inclination « to the 
vertical, the same equation is found to hold until it comes to 
rest on the other side of the vertical.] 

For a first approximation, neglect the small term ,/?6, and 


we have 2 
@=Acos [/ ger]. 


For a second approximation, put this value of @ in the 
small terms on the right-hand side of (1), and it becomes 


6496 = 1.4 Arsin’ [fet] 
= B91 - — cos (24/$e+22)]. 
*. eae ioe 


Ceoreseaserse 


where a=A cos B+ AH 4 A cos 2B, 
A’ul . 
and V=—Asin B-— ann sin 2B. 


*, B=0,and A =a—2 oul, squares of « being neglected. 
Hence (2) a 


G= (2-5 5 ul) cos (\/22) 4 oe oe cos (24/22) J 
ewes ip 
and hence 


b= 4/9 (a Petal) sin (,/2) - Ht, /9 sin (2 24/91) 


si ee aris (4), 


l 
-, 6 is zero when sin 4/$t=0, 1.e, when ¢= 7 Jt. 
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The time of a swing from rest to rest is therefore unaltered 
by the resistance, provided the square of mw be neglected. 


q l 
Again, when t=7 fae 


re aul | apl ae ) 
@=—(a—satul) + iat Ge =-(a: 3 op : 


Hence the amplitude of the swing is diminished by $a7yl. 
Let the pendulum be passing through the lowest point of 
its path at time 


Ne @ + 7) , where 7’ is small. 
g \2 


Then (8) gives 
Q= (a- 5 aul) (— sin 7) + me _ tase cos 27’, 


3 6 

> aul ae aul 

1.8. T(a— 5 atul) = > = au 
a, 
and me hee 3° 


Hence the time of swinging to the lowest sein 


=i (5+ oe 


and of swinging up to rest again 
oe p ‘Lm. apl mV 5-H) 
ee Fa ae HG 303 


EXAMPLES 


1. Investigate the rectilinear motion given by the equation 


A SS Sat Cx+D=0, 


and shew that it is compounded of two harmonic oscillations if the 
equation Ay*+ By+C=0 has real negative roots. 


2. A particle is executing simple harmonic oscillations of amplitude 
a, under an attraction e. If a small disturbing force = be introduced 
(the amplitude being unchanged) shew that the period is, to a first 


approximation, decreased in the ratio 1-2 nals 
fe 
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3. Two heavy particles, of masses m and m’, are fixed to two points, 
A and B, of an elastic string OAB. The end 0 is attached to a fixed point 
and the system hangs freely. A small vertical disturbance being given to 
it, find the times of the resultant oscillations. 


4. A particle hangs at rest at the end of an elastic string whose 
unstretched length is a. In the position of equilibrium the length of the 


string is b, and = is the time of an oscillation about this position. At 


time zero, when the particle is in equilibrium, the point of suspension 
begins to move so that its downward displacement at time ¢ is csin pt. 
Shew that the length of the string at time ¢ is 


cp? 
b= 7? — p 


a = ; sin nt+ sin pt, 
If p=n, shew that the length of the string at time ¢ is 
@ net 
Der sin 2 — —>- cos nt. 

5. <A helical spring supports a weight of 20 lbs. attached to its lower 
end ; the natural length of the spring is 12 inches and the load causes it 
to extend to a length of 13} inches. The upper end of the spring is then 
given a vertical simple harmonic motion, the full extent of the displace- 
ment being 2 inches and 100 complete vibrations occurring in one minute. 
Neglecting air resistance and the inertia of the spring, investigate the 
motion of the suspended mass after the motion has become steady, and 
shew that the amplitude of the motion set up is about 34 inches. 


6. Ifa pendulum oscillates in a medium the resistance of which varies 
as the velocity, shew that the oscillations are isochronous. 


7. The time of a complete oscillation of a pendulum making small 
oscillations 7m vacuo is 2 seconds; if the angular retardation due to the air 
is 04 x (angular velocity of the pendulum) and the initial amplitude is 1°, 
find the inclination of the pendulum to the vertical at any subsequent time, 
and shew that the amplitude will in 10 complete oscillations be reduced to 
40’ approximately. [logy e= "4343. ] 

8. The point of suspension of a simple pendulum of length 7 has a 
horizontal motion given by x=acos mt. Find the effect on the motion of 
the particle. 

Consider in particular the motion when m? is equal, or nearly equal, to 


Z. In the latter case if the pendulum be passing through its vertical 


position with angular velocity » at zero time, shew that, so long as it is 
small, the inclination to the vertical at time ¢ 


UT ow in /f 
=@ NE [Se t|sin 7* 
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[lf O’ be the position of the point of suspension at time ¢ its accelera- 
tion is # Hence the accelerations of P, the bob of the pendulum, are l6 
perpendicular to O'P, 16? along PO, and # parallel to OO. 

Hence resolving perpendicular to O'P, 


164% cos 0= —gsin 6= — 96, 


: am? : : 
7.6, 6=-?% 76+ 7 008 mt, since 6 is small. 


Now solve as in pu 119.] 


at 


9, The point of support of a simple pendulum, of weight w and length J, 
is attached to a mnassless spring which moves backwards and forwards in a 


: l 
horizontal line ; shew that the time of vibration =2a a e ( 1+ 4) , where 
W is the weight required to stretch the spring a distance U. 


10. Twosimple pendulums, each of length a, are hung from two points 
in the same horizontal plane at a Cae a apart; the bob of each is of 
mass m and the mutual attraction is ——— ai pales ue “ , where A is small compared 
with g; shew that, if the pendulums be started so that they are 
always moving ia opposite directions, the time of oscillation < each is 


Qa Kh ( 1+ =e ) nearly, about a mean position inclined ae ge 7” radians 
nearly to the vertical. 

li. A pendulum is suspended in a ship so that it can swing in a plane 
at right angles to the length of the ship, its excursions being read off on a 
scale fixed to the ship. The free period of oscillation of the pendulum is 
one second and its point of suspension is 10 feet above the centre of 
gravity of the ship. Shew that when the ship is rolling through a small 
angle on each side of the vertical with a period of 8 secs., the apparent 
angular movement of the pendulum will be approximately 20 per cent. 
greater than that of the ship. 


12. The point of suspension of a simple pendulum of length 7 moves 
in a horizontal circle of radius a with constant angular velocity  ; when 
the motion has become steady, shew that the inclination a to the vertical 
of the thread of the pendulum is given by the equation 


o* (a+ sina)—g tan a=0. 


13. A pendulum consists of a light elastic string with a particle at 
one end and fastened at the other. In the position of equilibrium the 
string is stretched to 4 of its natural length 7. If the particle is slightly 
displaced from the position of equilibrium and is then let go, trace its 
subsequent path and find the times of its component oscillations. 


CHAPTER IX 
MOTION IN THREE DIMENSIONS 


125. To find the accelerations of a particle in terms of 
polar coordinates. 

Let the coordinates of any point P be r, 6, and ¢, where r is 
the distance of P from a fixed 
origin O, @ is the angle that zh 
OP makes with a fixed axis ee 
Oz, and ¢ is the angle that 
the plane zOP makes with a 
fixed plane 20x. 

Draw PN perpendicular to 
the plane zOy and let ON =p. 

Then the accelerations of 

22 
oY an aS, where y 
x, y and z are the coordinates of P. 

Since the polar coordinates of N, which is always in the 

plane zOy, are p and ¢, its accelerations are, as in Art. 49, 


ue (ty along ON, 


P are 


aie dt 
and ; e (¢ | perpendicular to ON. 


Also the acceleration of P relative to NV is a along VP. 


Hence the accelerations of P are 


a —p (se) along LD, 
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1d/,d¢ : : 
Ree (0 4 perpendicular to the plane zPK, 
dz a 
and ap parallel to Oz. 
Now, since z=rcos @ and p=rsin 0, it follows, as in Art. 50, 


that accelerations 2 and a , along and perpendicular to Oz 


in the plane zPK, are equivalent to aa r(%) along OP and 
1d 


eT, (x *) perpendicular to OP in the plane zPK. 


Also the acceleration — p (sy along LP is equivalent to 


—psin é (se) along OP and —pcos@ (sy perpendicular to 


dt 
OP. 

Hence if a, 8, y be the accelerations of P respectively along 
OP, perpendicular to OP in the plane zPX in the direction 
of @ increasing, and perpendicular to the plane zPX in the 
direction of @ increasing, we have 


=T-7(G) - p sino ($6) 


= Fo -1(G) -r sin 0 (2) arte, a nie (1), 
po) pone) 

ee (x =) ee neee (sy a er (2), 

a oe : g (0 10) aan (rine oP) 1.8) 


126. Cylindrical coordinates. 

It is sometimes convenient to refer the motion of P to the 
coordinates z, p, and ¢, which are called cylindrical coordinates. 

As in the previous article the accelerations are then 


a ~ (sy along LP, 


Motion in three dimensions 157 


aa dd 


pdt d ir) perpendicular to the plane 2PK, 


and SS ro parallel to Oz. 


127. A particle is attached to one end of a string, of length 
L, the other end of which is tied to a fimed point O. When the 
string is inclined at an acute angle a to the downward-drawn 
vertical the particle is projected horizontally and perpendicular 
to the string with a velocity V; to find the resulting motion. 

In the expressions (1), (2) and (8) of Art. 125 for the 
accelerations we here have r= 1. 

The equations of motion are thus fe) 


— 16? —I sin? 0g? = == +49 cos 0...(1), 


16 —Icos : sin Of? = — g sin 0...(2), 
1 2 
and an B di ais Ob) = 0...060.5. (3). s 


The last equation gives 


sin? 06 = constant = sin? a [], N | 


Vsina P 
= ie. se ereveseevsses (4). mg 
On substituting for ¢ in (2), we have 
. V*sin?a cos 0 oes 
g— pie ads > 1 e OP ii ciea sede (5). 
pee einea sh 20 
os OF Banta = 7 O08 Ot 4, 
2 ain? 
where QO Rae ee 
2? sitta 1 
. Vsin?af 1 1 29 hs 
* G= a Fee A ery | is (cosa—cos@) ...(6) 


29 eee) 
= 7 (cos a — cos @) (20 ARE ; 


where V2? = ve 
Hence 6 is again zero when 
2n? (cos a+ cos A) = sin? 8, 


1.¢e. when cos 0=—n? + V1 — Qn? cos a + n4. 
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The lower sign gives an inadmissible value for 6. The only 
inclination at which @ again vanishes is when 6 = 6,, where 


cos 0, =— n?+V1 — 2n? cosa $ nt. 


The motion is therefore confined between values a and 6, 
of 0. 

The motion of the particle is always above or below the 
starting point, according as 0,24, 


ae. according as cos 6, $ cos 4, 


1.e. .. » V1 —2n? cos a+nt <n?+ cosa, 
1.e. a » 1—2n?cosaScos? a + 2n* cos @, 
| 

i sin’ @ 
1.6. Nite 
2 Pe ACCOR 
1.e. o » V?2lgsina tana. 


The tension of the string at any instant is now given by 
equation (1). In the foregoing it is assumed that 7’ does not 
vanish during the motion. ‘s 

The square of the velocity at any instant 


= (16)! + (i sin 64)? = 2 (62 + ¢? sin? 6). 
Hence the Principle of Energy gives 
dml? (62 + g? sin? 6) = 4mV?— mgl (cos a — cos 6). 
[On substituting for ¢ from (4) we have equation (6).] 
(1) then gives 
(vel. 


= = g cos 64+—~=gcos0+ 


V? — 291 (cos a — cos 4) 
l mba ty bree e ty ee 


V3 
= 7 +9 (3 cos  — 2 cos a), 


128. In the previous example @ is zero when 0 =a, te. the 
particle revolves at a constant depth below the centre O as in 
sin? a 
cos a” 

Suppose the particle to have been projected with this 
velocity, and when it is revolving steadily let it receive a small 
displacement in the plane NOP, so that the value of ¢ was not 


the ordinary conical pendulum, if V? = gl 
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instantaneously altered. Putting 0=a-+, where w is small, 
the equation (5) of the last article gives 


gsintacos(at+wv) g . 
‘ locos a ma fe! 


_gsina[1l—wtana 
meeey | eet A+ y cota), 


neglecting squares of w, 


gsina g 1+3cos*? a 


Sp a Uae ee COOL p, 
so that the time of a small oscillation about the position of 
: ae : L cosa 
relative equilibrium is 27 gious a 


Again, from (4), on putting 0=a +, we have 


Pe Vase J jbeglt — 2yreot a 


so that during the oscillation there is a small change in the 
value of ¢ whose period is the same as that of y. 


129. <A particle moves on the inner surface of a smooth cone, of vertical 
angle 2a, being acted om by a force towards the vertex of the cone, and its 
direction of motion always cuts the generators at a constant angle B; find the 
motion and the law of force. 

Let F.m be the force, where m is the mass of the particle, and R the 
reaction of the cone. Then in the accelerations of 
Art. 125 we have =a and therefore 6=0. 

Hence the equations of motion are 


2 
or -rein®a (3) Saat Pepracocen (1), 
dp\? R 
~rsinacos a (“) ae SDE, (2), 
sina d dd 
Se ff peat \\. 5 
and reer (r 7) = O)ieesencecmes: (3) 


Also, since the direction of motion always cuts 
OP at an angle p, 


pone [ENT Ye} | she oo goa Doo SOCOHSOSEL OOO CLOR (4) 
(3) gives 72 SB — constant=A ~uaqgepboobtiappap scenoooauciood 2) 5 


and therefore, from (4), 


dri, A 
gg 8 2 oot 8. Pe (6). 
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Substituting in (1), we have 
: AOS ee, 
-F= -sin?acot?p. vy sina. 


A’sinta 1p 


1.6. = ani Sy ceegyrteeteeeesescaeceeees (7). 
dr\2 : dp\? A®sin?a 
a ( Sythe (fae Ne Ei 
Also t= (5) +r? sin o(%) sin? 
so that v =v ‘ 
: : R_ A®sinacosa _ Bin? 6 cos a 
Again, (2) gives ie 3 it ae 


From (4), the path is given by r=rq. eSinacotB.d, 


EXAMPLES 


1. A heavy particle moves in a smooth sphere; shew that, if the 
velocity be that due to the level of the centre, the reaction of the surface 
will vary as the depth below the centre. 


2. A particle is projected horizontally along the interior surface of a 
smooth hemisphere whose axis is vertical and whose vertex is downwards ; 
the point of projection being at an angular distance 8 from the lowest 
point, shew that the initial velocity so that the. particle may just ascend 


to the rim of the hemisphere is /2ag sec 8. 


3. <A heavy particle is projected horizontally along the inner surface 


of a smooth spherical shell of radius Sa with velocity fie —“ ata 


depth - below the centre. Shew that it will rise to a height 3 < above 


the centre, and that the pressure on the sphere just vanishes at the 
highest point of the path. 


4. A particle moves on a smooth sphere under no forces except the 
pressure of the surface; shew that its path is given by the equation 
cot d=cot 8 cos, where @ and ¢ are its angular coordinates. 


5. A heavy particle is projected with velocity V from the end of a 
horizontal diameter of a sphere of radius a along the inner surface, the 
direction of projection making an angle 8 with the equator. If the 

2 
particle never leaves the surface, prove that 3 sin? 9 <24(s— ir 
ga 

6. A particle constrained to move on a smooth spherical surface is 
projected horizontally from a point at the level of the centre so that 
its angular velocity relative to the centre is w. If w%a be very great 
compared with g, shew that its depth z below the level of the centre 


: on iar ; 
at time ¢ is $Y sina S approximately. 
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7. A thin straight hollow smooth tube is always inclined at an 
angle a to the upward drawn vertical, and revolves with uniform 
velocity @ about a vertical axis which intersects it. A heavy particle 


is projected from the stationary point of the tube with velocity J cota : 
. @ 


gcosa 


shew that in time ¢ it has described a distance — 
o* sin? a 


Find also the reaction of the tube. 


{l Sen ery 


8. A smooth hollow right circular cone is placed with its vertex 
downward and axis vertical, and at a point on its interior surface at 
a height h above the vertex a particle is projected horizontally along 

: : 2Qgh 
the surface with a velocity a) oe 


Shew that the lowest point of 


its path will be at a height Z above the vertex of the cone. 


9. A smooth circular cone,.of angle 2a, has its axis vertical and its 
vertex, which is pierced with a small hole, downwards. A mass I hangs 
at rest by a string which passes through the vertex, and a mass m attached 
to the upper end describes a horizontal circle on the inner surface of the 
cone. Find the time 7 of a complete revolution, and shew that small 
oscillations about the steady motion take place in the time 
M+m 


T cosec a 
3m 


10. A smooth conical surface is fixed- with its axis vertical and 
vertex downwards. <A particle is in steady motion on its concave side 
in a horizontal circle and is slightly disturbed. Shew that the time of a 

l 
3g cosa’ 
where ais the semi-vertical angle of the cone and / is the length of the 
generator to the circle of steady motion. 


small oscillation about this state of steady motion is 27 ra 


11. Three masses m1, mm, and m3 are fastened to a string which passes 
through a ring, and m, describes a horizontal circle as a conical pendulum 
while mg, and m3 hang vertically. If mg drop off, shew that the instan- 

: Doce, GOMES 
taneous change of tension of the string is oan 

12. A particle describes a rhumb-line on a sphere in such a way that 
its longitude increases uniformly ; shew that the resultant acceleration 
varies as the cosine of the latitude and that its direction makes with the 
normal an angle equal to the latitude. . 

[A Rhumb-line is a curve on the sphere cutting all the meridians at a 


f sin 0 


constant angle a; its equation is ; =tana.] 


L. D. ll 
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13. A particle moves on a smooth right circular cone under a force 
which is always in a direction perpendicular to the axis of the cone; 
if the particle describe on the cone a curve which cuts all the generators 
at a given constant angle, find the law of force and the initial velocity, and 
shew that at any instant the reaction of the cone.is proportional to the 
acting force. 


14. A point moves with constant velocity on a cone so that its 
direction of motion makes a constant angle with a plane perpendicular 
to the axis of the cone. Shew that the resultant acceleration is per- 
pendicular to the axis of the cone and varies inversely as the distance 
of the point from the axis. 


15. At the vertex of a smooth cone of vertical angle 2a, fixed with 
its axis vertical and vertex downwards, is a centre of repulsive force 


AGeEES A weightless particle is projected horizontally with velocity 


in? 
re ze = “ from a point, distant ¢ from the axis, along the inside of the 


c 
surface. Shew that it will describe a curve on the cone whose projection 


on a horizontal plane is 1 — <=3 tanh? G sin a) : 


16. Investigate the motion of a conical pendulum when disturbed 
from its state of steady motion by a small vertical harmonic oscillation 
of the point of support. Can the steady motion be rendered unstable by 
such a disturbance ? 


17. A particle moves on the inside of a smooth sphere, of radius a, 
under a force perpendicular to and acting from a given diameter, which 
sin 6 
cos? @ 
diameter ; if, when the angular distance of the particle is y, it is projected 
with velocity /na sec y in a direction perpendicular to the plane through 
itself and the given diameter, shew that its path is a small circle of the 
sphere, and find the reaction of the sphere. 


equals p 


when the particle is at an angular distance 6 from that 


18. A particle moves on the surface of a smooth sphere along a 
rhumb-line, being acted on by a force parallel to the axis of the rhumb- 
line. Shew that the force varies inversely as the fourth power of the 
distance from the axis and directly as the distance from the medial 
plane perpendicular to the axis. 


19. A particle moves on the surface of a smooth sphere and is acted 
on by a force in the direction of the perpendicular from the particle on a 


diameter and equal to Shew that it can be projected so that 


Be Dalitieee 
(distance)3 * 
its path will cut the meridians at a constant angle. 


20. A particle moves on the interior of a smooth sphere, of radius a, 
under a force producing an acceleration pw along the perpendicular w 
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drawn to a fixed diameter. It is projected with velocity V along the 
great circle to which this diameter is perpendicular and is slightly 
disturbed from its path; shew that the new path will cut the old one 


F . pant 
m times in a revolution, where mia] 1 7 |: 

21. A particle moves on a smooth cone under the action of a force 
to the vertex varying inversely as the square of the distance. If the 
cone be developed into a plane, shew that the path becomes a conic 
section. 


22. <A particle, of mass m, moves on the inner surface of a cone 
of revolution, whose semi-vertical angle is a, under the action of a 


repulsive force from the axis; the moment of momentum of 


my 
(distance)3 
the particle about the axis being m/y tan a, shew that its path is an arc 
of a hyperbola whose eccentricity is seca. 


[With the notation of Art. 129 we obtain ptavie Peet and 
cos? asin? a‘ r4 


of 1S ee, : F Lei ° 

f= ais +73) giving ee (5 - =) , where @ is a constant. 
dr \? 7? — ce ie 

Hence (3) =r ee Hence p=y-—sin 7s 3% 7 asin(y - )=c0s , 


if the initial plane for @ be properly chosen. This is the plane r=dsin a, 
which is a plane parallel to the axis of the cone. The locus is thus a 
hyperbolic section of the cone, the parallel section of which through 
the vertex consists of two straight lines inclined at 2a. Hence, etc.] 


23. If a particle move on the inner surface of a right circular cone 
under the action of a force from the vertex, the law of repulsion being 
acos?a 1 


1 i | where 2a is the vertical angle of the cone, and if it 


be projected from an apse at distance @ with velocity Jt sin a, shew 


that the path will be a parabola, 

[Show that the plane of the motion is parallel to a generator of the 
cone. | 

24. A particle is constrained to move on a smooth conical surface 
of vertical angle 2a, and describes a plane curve under the action of an 
attraction to the vertex, the plane of the orbit cutting the axis of the 
cone at a distance a from the vertex. Shew that the attractive force 

1 acosa 

must vary as ees ae 

25. A particle moves on a rough circular cylinder under the action of 
no external forces. Initially the particle has a velocity Vin a direction 
making an angle a with the transverse plane of the cylinder ; shew that 


2 V <2 
the space described in time ¢ is eee [ ‘|. 


{Use the equations of Art. 126.] 
11—2 
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130. A point is moving along any curve in three dimensions; 
to find its accelerations along (1) the tangent to the curve, (2) the 
principal normal, and (3) the binormal. 

If (x, y, 2) be the coordinates of the point at time #, the 
accelerations parallel to the axes of coordinates are 4, ¥, and z. 


dx dads 
. dix _dad's bx = (1) 
int BEDE ena ta ye | 
dy dyd’s , d’y (ds\? 
So wa =e aa t ae ( ee (2), 
d?z dzd’s_ dz /ds\? 
and de => ds dé + ds (a) give aisle ata wale tetate\s (8). 
dy dz 
The direction cosines of the tangent are = » as ® and a3 
Hence the acceleration along it 
_ de da , dy dy dz dz 
“ds de ds de® | ds de 
_ ds | (dx\? | (dy dz\* ds\? [data dy d*y 
~ dé Ga) xt (2) z: Ga) | i (a) E ds * ds ds* 
ds ds? 
ds 
SU Tr rreeeeennenaennecneeeaeeneeecceerestaeraeeneeenes (4), 
: da\? (dy dz 
since (s) + (= “ty + (=) =], 
dada  dydy , dzd'z__ 
and therefore cE + ae + ee 0. 
dae dy 


The direction cosines of the principal normal are p da? Page 
and p oe where p is the radius of curvature. 
Hence the acceleration along it 
_ da dx gos a? he az dz 
“Pads de Pads ae * Pads dp 
_ 0's | da Ha m dy dy | dz @z 
P dé |ds ds? * ds ds?” ds ds? 
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+e (a) [Ge + (3) + | 


ds\? 1 ds 
(5) etal Sadloseimredeclema cee cs ors (5). 


The direction cosines of the binormal are proportional to 


dy dz dzedy dzda dx diz dedy dy @x 


ds ds! dsds?’? dsds* ds ds? ® ds ds? ds ds?’ 


On multiplying (1), (2) and (8) in succession by these and 
adding, the result is zero, ze. the acceleration in the direction 
of the binormal vanishes. 

The foregoing results might have been seen at once from 
equations (1), (2), (3). For if (4, m, ), (4, m2, %) and 
(J;, m3, 3) are the direction cosines of the tangent, the principal 
normal, and the binormal, these equations may be written 


da | ds 1 1 /ds\? 
de ae * cles 
dy ds Li/ds\? 
ae = ™ ap +15 (ae) f 


ee da dp slo \dt)-\" 


These equations shew that the accelerations along the axes 
are the components of 


an acceleration = along the tangent, 
dt 


and nothing in the direction of the binormal. 
We therefore see that, as in the case of a particle describing 


2 
an acceleration ; (5) along the principal normal, 


or t= ie along the tan- 


ds 
ag? oT de’ 


a plane curve, the accelerations are 


2 
gent and gs along the principal normal, which hes in the 
P 
osculating plane of the curve. 
131. A particle moves in a curve, there being no friction, 


under forces such as occur in nature. Shew that the change in 
its kinetic energy as it passes from one position to the other is 
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independent of the path pursued and depends only on tts initial 
and final positions. 
Let X, Y, Z be the components of the forces. By the last 
article, resolving along the as to the path, we have 
ds a = 


0% ne ie + Ydy + Zdz). 


Now, by Art. 95, since the forces are such as occur in nature, 
i.e. are one-valued functions of distances from fixed points, the 
quantity Xda + Ydy + Zdz is the differential of some function 
(a, y, 2), 80 that 


1 a ds 
5 nv? = m(a) = ¢$(z,y,2) +0, 


where dmv? =  (&, Yor 20) + C, 
(Xo, Yo. 20) being the starting point and w the initial velocity. 
Hence emu? — dmv? = ¢ (a, Y, 2) — b (Los Yor 20) 
The right-hand member of this equation depends only on 
the position of the initial point and on th&t of the point of the 


path under consideration, and is quite independent of the path 
pursued. 

The reaction & of the curve in the direction of the principal 
normal is given by the equation 


lear 
Pp 


where p is the radius of curvature of the curve. 

132. Motion on a smooth surface. If the particle move ona 
surface whose equation is f(z, y, z)=0, let the direction cosines of 
the normal at any point (a, y, z) of its path be (J, m, 7), So that 

z m™m % 1 


df _df _df_ eae Cay 
dy de al 3 64 za (as) 
Then, fi f be the normal reaction, we have 


aa dl dz 
m 7a =X + Kh, m2 =¥+Rm, and mon =4+ Rm, 


where X, ¥, Z are the components of the impressed forces. 
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Multiplying these equations by 2. e and adding, 


we au 
me (da dy dz dx dy dz 
5 a [ea] +(B) +@)|- Rt Gta: 
for the coefficient of R 
1 de dy dz 


eran tha 
dx dy dz\ ds 
= atm age +m) i 
~ dt 
= 0. 
Hence, on integration, 


tm ={(Xde + Ydy + Zdz), 


as in the last article. 
Also, on eliminating R, the path on the surface is given by 


* x the cosine of the angle between a tangent line to the 


surface and the normal 


da: d?y Pz 
Mae cd ae Se 
E - Mm, i ee 


giving two equations from which, by eliminating ¢, we should 
get a second surface cutting the first in the required path. 


133. Motion under gravity of a particle on a smooth surface 
of revolution whose axis rs vertical. 
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Use the coordinates z, p and ¢ of Art. 126, the z-axis being 
the axis of are: of the surface. The second equation of 
op 
that article gives re ss (¢* ri 0, 
dd 


1.0. p* in constant—=)2 2p gs,stsapereeney (1). 


Also, if s be the are AP measured from any fixed point A, 
the velocities of P are = ue along the tangent at P to the gene- 


dt 
dg 
dt 
the Principle of Energy gives 


i 1(q) +e (SE) } = CONSt. — GZ eevesee ental): 


Equations (1) and (2) give the motion. 
Equation (1) states that the moment of the momentum of 
the particle about the axis of z is constant. 


rating curve, and p —- perpendicular to the plane zAP, Hence 


By equating the forces parallel to Oz to m S 5» we easily 
have the value of the reaction R. 
If the equation to the generating cutve be z=f (p) then, 


since 


ene [1 + (P(e) (38) 6 


equation (2) easily gives 


al. = (5 a [1+ (fp) ] oF — = constant — “9 F(p), 


which gives the differential pare of the projection of the 
motion on a horizontal plane. 


EXAMPLES 


1. A smooth helix is placed with its axis vertical and a small bead 
slides down it under gravity ; shew that it makes its first revolution from 
Ta 


rest in time 2 ——___—_ 
g8iN acosa 


, where a is the angle of the helix. 


2. A particle, without weight, slides on a smooth helix of angle a 
and radius @ under a force to a fixed point on the axis equal to 
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my (distance). Shew that the reaction of-the curve cannot vanish unless 
the greatest velocity of the particle is a / seca. 


8. A smooth paraboloid is placed with its axis vertical and vertex 
downwards, the latus-rectum of the generating parabola being 4a. A 
heavy particle is projected horizontally with velocity V at a height A 
above the lowest point; shew that the particle is again moving hori- 


2 
zontally when its height is 5 . Shew also that the reaction of the 


paraboloid at any point is inversely proportional to the corresponding 
radius of curvature of the generating parabola. 


4. A particle is describing steadily a circle, of radius b, on the inner 
surface of a smooth paraboloid of revolution whose axis is vertical and 
vertex downwards, and is slightly disturbed by an impulse in a plane 
through the axis; shew that its period of oscillation about the steady 


2a pe 
motion is + é + , where Z is the semi-latus-rectum of the paraboloid. 

5. A particle moving on a paraboloid of revolution under a force 
parallel to the axis crosses the meridians at a constant angle; shew that 
the force varies inversely as the fourth power of the distance from the 
axis, 

6. A particle moves on a smooth paraboloid of revolution under the 
action of a force directed to the axis which varies inversely as the cube 
of the distance from the axis; shew that the equation of the projection 
of the path on the tangent plane at the vertex of the paraboloid may, 
under certain conditions of projection, be written 


V4at+r—2a _, 
V 4a? +72 +24 
where 4a is the latus-rectum of the generating parabola. 


(4a? +r? +a log 


ot } 


7. A particle moves on a right circular cone under no forces; show that, 
whatever be the initial motion, the projection of the path on a plane per- 
pendicular to the axis is one of the similar curves given by rsin n@=c. 


8. A smooth heavy particle moves on a surface of revolution formed 
by the revolution of the curve x?y=a? about the axis of y, which is vertical 
with its positive direction downwards. Show that, if projected with a 
suitaLle speed from any point, the particle will cross all the meridians at 
the same angle. 


9. A heavy particle is projected horizontally along a smooth surface of 
revolution whose equation in cylindrical coordinates is 82° =27ar*, the axis 
of z being vertical and upwards. 

Prove that, if the normal at the point of projection is inclined at 45° to 
the vertical and the particle leaves the surface where the normal is inclined 
ga 
525° 


at 60° to the vertical, the velocity of projection must be 


CHAPTER X 


MISCELLANEOUS 


THE HODOGRAPH. MOTION ON REVOLVING CURVES. 
IMPULSIVE TENSIONS OF STRINGS 


134. The Hodograph. If from any fixed point O we draw 
a straight line OQ which is parallel to, and proportional to, 
the velocity of any moving point P, the locus of @ is called 
a hodograph of the motion of P. 


If P’ be a consecutive point on the path and OQ’ be parallel 
and proportional to the velocity at P’, then the change of the 
velocity in passing from P to P’ is, by Art. 3, represented by 
QQ’. 

If + be the time of describing the are PP’, then the accele- 
ration of P 


= Limit Qe = velocity of Q in the hodograph. 


T=0 T 


Hence the velocity of Q in the hodograph represents, both 
In magnitude and direction, the acceleration of P in its path. 
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It follows that the velocity, or coordinate, of Q in any 
direction is proportional to the acceleration, or velocity, of P in 
the same direction. 

The same argument holds if the motion of P is not 
coplanar, 

If at any moment a and y be the coordinates of the moving 
point P, and & and v those of the corresponding point Q of the 
hodograph, we have 


da dy 
F=A a, and 7= on 


where 2 is a constant. 
The values of = and se , being then known in terms of t, we 


eliminate ¢ between see a roscoe and have the locus of (£, 7), 
ae, the hodograph. 
So for three-dimensional motion. 


135. The hodograph of a central orbit is a reciprocal of the 
orbit with respect to the centre of force S turned through a right 
angle about S. 

Let SY be the perpendicular to the tangent at any point P 
of the orbit. Produce SY to P’ so that SY. SP’ =k’, a constant; 
the locus of P’ is therefore the reciprocal of the path with 


respect to S. 

By Art. 54, the velocity v of P= = ia Ay i 

Hence SP’ is perpendicular to, and proportional to, the 
velocity of P. 

The locus of P’ turned through a right angle about S is 
therefore a hodograph of the motion. 

The velocity of P’ in its path is therefore perpendicular to 


nd 
and equal to = times the acceleration of P, 


2 
Le 1b = a x the central acceleration of P. 


h 


EXAMPLES 


1. A particle describes a parabola under gravity; shew tbat the 
hodograph of its motion is a straight line parallel to the axis of the 
parabola and described with uniform velocity. 
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2. A particle describes a conic section under a force to its focus ; 
shew that the hodograph is a circle which passes through the centre of 
force when the path is a parabola, 


3. If the path be an ellipse described under a force to its centre, 
shew that the hodograph is a similar ellipse. 


4. A bead moves on the are of a smooth vertical circle starting 
from rest at the highest point. Shew that the equation to the hodograph 


: mG, 
1s r=A SIN 2° 


5. Shew that the hodograph of a circle described under a force to 
a point on the circumference is a parabola. 


6. The hodograph of an orbit is a parabola whose ordinate increases 
uniformly. Shew that the orbit is a semi-cubical parabola. 


7. A particle slides down in a thin cycloidal tube, whose axis is 
vertical and vertex the highest point; shew that the equation to the 
hodograph is of the form r?=2g[a+bcos 26], the particle starting from 
any point of the cycloid. If it start from the highest point, shew that the 
hodograph is a circle. 


8. <A particle describes an equiangular spiral about a centre of force 
at the pole ; shew that its hodograph is also an equiangular spiral. 


9. If a particle describe a lemniscate under '& force to its pole, shew 
a —26 


. 


that the equation to the hodograph is 7?=a@? sec3 


10. If the hodograph be a circle described with constant angular 
velocity about a point on its circumference, shew that the path is a 
cycloid. 


11. Shew that the only central orbits whose hodographs can also be 
described as central orbits are those where the central acceleration varies 
as the distance from the centre. 


[In Art. 135 if SP mect the tangent at P’ in Y’, then SY’ is perpen- 

; ee 
dicular to ¥’P’ and = SP The hodograph is described with central 
acceleration to S if the velocity of P’x SY’ is constant, z.e. if the central 


; Ves 
acceleration of Px gps constant. Hence the result.] 


12. If the path be a helix whose axis is vertical, described under 


gravity, shew that the hodograph is a curve described on a right circular 


coue whose semi-vertical angle is the complement of the angle of the 
helix. 
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136. Motion on a Revolving Curve. A given curve 
turns in its own plane about a given fixed point O with constant 
angular velocity w; a small bead P moves on the curve under 
the action of given forces whose components along and perpen- 
dicular to OP are X and Y; to find the motion. 

Let OA be a line fixed in the plane of the curve, and OB 
a line fixed with respect tothe curve, 
which at zero time coincided with OA, 
so that, at time #, Z AOB=abt. 

At time ¢ let the bead be at P, 
where OP =r, and let ¢@ be the angle 
between OP and the tangent to the 
curve. 

Then, by Art. 49, the equations of 
motion are 


ar dé 3 R 
an (Gte) =— sin ¢, 


m m 
1 d(,/d@ Pee oe © 
and pag (Gte)t=i+ ay cos d. 


m 


2, 2 
These give wee () =rw’+ 2rw ae Sie a ~* sin ¢, 


dt? dt dt 
1d/ dé Cee iia es 
and aa" a) = — 20 7 + + 608 o. 
Let v be the velocity of the bead relative to the wire, so that 
dr dé 
veos 6 == and vsing= rae 
The equations of motion are then 
d’r dé Poe es 
Fee r(G) =° ts ae Seaeaecestirs (1), 
Po due Yo 
= — (72 COS. O) ieee seana snes 2 
and = a( i) =a += cos $ (2), 
roe et 
where oe = Re =a) YUP tet em ores seciatice wis (3). 


These equations give the motion of the particle relative to 
the curve. 
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Now suppose that the curve, instead of rotating, were at 
rest, and that the bead moved on it 
under the action of the same forces X 
and Y as in the first case together 
with an additional force mw*r along OP, 
and let S be the new normal reaction. 
The equations of motion are now 

2, 2 
a -r(5) = or —* sin p...(4), 
25, (#5) =~ +5 cosg gal 5 
These equations are the same as (1) and (2) with S substi- 
tuted for R’. 

The motion of the bead relative to the curve in the first 
case is therefore given by the same equations as the absolute 
motion in the second case. 

The relative motion in the case of a revolving curve may 
thus be obtained as follows. 

Treat the curve as fixed, and put on an additional force on 
the bead, away from the centre of rotation and equal to mo?.r; 
then find the motion of the bead; this will be the relative 
motion when the curve is rotating. The reaction of the curve, 
so found, will not be the actual reaction of the moving curve. 
To get the latter we must by (8) add to the reaction, found by 
the foregoing process, the quantity 2mv, where v is the 
velocity of the bead relative to the curve. 

The above process is known as that of “reducing the moving 
curve to rest.” When the moving curve has been reduced to 
rest, the best accelerations to use are, in general, the tangential 
and normal ones of Art. 88. 


Oo B 
and 


137. If the angular velocity w be not constant the work is 
the same, except that in equation (2) there is one extra term 
dw 


ee the right-hand side. In this case, in addition to the 


force mw*r, we must put on another force — mr at right 


angles to OP, and the curve is then “ reduced to rest.” 
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188. Hx. A smooth circular tube contains a particle, of mass m, and lies on a 
smooth table. The tube starts rotating with constant angular velocity w about an 
axis perpendicular to the plane of the tube which passes through the other end, O, 
of the diameter through the initial position, A, of the particle. Shew that in time 
t the particle will have described an angle } about the centre of the tube equal 


to 4tan-1 (tanh =): Shew also that the reaction between the tube and the 


particle ts then equal io 2maw? cos $ (3 cos f - ): 


m.w*. 2a cose 


P being the position of the particle at time t, and g= z ACP, we may treat 
the tube as at rest if we assume an additional force along OP equal to mw?. OP, 


i.e. mw, 2a cos $. R' being the normal reaction in this case, we have, on 


taking tangential and normal accelerations, 


Ge 


ap= —-w?, 2a cos 5 sin 5 msseasstsarswieavarsancosselL)s 
and agt= ~— w*, 2a cos? AIRE SoS SECO LOCALE (2). 
(1) gives PrH=OGA COS PIAA, (esesccsshsuesaiersaesets coavehecees (3). 


Now, if the tube revolves a then, since the particle was initially at rest, 
its initial relative velocity was w. OA, t.e. w. 2a, in the opposite direction. 
Hence $=2w initially. , 


Therefore (3) gives $2? =2w* (1+ cos ¢). 


, dal ex =2 log tan G + t) , the constant vanishing. 
oo o 4 4 
ERIS) 


1+tan ® g ett - a 
& eet = A ae 7 BO: that tan 4 = ota = tan (F ‘ 
Bare | 


/ 


R ? 
Also (2) gives pal 6aw? cos? 7 
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Now, by equation (3) of Art. 136, the real reaction R is given by 


where v is the velocity of the particle relative to the tube in the direction in 
which the tube revolves, i.e. >; so that v= —a¢. 


* R=R'- 2mwagd = 2maw* cos f [3 cos g ag 2 | e 


Ex. If the particle be initially at rest indefinitely close to O, shew that, 
when it is at its greatest distance from O, the reaction of the curve ts 10maw?. 


139. Let the curve of Art. 186 be revolving with uniform 
angular velocity @ about a 
fixed axis Oy in its own 
plane. 

At time ¢ let the curve 
have revolved through an 
angle ¢, and let y and & be 
the coordinates of the bead 
measured along and perpen- 
dicular to the fixed axis. Let 
R be the normal reaction in 
the plane of the curve, and S 
the reaction perpendicular to 
the plane of the curve. 

The equations of motion 
of Art. 126 then become, since 


=o, 


and 


where X, Y, and Z are the components of the impressed forces 
parallel to # and y, and perpendicular to the plane of the curve, 
and @ is the inclination of the normal to the axis of y. 
Equations (1) and (3), which give the motion of the bead 
relative to the wire, are the same equations as we should have 
af we assumed the wire to be at rest and put on an additional 
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force mw* x distance perpendicular to and away from the axis of 
rotation, 


Hence, applying this additional force, we may treat the wire 
as at rest, and use whatever equations are most convenient, 


140. As a numerical example, let the curve be a smooth circular wire 
revolving about its vertical diameter, C being its centre and a its radius. Let 
the bead start from rest at a point indefinitely close to the highest point of the 
wire. Treat the circle as at rest, and put on an additional force 


mw?, NP (=mw? .a sin @) 


along NP. 
Taking tangential and normal accelerations, we then have 
Gh = wa SiN O COBO +G SIND ........0...coceseseeeeoes (4), 
and ab2= — Fg COS 0 — W2A SIN? O ......002scereesscorees (5). 
(4) gives a62= wa sin? 6 + 2g (1 — cos 0), 
and then (5) gives — g(3 cos 0 — 2) — 2wa sin? 6. 


nm 
Also the reaction S perpendicular to the plane of the wire is, by (2), 
given by 


(Soe an ee ak ee 
my ew = 20 > (asin 6) =2wa cos 0.6 


=2w cos 6 n/wa? sin? 6 + 2ga (1 — cos 8). 


EXAMPLES 


1. A particle is placed in a smooth straight tube which is suddenly 
set rotating, with constant angular velocity #, about a point O in its plane 
of motion, which is at a perpendicular distance a from the tube ; shew that 
the distance described along the tube by the particle in time ¢ is asinh of, 
the particle and O being initially at a distance a apart; shew also that the 
reaction between the tube and the particle then is maw? [2 cosh wt —1). 


2. A circular tube, of radius a, revolves uniformly about a vertical 


diameter with angular velocity wi. “2, and a particle is projected from 


its lowest point with velocity just sufficient to carry it to the highest 
point; shew that the time of describing the first quadrant is 


us aay, bslVat2+ vneT} 


3. A particle P moves in a smooth circular tube, of radius a, which 
turns with uniform angular velocity » about a vertical diameter; if the 
angular distance of the particle at any time ¢ from the lowest point is 6, 


PWG 
and if it be at rest relative to the tube when 0=a, where C08 5 = of Z ; 


then, at any subsequent time ¢, cot f=cot $ cosh (0 sin 5) 5 


L. D. 12 
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4. A thin circular wire is made to revolve about a vertical diameter 
with constant angular velocity. A smooth ring slides on the wire, being 
attached to its highest point by an elastic string whose natural length 
is equal to the radius of the wire. If the ring be slightly displaced from 
the lowest point, find the motion, and shew that it will reach the highest 
point if the modulus of elasticity is four times the weight of the ring. 


5. A smooth circular wire rotates with uniform angular velocity o 
about its tangent line at a point A. A bead, without weight, slides on 
the wire from a position of rest at a point of the wire very near 4. 
Shew that the angular distance on the wire traversed in a time ¢ after 
passing the point opposite A is 2 tan of. 


6. A small bead slides on a circular arc, of radius a, which revolves 
with constant angular velocity » about its vertical diameter. Find its 


position. of stable equilibrium according as w? = Ze and shew that the 


time of a small oscillation about its position of equilibrium is, for the two 


. 2Zraa 2 
cases, respectively equal to ee and, = 


V ota? —g? WE ae 


7. A parabolic wire, whose axis is vertical and vertex downwards, 
rotates about its axis with uniform angular velocity w. A ring is placed 
at any point of it in relative rest; shew that it will move upwards or 


downwards according as #? Z Z, and will remain at rest if o? 


— 
2a” 
where 4a@ is the latus-rectum of the parabola. 


8. A tube in the form of the cardioid r=d@¥t1+cos 6) is placed with 
its axis vertical and cusp uppermost, and revolves round the axis with 


angular velocity Le A particle is projected from the lowest point 


of the tube along the tube with velocity /3ga; shew that the particle 
will ascend until it is on a level with the cusp. 


9. A smooth plane tube, revolving with angular velocity # about a 
point O in its plane, contains a particle of mass m, which is acted upon 


by a force mw’r towards 0; shew that the reaction of the tube is Awe. 


where A and B are constants and p is the radius of curvature of the tube 
at the point occupied by the particle. 


10. An elastic string, whose unstretched length is a, of mass ma and 
whose modulus of elasticity is A, has one end fastened to an extremity A 
of a straight smooth tube within which the string rests; if the tube revolve 
with uniform angular velocity in a horizontal plane about the end A, shew 


tan 6 


that when the string is in equilibrium its length is a a7? where 


6=do oe 
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11. A bead is at rest on an equiangular spiral of angle a at a distance a 
from the pole. The plane of the spiral is horizontal and the spiral is made 
to revolve about a vertical line through its pole with uniform angular 
velocity w. Prove that the bead comes toa position of relative rest at a 
distance acosa from the pole and that the reaction of the curve is then 
3mo*asin2a. Shew also that, when the bead is again at its original distance 
from the pole, the reaction is mw?a sina (3+sin?a). 


12. A particle, of mass m, is placed on a horizontal table which is 
lubricated with oil so that the force on the particle due to viscous friction 
is mku, where u is the velocity of the particle relative to the table. The 
table is made to revolve with uniform angular velocity about a vertical 
axis. Shew that, by properly adjusting the circumstances of projection, 
the equations to the path of the particle on the table will be 


ki k 
ce) Gos (ae) y= _e(*-3) * sin (o—B)t, 


: ae 
where a+7B= Fe +tok, 
[With the notation of Art. 51, the equations of motion are 
(D?4+kD—o)x-20Dy=0 and (D?+khD—o*) y+20Dx=0. 
Hence [D?+£D — 07+ 2t@D](x+7%y)=0. Now solve in the usual manner. ] 


/ 

13. A smooth horizontal plane revolves with angular velocity about 
a vertical axis to a point of which is attached the end of a light string, 
extensible according to Hooke’s Law and of natural length d just sufficient 
to reach the plane. The string is stretched, and after passing through 
a small ring at the point where the axis meets the plane is attached to 
a particle of mass m which moves on the plane. If the mass is initially 
at rest on the plane, shew that its path relative to the plane is a hypo- 
cycloid generated by the rolling of a circle of radius 4a {1 —@ (mdd-1)3} 
ona circle of radius a, where a is the initial extension and A the coefficient 
of elasticity of the string. 


14. A particle slides in a smooth straight tube which is made to 
rotate with uniform angular velocity » about a vertical axis. If the 
particle start from relative rest from the point where the shortest 
distance between the axis and the tube meets the tube, shew that in 
time ¢ the particle has moved through a distance 

29 


—%, cot a cosec a sinh? ($ of sin a), 
@ 


where a is the inclination of the tube to the vertical. 
12—2 
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141. Impulsive tensions of chains. 

A chain is lying in the form of a given curve on a smooth 
horizontal plane; to one end of tt 1s hile a given impulsive 
tension in the direction of the tangent; to find the consequent 
impulsive tension at any other point of es curve, and the initial 
motion of the point. 


y T+daT 


oO & 


Let PQ be any element Ss of the chain, s being the length 
of the arc O'P measured from any fixed point O’. 

Let 7 and 7'+ 67 be the impulsive tensions at P and Q. 

The resolved part of the tension at P parallel to Ow is 


dx aod : 
oh Fae and this is clearly a function of the are s. Let it be f(s). 


The resolved part of the tension at Q 
2 
= f(s + 8) = fis) + B3f'() + PRP") +. 


pce d da 


by Taylor’s Theorem. 

Hence, if m be the mass of the chain at P per unit of 
length, and w, v the initial velocities of the element PQ parallel 
to the axes, we have 


pe! dv d dx da 
mos .u = eae (7G) + |-7. 
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ie. in the limit when $s is indefinitely small, 


_d dx 
mu AP (72) GOT OOOWOL IC GODTIOOOT (1) 
_ 4 (ply 
So MV = rE (73) are/ viele eleleieisierelalere's\ elsteiels (2). 


Again, since the string is inextensible, the velocity of P 
along the direction PQ (ze. along the tangent at P ultimately) 
must be equal to the velocity of Q in the same direction. 

Hence 


u cos + v sin Yr = (u + du) cos yw + (uv + dv) sin p. 
du cos yr + dv'sin = 0, 
ie Cee a (3) 
0. Isdstdsdg 70 : 


142. Tangential and Normal Resolutions. 

Somewhat easier equations are obtained if we assume v, and 
v, as the initial tangential and normal velocities at P. 

Resolving along the tangent, we have 


mos .vs=(1'+ dT) cos di — 7 
= dT’ +small quantities of the second order, 
a.e., in the limit, Settee PLUNGE aes HES ae nohan nen tus (1). 
S 
So, resolving along the normal, 
mos .v,=(T'+ aT) sin dp = Toy +..., 
2.¢., in the limit, ; SWI) 5 Minachrg ty aah ecrnencagees 3 (2), 


where p is the radius of curvature. 
The condition of inextensibility gives 


Ug = (Us + Os) cos Sw — (v, + 5v,) sin dy, 


1b. 0 = 8, — vO, 
: du, ce dy — ie 8 Oe 
ne lg fo a ED athe TMi) 225. a eees = (8). 
By eliminating v, and v, from (1), (2) and (3), we have 
GO teas, | Bod i 
Saw | aed Re ie 5 ek (4). 


The initial form of the chain being given, p is known as a 
function of s; also m is either a constant when the chain is 
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uniform or it is a known function of s. Equation (4) thus 
determines 7’ with two arbitrary constants in the result; they 
are determined from the fact that Z' is at one end equal to the 
given terminal impulsive tension, and at the other end is zero. 
Hence 7 is known and then (1) and (2) determine the 
initial velocities of each element. 
Ex. A uniform chain is hanging in the form of a catenary, whose ends are 


at the same horizontal level ; to each end is applied tangentially an impulse To; 
find the impulse at each point of the chain and its initial velocity. 


In this curve s=c tan y, so that p= sec? y. 
. aT _aT costy 
EE MR a 

@T @Tcosty 2sinycos*y dT 


and Fr ~ aye 3 = ae dy . 
Hence equation (4) gives 
OT. 
ay? ave oe = 
, @T aT ar 
1.€. ap ay pen ia nage 
Ui 
es dy cos y=T sin y+. 
DE COSY SSA EIB eceienssederseneace cotecseces (1), 
where A and B are constants. 
Also, from equations (1) and (2), s 
_costy dT _ 1 . : 
LP laa ap ogee te eee conneen esas (2), 
and MUp= = cos? y= oe COSI vc deccanienaseunevaes duet (3). 


Now, by symmetry, the lowest point can ee no tangential motion, so that 
v, must vanish when Y=0. Therefore 4=0. 
Also if Wo be the inclination of the tangent at either end, then, from (1), 


B=T cos Wo. 
vip vee To.008 Yo 
cos y c 


so that the impulsive tension at any point varies as its ordinate. 
T : To 
Also =, 008 Yosin y, and w= mo coe Yo cos yp. 


The velocity of the point considered, parallel to the directrix of the catenary, 
=v, COS W— Vp sin y=0. 
Hence all points of the catenary start moving perpendicularly to the 
directrix, 7.e. in a vertical direction, and the velocity at any point 


=/v2 + vp +vp2=— me 08 Yor 
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143. Motion of a chain free to move in one plane. 

With the figure of Art. 141 let X, Y be the forces acting on 
an element PQ of a chain in directions parallel to the axes of 
coordinates. Let u and v be the component velocities of the 
point P parallel to the axes, Let 7’ be the tension at P. Its 


component parallel to Ox = 7 2 = f(s), where s is the are O’P. 
If PQ=5s, the tension at Q parallel to Oz 
=f (s+ 6s) = f(s) + dsf’ (s) +... 


Hence, if m be the mass of the chain per unit of length, the 
equation of motion of PQ is 


més . = the forces parallel to Oz 


= mosX + | f(s) + df" (s) + ...} — f(s) 
Sita Oa oes (7S) + 


ds \ ds 
Dividing by 5s, and neglecting powers of 5s, we have 
du a (7aa 
mo a=mk + 5 (75) ECUOUOUGOOONUUG (1). 
dv _ d /,,dy 
So Le ri mY + a (75%) souls eon east ha (2). 


Assuming the chain to be inextensible, it follows that the 
velocity of P in the direction PQ must be the same as that of 
Q in the same direction. 


ear oy. 
elke Ue eae =(u+ bu) + (v+ av) ; 
da ad 
Le. 0=6u. ar +b, 
dud dvd 
and hence at as a ae cecoy dade ssanets (3). 


These equations give 2, y, and T in terms of s and 4, 
ic. they give the position at time ¢ of any element whose 
arcual distance is 
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EXAMPLES 


1. A uniform chain, in the form of a semi-circle, is plucked at one 
end with an impulsive tension 7). Shew that the impulsive tension at 
sinh (m — 6) 


an angular distance @ from this end is 7) a ee 


30" 
2. A chain lies in the form of the curve r=ae? from 6=0 to 6=8, 
and receives a tangential impulse 7) at the point where 6=0, the other end 
being free; shew that the impulsive tension at any point is 


5B-0 
T° iil 
5B 
e2 —1 


3. A uniform chain is in the form of that portion of the plane curve 
cutting every radius vector at an angle tan 2, which lies between 
1 and 256 units distance from the pole. If tangential impulsive tensions 
of 2 and 1 units are simultaneously applied at the points nearest to and 
farthest from the pole, shew that the impulsive tension at a point distant 
81 units from the pole is $,/3 units. 


4. <A ring of inelastic wire, of radius 7, is supported in a horizontal 
position and a sphere of radius 2 and mass m falls vertically into it with 
velocity V, centre above centre, Shew that the impulsive tension in the 

ene Sie ~ 
wire is o— VRoe 

5. A smooth semi-circular tube, of radius a, contains a heavy inexten- 
sible chain, of length az, which fits it exactly. The tube is fixed in a vertical 
plane with its diameter horizontal and its vertex upwards, the ends being 
open. A slight disturbance in a vertical plane takes place. If the length 
of the chain which at any moment has slipped out of the tube be aw 
(where <7), prove that 


2 


d ‘ 
an WY =o(y+siny) 
and find where at any moment the tension of the chain is greatest. 


6. A fine uniform chain, of length 7 and mass m/, moves in a smooth 
tube in the form of an equiangular spiral’ of angle a, under a repulsion force 
from the pole equal to » x distance per unit of mass. Prove that the motion 
of the chain is the same as that of a particle placed at the middle point of 
its length, and that the tension at an arcual distance w from either end of 
the chain is 4mpw (J —.) cos? a. 


DYNAMICS OF A RIGID BODY 


CHAPTER XI 
MOMENTS AND PRODUCTS OF INERTIA. PRINCIPAL AXES 


144, If r be the perpendicular distance from any given 
line of any element m of the mass of a body, then the quantity 
mr? is called the moment of inertia of the body about the 
given line. 

In other words, the moment of inertia is thus obtained ; 
take each element of the body, multiply it by the square of its 
perpendicular distance from the given line; and add together 
all the quantities thus obtained. 

If this sum be equal to Mk*, where M is the total mass of 
the body, then & is called the Radius of Gyration about the 
given line. It has sometimes been called the Swing-Radius. 

If three mutually perpendicular axes Oz, Oy, Oz be taken, 
and if the coordinates of any element m of the system referred 
to these axes be a, y and 2, then the quantities Ymyz, Xmzz, 
and Smay are called the products of inertia with respect to 
the axes y and z, z and a, and wx and y respectively. 

Since the distance of the element from the axis of a is 
Vy?-+ 2*, the moment of inertia about the axis of # 

= =m (y? + 2°). 
145. Simple cases of Moments of Inertia. 
I. Thin uniform rod of mass M and length 2a, Let AB be the rod, and PQ 
any element of it such that AP=az and PQ=da. The mass of PQ is = Selb 


Hence the moment of inertia about an axis through A perpendicular to the 


rod A 
a 
poh apg x2dz 
2a 2a /o 
4q2 
3 e 


we ah 
=— .-/2ah = 
=9,°3 124] Mu. 
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Similarly, if O be the centre of the rod, OP=y and PQ=dy, the moment of 
inertia of the rod about an axis through O perpendicular to the rod 


+ 
=2ot oi von. “ypdy 


=5-5| 4 o | tam. F. 
2a 3 


Il. Rectangular lamina, Let ABCD be the lamina, such that 4B=2a and 
AD=2b, whose centre is O. By drawing a large number of lines parallel to AD 
we obtain a large number of strips, each of which is ultimately a straight line. 

The moment of inertia of each of these strips about an axis through O 


2 
parallel to AB is (by I) equal to its mass multiplied by - Hence the sum of 


the moments of the strips, i.e. the moment of inertia of the rectangle, about 
2 

the same line is M 5 : 

So its moment of inertia, about an axis through O parallel to the side 2b, is 
a2 
a . 

If x and y be the coordinates of any point P of the lamina referred to axes 
through O parallel to 4B and AD respectively, these results give 


Mu 


2 2 
Zmy?2= moment of inertia about Oz=Me, and 2mat= MT : 


The moment of inertia of the lamina about an axis through O perpendicular 


to the lamina 
24.52 
=Im. OP?=5m (22 +y2)=U = 


III. Rectangular parallelopiped. Let the lengths of its sides be 2a, 2b, 
and 2c. Consider an axis through the centre par raliel to the side 2a, and 
conceive the solid as made up of a very large number of thin parallel rectangular 
slices all perpendicular to this axis; each of these slices has sides 2b and 2c and 
b? +? 

as 
Hence the moment of inertia of the whole body is the whole mass multiplied by 
7 te. M — 5 

IV. Circumference of a circle. Let Ox be any axis through the centre O, 
P any point of the circumference such that 7OP=0, PQ an element ad0; then 
the moment of inertia about Ox 


=5[ 57M]. Py aay sin? 0d@ 
ar Jo 


hence its moment of inertia about the axis is its mass multiplied by 


2Ma2 1 3 a? 
3°9 ==M om 
V. Circular disc of radius a. The area contained between concentric 


circles of radii r and r+ 6r is 2rrér and its mass is thus ve M; its moment 
Ta 


of inertia about a diameter by the previous article = Mu. 


te sin? 6dd= 


7 
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Hence the required moment of inertia 


_u ee 4 2 
me caM.5. 
4 
So for the moment about a hee diameter. 
The moment of inertia about an axis through the centre perpendicular to 


2 
the disc=(as in II) the sum of these= I. 5 : 
Elliptic disc of axes 2a, 2b. . Taking slices made by lines parallel to the 


axis of y, the moment of inertia about the axis of x clearly 


=. sin pd (a cos ¢) m | b2 sin? 
a wad 3 


_ 4 Mb? b2 
né or 
or MO fi Beige M. 4 


a2 
So the moment of inertia about the axis ofy=M. 


4° 
VI. Hollow sphere. Let it be formed by the revolution of the circle of IV 
about the diameter. Then the moment of inertia about the diameter 


2 T 
ro) p[ eee eee BS | a? sintg == | sin’ 6 .d@ 
0 


47a? 
e Maz 2 __ 2Ma? 
Fe ee 


VII. Solid sphere. The volume of the thin shell included between spheres 
of radii r and r+6r is 47r2dr, and hence its mass is 


ui M, i ect uM. 
4 - 
es 


Hence, by VI, the required moment of inertia about a diameter 


a 
Br2dr 272 2M ab 2a? 
ah 7a aaa oper i Sa 
VIII. Solid ae about any principal axis. Let the equation to the 
pee ze y? is 
ellipsoid be oe += —=1. Consider any 


slice included between planes at distances P 
x and «+6a from the centre and parallel a 
to the plane through the axes of y and z. g 
The area of the section through PMP’ set bese acces 
is 7.MP.MP’. Be 
PM? OM? a 
Now OG? ai oy Ea il, = 


x? 
so that MP=c Nit =a 


we 
So MP'=b ge = Ae 


Hence the volume of the thin slice 


2 
=mbe (2 - =) . OL. 
a 
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Also its moment of inertia about the perpendicular to its plane 


A MP2+ MP’2 
=1t8 mass x ———__—_ 
4 
2\2 H24 ¢2 
=rbciz . (1-5) z = + Ds 


Hence the required moment of inertia 


b24¢2 [+e w2\2 
= mbe 4 [= 0-3) 62. p 


b2+¢2- 16 4 b24¢2 
=mabe.—— .=> p= 3 mabcp x —— 


Ae ine 
b2 +.c2 
=Mx 5° 


146. Dr Routh has pointed out a simple rule for re- 
membering the moments of inertia of many of the simpler 
bodies, viz. 

The moment of inertia about an axis of symmetry is 
the sum of the squares of the perpendicular semi-axes 

3, 4, or 5 4 
the denominator to be 3, 4, or 5 according as the body is 
rectangular, elliptical (including circular) or ellipsoidal (including 
spherical), 


Mass x 


147. If the moments and products of inertia about any line, 
or lines, through the centre of inertia G of @ body are known, to 
obtain the corresponding quantities for any parallel line or lines. 

Let GX, GY, GZ be any three axes through the centre of 
gravity, and OX’, OY’, OZ’ parallel axes through any point O. 
Let the coordinates of any element m of the body be a, y, 2 
referred to the first three axes, and a’, y’ and 2’ referred to the 
second set. Then if fg and h be the coordinates of @ referred 
to OX’, OY’ and OZ’, we have . 

v=a+f, y=ytyg, and /=z+h. 

Hence the moment of inertia of the body with regard 

to OX’ 
= 2m (y+ 22) = dm [y+ 2 + 2yg + 22h + g?+ h’]...(1). 
Now zm. 2yg = 2g. Smy. 


Also, by Statics, = = the y-coordinate of the centre of 


inertia referred to G as orign=0. Hence Ym.2yg=0 and 
similarly 2m .2zh=0, 
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Hence, from (1), 
the moment of inertia with regard to OX’ 
= Sm (y? + 2) + M (g' +h’) 
= the moment of inertia with regard to GX + the moment 
of inertia of a mass M placed at G about the 
axis OX’, 
Again, the product of inertia about the axes OX’ and OY’ 
= =ma'y' = =m (a +f)(y +9) 
= im[ay+g.a+fyt+/g] 
= may + Mfg 
=the product of inertia about GX and GY + the product 
of inertia of a mass M placed at G about the axes 
OX’ and OY’. 
Cor. It follows from this article that of all axes drawn in 
a given direction the one through the centre of inertia is the 
one such that the moment of inertia about it is a minimum. 


Exs, The moment of inertia of the arc of a complete circle about a tangent 


The moment of inertia of a solid sphere about a tangent 


2a Uf 
= ee 2 = Mae 
=M, 5 + Ma =, Ma 


148. If the moments and products of inertia of a body 
about three perpendicular and concurrent axes are known, to 
find the moment of inertia about any other amis through their 
meeting pownt. 

Let OX, OY, OZ be the three given axes, and let A, Band C 
be the moments of inertia with 
respect to them, and D, # and F 
the products of inertia with respect 
to the axes of y and z, of z and 2, 
and # and y respectively. 

Let the moment of inertia be 
required about OQ, whose direc- 
tion-cosines with respect to OX, 
OY and OZ are 1, m and n. 

Take any element m’ of the 
body at P whose coordinates are #, y, and z, so that OK =a, 
KL =y and LP=z. 


Zz 


y 
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Draw PM perpendicular to the axis OQ. 
Then PM? =0OP?— OM’. 
Now OP? =a + +2, 
and OM=the projection on OQ of the straight line OP 
=the projection on OQ of the broken line O& LP 
=1.0K+m.KL+n,.LP=la+my +nz. 
Hence the required moment of inertia about OM 
= im’, PM?= dm [#@+y+ 2—(le+ my+nzy] 
Me f (m?+n?)+ 7 (P+P)+2(P + gle 
— 2mnyz — 2nlza — 2Zlmay 
since 1?+m?+n?=1, 
= Im’ (y? + 2?) +m? =m’ (2 4+ a?) +n? . Sm (a? + y?*) 
— 2mn2Um'yz — 2nldm'za — Am Bm'ay 
= Al?+ Bm? + On? —2Dmn — 2 Enl — 2F lm. 


149. Asa particular case of the preceding article consider 
the case of a plane lamina. 
Let A, B be its moments of inertia about two lines OX and 
OY at right angles, and Fits product 
of inertia about the same two lines, 
so that 
A=imy, B= ime, F = Smey. 
If («’, y') are the coordinates of a 
point P referred to new axes OX’ 
and OY’, where 2 XOX’ =0@, then 
x= a cos 6 — y' sin 0, 
and y=a'siné+y’'cosé. 
“. &@=axcos0+ysin@ and y’=ycosd—-asin#, 
Hence the moment of inertia about OX’ 


YX 


= Xmy? = Xm (y cos 8 — x sin 6) 
= cos’. Smy? + sin? 0. 2ma*—2 sin 0 cos 0. Smay 
= A cos? 6+ Bsin? d— 2F'sin 6 cos 6. 
The product of inertia about OX’ and OY’ 
=2ma'y’ = Xm («cos 6+ ysin 6) (y cos 6 — # sin 8) 
= Xm[y’sin @ cos 6 — x sin 6 cos 6 + xy (cos? 6 — sin? @)] 
=(A — B)sin 6 cos 6+ F'cos 20, 
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In the case of a plane lamina, if A and B be the moments 
of inertia about any two perpendicular lines lying in it, the 
moment of inertia about a line through their intersection 
perpendicular to the plane 


= Dm (a + y*) = Smy?+ Sma? = A + B. 


150. Ex. 1. Find the moment of inertia of an elliptic area about a line CP 
inclined at @ to the major axis, and about a tangent parallel to CP. 
The moments of inertia, A and B, about the major and minor axes are, as 


Z 2 
in Art. 145, ue and ven - Hence the moment of inertia about CP 


2 2 
=u" cos? 0 +M sin?@, since F=0, by symmetry. 
The perpendicular CY upon a tangent parallel to oP=% : 
Hence, by Art. 147, the moment of inertia about this tangent 
a2h2 


Mt cos Ode vin? 
= | 008 6+ |G sin 9+M op 


v2 ee cos?@ sin? 
= 2 2 2 | 2 
Mz cos 6+Mz sin? 6+ Mab ate 


= = (a? sin? 6 + b? cos? 6), 


Ez, 2. The moment of inertia of a uniform cube about any axis through its 
centre is the same. 


For Al== 3 == rem i) == att (5 
Therefore, from Art. 148, I= (/24+m?2+4n?2)=A. 


EXAMPLES 
Find the moments of inertia of the following : 
1. A rectangle about a diagonal and any line through the centre. 


2. A circular area about a line in its own plane whose perpendicular 
distance from its centre is ¢. 


3. The arc of a circle about (1) the diameter bisecting the are, 
(2) an axis through the centre perpendicular to its plane, (3) an axis 
through its middle point perpendicular to its plane. 


4, An isosceles triangle about a perpendicular from the vertex 
upon the opposite side. 


5, Any triangular area ABC about a perpendicular to its plane 
Lesult. i (30? +. 3c? — a?) 
through A. t 12 : 
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6. The area bounded by 7?=a? cos 26 about its axis. 


Ma? 8 
| Rest. Ag: (= =a 3) | 


7. <A right circular cylinder about (1) its axis, (2) a straight line 
through its centre of gravity perpendicular to its axis. 


8. A rectangular parallelopiped about an edge. 


9. A hollow sphere about a diameter, its external and internal 


9M ab — bo 
radii being @ and 0. [ Hesut “Ee 3 | 
10. A truncated cone about its axis, the radii of its ends being 
db ja geist 
a and 6. esult. > saa ys 


11. Shew that the moment of inertia of a right solid cone, whose 


; ; : . 8a 6+e 
height is # and the radius of whose base is a, is “oar pa about 


a slant side, and (A?+ 4a) about a line through the centre of gravity 


of the cone perpendicular to its axis. 


12. Shew that the moment of inertia of a parabolic area (of 
latus-rectum 4a) cut off by an ordinate at distance 2 from the vertex 
is #M2? about the tangent at the vertex, and #/ah about the axis. 


13. Shew that the moment of inertia of a paraboloid of revolution 


about its axis is 2 x the square of the radius of its base. 


14. Find the moment of inertia of the homogeneous solid ellipsoid 
A a 
bounded by atGtaol about the normal at the point (’, y’, 7). 
15. Shew that the moment of inertia of a thin homogeneous ellip- 
soidal shell (bounded by similar, similarly situated and concentric 
O24 ¢2 
3 


16. Shew that the moment of inertia of a regular polygon of n sides 


ellipsoids) about an axis is If » where J is the mass of the shell. 


2 2+cos = 

about any straight line through its centre is —— 
24 Qa 
1—cos i 


the number of sides and c is the length of each. 


, Where 7 is 


17. A solid body, of density p, is in the shape of the solid formed 
by the revolution of the cardioid r=a(1+cos 6) about the initial line; 
shew that its moment of inertia about a straight line through the pole 


perpendicular to the initial line is 3}2mpa‘. 
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18. A closed central curve revolves round any line Ox in its own 
plane which does not intersect it; shew that the moment of inertia of 
the solid of revolution so formed about Ox is equal to M(a?+3%2), where 
M is the mass of the solid generated, a@ is the distance from Ox of the 
centre C of the curve,and & is the radius of gyration of the curve about a 
line through @ parallel to Ox. 

Prove a similar theorem for the moment of inertia of the surface 
generated by the arc of the curve. 


19. The moment of inertia about its axis of a solid rubber tyre, of 
mass M and circular cross-section of radius a, is o (db? +30, where 6 is 
the radius of the core. If the tyre be hollow, and of small uniform 


thickness, shew that the corresponding result is Ht (202+ 3a. 


151. Momental ellipsoid. Along a line OQ drawn 
through any point O take a distance OQ, such that the moment 
of inertia of the body about OQ may be inversely proportional 
to the square of OQ. The result of Art. 148 then gives 

Al? + Bm? + Cn? —2Dmn — 2Enl — 2F in, 
Le Ae KA 
oo —- = — 
OF ei O00*: 
where M is the mass of the body and KX is some linear factor. 

If (a, y, 2) are the coordinates of Q referred to the axes OY, 

OY, OZ this gives 
Ax? + By? + C2? -— 2Dyz — 22x —-2Fay=MK* ...(1). 

The locus of the point Q is thus an ellipsoid, which is called 
the momental ellipsoid of the body at the point 0. 

Since the position of @ is obtained by a physical definition, 
which is independent of any particular axes of coordinates, we 
arrive at the same ellipsoid whatever be the axes OX, OY, OZ 
with which we start. 

It is proved in books on Solid Geometry that for every 
ellipsoid there can be found three perpendicular diameters such 
that, if they be taken as axes of coordinates, the resulting 
equation of the ellipsoid has no terms involving yz, z@ or ay, 
and the new axes of coordinates are then called the Principal 
Axes of the Ellipsoid. 

Let the momental ellipsoid (1) when referred to its principal 
axes have as equation 

A’ + By t Wa? = MEA ccceeceee sees (2). 
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The products of inertia with respect to these new axes 
must be zero; for if any one of them, say D’, existed, then 
there would, as in equation (1), be a term — 2D’yz in (2). 

Hence we have the following important proposition: For 
any body whatever there ewists at each point O a set of three 
perpendicular axes (which are the three principal diameters of 
the momental ellipsoid at O) such that the products of tnertia 
of the body about them, taken two at a time, all vanish. 

These three axes are called the principal axes of the body 
at the point O; also a plane through any two of these axes is 
called a principal plane of the body. 


152. It is also shewn in Solid Geometry that of the three 
principal axes of an ellipsoid, one is the maximum radius vector 
of the ellipsoid, and another is the minimum. Since the square 
of the radius vector of the momental ellipsoid is inversely 
proportional to the corresponding moment of inertia of the 
body, it follows that of the three principal axes, one has the 
minimum moment of inertia and another has the maximum. 

If the three principal moments of inertia at O are equal, 
the ellipsoid of inertia becomes a sphere, all radii of which are 
equal ; in this case all moments of inertia about lines through 
O are equal. 

Thus, in the case of a cube of side 2a, tke principal moments 
of inertia at its centre are equal, and hence the moment of 
inertia about any line through its centre is the same and equal 


3 
to M. =e : 

If the body be a lamina, the section of the momental 
ellipsoid at any point of the lamina, which is made by the 
plane of the lamina, is called the momental ellipse at the point. 

If the two principal moments in this case are the same, the 


momental ellipse becomes a circle, and the moments of inertia 
of the lamina about all lines through O are the same. 


153. Zo shew that the moments and products of inertia of 
aumform triangle about any lines are the same as the moments 
and products of inertia, about the same lines, of three particles 
placed at the middle points of the sides, each equal to one-third 
the mass of the triangle. 
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Divide up. the triangle ABC into narrow slips by a large 
number of straight lines parallel 
to its base. 


Let x, = AP, be the distance 
of one of them from A. Then 


BO’ =; a, where AD=h, and 


the mass M of the triangle 
=4ah.p, where p is the density. 
The moment of inertia about a line AK parallel to BC 


h 
=| ua es ih = vu” ceccccere (1) 
salah h 


The moment of inertia about AD, by Art. 147, 


= | SPae| [5 (Sz) +e |. 
where # is the middle sae of BC, 
=f pah iat De = 7 ((b eos C+ccos BY 
+ 3(bcos C—c cos BY] 
= = [b? cos? C + c? cos? B — be cos B cos C]...ccceesoeeees (2). 
The product of inertia about AK, AD 


h 
=|. “P du.a. PH’, by Art. 147, 


h 
= 96 | a, DE.de= "82M. DE=*" [b cos0— cos B)...(3). 
0 


If there be put three particles, each of mass 4 , at #, F, 


and G, the middle points of the sides, their moment of inertia 
about AK 


~¥ [os Q)+Q)] a 


Their moment of inertia about AD 
2 
= 3 |(5- cos B) = é cos c) + 5 Cos B) | 
es iG cos C —c cos By + 6? cos? C + c? cos? B] 


-7 [6° cos? U + c? cos? B — be cos B cos C}, 


13—2 
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Also their product of inertia about AK, AD 


M 2 Sy A eee ary 
=i | AD. DE+54D.5D0-5AD.5 BD| 


Mh bcos C— 
oes: | Da+ ae 4 


coe” |= oe cos O—ccos B}. 


The moments and products of inertia of the three particles 
about AK, AD are thus the same as those of*the triangle. 

Hence, by Art. 149, the moments of inertia about any line 
through A are the same; and also, by the same article, the 
products of inertia about any two perpendicular lines through 
A are the same. 

Also it is easily seen that the centre of inertia of the three 
particles coincides with the centre of inertia of the triangle. 

Hence, by Art. 147, it follows that the moments and 
products of inertia about any lines through the common centre 
of gravity are the same for the two systems, and therefore also, 
by the same article, the moments and products about any two 
other perpendicular lines in the plane of the triangle are the 
same. 

Finally, the moment of inertia about a perpendicular to the 
plane of the triangle through any point P is equal to the sum of 
the moments about any two perpendicular lines through P in 
the plane of the triangle, and is thus the same for the two 
systems. 


154. Two mechanical systems, such as the triangle and 
the three particles of the preceding article, which are such 
that their moments of inertia about all lines are the same, are 
said to be equi-momental, or kinetically equivalent. 

If two systems have the same centre of inertia, the same 
mass, and the same principal axes and the same principal 
moments at their centre of inertia, it follows, by Arts. 147 
and 148, that their moments of inertia about any straight line 
are the same, and hence that the systems are equi-momental. 
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EXAMPLES 


1. The momental ellipsoid at the centre of an elliptic plate is 


ze 1 
at Rp Ge a+ +B i const. 
2. The momental ellipsoid at the centre of a solid ellipsoid is 
(5? +c?) a? 4+ (c2 + a?) y2 4 (a? + 5?) 22 = const. 


3. The equation of the momental ellipsoid at the corner of a cube, 
of side 2a, referred to its principal axes is 2v?+11 (y?+-2*) =const. 


4. The momental ellipsoid at a point on the rim of a hemisphere is 
27 +7 (y? +2) — 18.22 = const. 


5. The momental ellipsoid at a point on the circular edge of a 
solid cone is (8a?+42h?) x + (23a? + 2h?) y? + 2602? — 10ahxz==const., where 
h is the height and @ the radius of the base. 


6. Find the principal axes of a right circular cone at a point on the 
circumference of the base; and shew that one of them will pass through 
its centre of gravity if the vertical angle of the cone is 2 tan—!4. 


7. Shew that a uniform rod, of mass m, is kinetically equivalent to 
three particles, rigidly connected and situated one at each end of the rod 
and one at its middle point, the masses of the particles being 4m, 4m 
and 3m. 


8 ABCD is a uniform parallelogram, of mass Jf; at the middle 


points of the four sides are placed particles each equal to = , and at 


the intersection of the diagonals a particle, of mass = ; shew that these 


five particles and the parallelogram are eqgiiaemental systems. 


9. Shew that any Jamina is dynamically equivalent to three particles, 
each one-third of the mass of the lamina, placed at the corners of a 
maximum triangle inscribed in the ellipse, ee equation referred to 


the principal axes at the centre of inertia is BR 7 +0 =9, where mA and 


mB are the principal moments of inertia about Ox and Oy and m is the 
mass, 


10. Shew that there is a momental ellipse at an angular point of a 
triangular area which touches the opposite side at its middle point and 
bisects the adjacent sides. [Use Art. 153.] 


11. Shew that there is a momental ellipse at the centre of inertia 
of a uniform triangle which touches the sides of the triangle at the 
middle points. 


198 Dynamics of a Rigid Body 


12. Shew that a uniform tetrahedron is kinetically equivalent to four 


particles, each of mass at the vertices of the tetrahedron, and a fifth 


, 4M ae Sie a 
particle, of mass ——, placed at its centre of inertia. 


Let OABC be the tetrahedron and through the vertex 0 draw any 
three rectangular axes OX, OY, OZ. Let the coordinates of A, GB and C 
referred to these axes be (21, 71, %)) (2, Y2, 22) and (Hs, 43, 23), 80 that 
the middle point of BC is Grae J ae - at): Take any section 
PQR parallel to ABC at a perpendicular distance € from 0; its area is 


2 
Ao ei where Ay is the area of ABC and p is the perpendicular from 0 


on ABC. By Art. 153 the moment of inertia of a thin slice, of thickness 
dé, about Ox 


2 
=that of three particles, each - Aop . 5. dé placed at the middle 
points of QR, RP and PQ 


i ie E yotys\* oe 
ae Ap eae |G: a ial +two similar terms 


2 
+ (. i) + two similar terms ]. 


Hence, on integrating with respect to € from 0 to p, the moment of 
inertia about OX of the whole tetrahedron 


ul 
=i: Ap. f [{(y2+45)? + (ze +23)*} + two similar expressions] 
™~ 


al ity ty? + yeystysntniys 1 
tai d el al+ ante bam | ee (1). 
Now the moment of inertia about OY of four particles, each of mass = ; 


at the vertices of the tetrahedron, and of - at its centre of inertia 


= = [(y:2 +212) + two similar terms] + 5 | (“tet vi (3 sate F 


and this, on reduction, equals (1). Similarly for the moments about the 
axes OY and OZ. 
In a similar manner the product of inertia of the tetrahedron about 
OY, 02 
a ’ [(yo+Ys) (22+23) + two similar expressions].........ceeee (2), 
and that of 2 five particles 


4M (y+: i 2+Ys) (at+22+ %s) | 


= 50 © [yetatyate-tymi) += 4 


and this is easily seen to be equal to veh 
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Also it follows at once that the centre of inertia of the tetrahedron 
coincides with the centre of inertia of the five particles. 

The two systems are therefore equal momental, for, by Arts. 147 
and 148, their moments of inertia about any straight line is the same. 


13. Shew that 2 tetrahedron is kinetically equivalent to six particles 
at the middle points of its edges, each ;4,th of the mass of the tetrahedron 
and one at the centroid 2th of the mass of the tetrahedron. 


155. To find whether a given straight line ts, at any point 
of its length, a principal axis of a given material system, and, if 
so, to find the other two principal axes. 

Take the given straight line as the axis of z, with any point 
O on it as origin, and any two perpen- 
dicular lines OX, OY as the other two 
aXes, 

Assume that OZ is a principal axis 
at a point C of its length and let CX’, 
CY’ be the other two principal axes 
where OX’ is inclined at an angle 0 
to a line parallel to OX. Let OC be A. 

Let x, y, 2 be the coordinates of 
any particle m of the material system 
referred to OX, OY, OZ and 2’, y’, 2 its coordinates referred to 
CX2°CY, CZ. 

Then 

z=2¢+h, «c=2'cos0—y'sin#, and y=a'siné+y' cos 8, 
so that 


a’ =xcosO+ysin0, y’=—a#sind+ycos9, and 2=z2-h. 
=my'2' = Ym (— wz sin 6 + yz cos 0 + ha sin 0 — hy cos A) 
= Dcos0—Hsin6+ Mh(%sin€—Ycos @) .........(1), 


with the notation of Art. 148, 
Smz'a' = Sm[axz cos 0 + yz sin 6 — ha cos 6 — hysin 6) 
= Dsin@+ Hcos 0— Mh (& cos 0 +7sin @) ...(2), 
and 
=ma'y! = Xm [— # sin 6 cos @ + wy (cos* 6 — sin? @) +7 sin 0 cos 6] 
Soh Sine (Anas) COS DO carn ve ranctaeys Tommi rales os (3). 
If CX’, CY’, CZ are principal axes, the quantities (1), (2), 
(3) must vanish. 


2F 
The latter gives tan 20 = Rod ee (4). 
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From (1) and (2) we have 
sin 6— Deos@ __Dsin@+ Ecosé 


zsind—yeos@ ZcosO+ysind pes 
‘ ED 
These give Bg ete eerie (5), 
D* it 
and h=—— Ma ee seeeteseeeees (6). 


(5) is the condition that must hold so that the line OZ may 
be a principal axis at some point of its length, and then, if it be 
satisfied, (6) and (4) give the position of the point and the 
directions of the other principal axes at it. 


156. If an axis be a principal axis at a point O of its 
length it is not, in general, a principal axis at any other point. 
For if it be a principal axis at O then D, F and F are all zero; 
equation (6) of the previous article then gives h = 0, ze, there 
is no other such point as C, except when &@=0 and 7=0. 
In this latter case the axis of z passes through the centre of 
gravity and the value of h is indeterminate, 2. the axis of z is 
a principal axis at any point of its length. 

Hence af an aais passes through the centre of gravity of 
a body, and is a principal axis at any point of tts length, it ts 
a principal awis at all points of its length. 


157. If the body be a lamina, as in the figure of Art. 149, 
the principal axes at a point O are a normal OZ to its plane, 
and two lines OX’, OY’ inclined at an angle 8 to OX and OY. 

In this case, since z is zero for every point of the lamina, 
both D and # vanish. Hence equation (6) of Art. 155 gives 
h=0, and @ is given by 

2F 
tan 26 = eA . 

As a numerical illustration, take the case of the triangle 

of Art. 153. 
caylee _ M(B cos? C+ c cos? B] . 
Boreas i ity eee | — be cos B cos 0 | 


and paMiganaeen 
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The inclination @ of one of the principal axes to AX is then 
given by the above formula. 


158. The principal axes at any point P of a lamina may 
be constructed as follows. 

The plane of the lamina being the plane of the paper, 
let G be its centre of inertia and GX, GY the principal axes 
at G, the moments of inertia about which are A and B, A being 
greater than B. 

On GX take points S and H, such that 


A-B 
qs—oH=,/45%. 


Then, by Art. 147, the moment of inertia about SY’, parallel 
to GY, =B+M.GS*= 4, 
so that the moments of 
inertia about SX and SY’ 
are both equal to A. 

Also the product of in- ; 
ertia about SX, SY’ H Gag S X 

= im(«—GS8).y= may —GS.my =0, 
since GX and GY are the principal axes at G, and since G is 
the centre of inertia. 

Hence S is a point such that SX and SY’ are the principal 
axes, and the moments about each are equal to A. 

Hence, by Art. 149 or 152, any line through S in the plane 
of the paper is a principal axis at S, and the moment of inertia 
about it is A. 

Similarly for any line through H. 

Hence the moments of inertia about SP and HP are each 
equal to A. Also the normal at P to the lamina is clearly one 
of the principal axes at P, so that the other two lie in the 
plane of the lamina. If then we construct the momental ellipse 
at P, its radii-vectores in the directions PS and PH must be 
equal, since we have shewn that the moments of inertia about 
PS and PH are the same. Also in any ellipse equal radii- 
vectores are equally inclined to its principal axes, so that the 
latter bisect the angles between equal radii-vectores. 

Hence the principal axes of the momental ellipse at P, 
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i.e. the principal axes of the lamina at P in its plane, bisect the 
angles between PS and PH. 

If then, with S and ZH as foci, we describe an ellipse to pass 
through any point P of the lamina, the principal axes of the 
lamina are the tangent and normal to this ellipse at P. The 
points S and H are hence known as the Foci of Inertia. 


159. The proposition of the preceding article may be 
extended to any body, if G be the centre of inertia, GX, GY, 
and @Z its principal axes at G and P be any point in the plane 
of XY. 


EXAMPLES 


1. If A and B be the moments of inertia of a uniform lamina about 
two perpendicular axes, OX and OY, lying in its plane, and / be the product 
of inertia of the lamina about these lines, shew that the principal moments 
at O are equal to $[A+B+/(A—B)*+4F?]. 


2. The lengths AB and AD of the sides of a rectangle ABCD are 2a 
and 2b ; shew that the inclination to AB of one of the principal axes at A 
is ant us 

2 2 (a? — 6?) ° 

3. A wire is in the form of a semi-circle of radius a; shew that at an 
end of its diameter the principal axes in its plane are inclined to the 

u 1 4 wv i 4 
diameter at angles g tan” = and 5c g tant er, 

4. Shew that at the centre of a quadrant of an ellipse the principal 
axes in its plane are inclined at an angle 5 tan? € s a 


5. Find the principal axes of an elliptic area at any point of its 
bounding are. 


) to the axes. 


6. At the vertex C of a triangle ABC, which is right-angled at C, the 
principal axes are a perpendicular to the plane and two others inclined to 
ab 
ep 
7. ABC is a triangular area and AD is perpendicular to BC; Fis 
the middle point of BC and O the middle point of DH; shew that BC isa 
principal axis of the triangle at 0. [Use the property of Art. 153.] 


the sides at an angle 5 tant 


8. A uniform square lamina is bounded by the axes of x and y and 

the lines v=2c, y=2e, and a corner is cut off by the line = +5 =2, 
a 

Shew that the principal axes at the centre of the square are inclined 
ab—2(a+6)c+3c? 


to the axis of 2 at angles given by tan 26= (a—b)(a+b—2c) ° 
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9. A uniform lamina is bounded by a parabolic are, of latus-rectum 4a, 
and a double ordinate at a distance } from the vertex. If bee (7+4,/7), 


shew that two of the principal axes at the end of a latus-rectum are the 
tangent and normal there. 


10. Shew that the principal axes at the node of a half-loop of the 
lemniscate r?=a?cos20 are inclined to the initial line at angles 


1 1 w 1 1 
= tan71 — wT y= tan = 
5 tan g and 3 t+ 9 tan 5° 
ll. The principal axes at a corner O of a cube are the line joining 0 
to the centre of the cube and any two perpendicular lines. 


12. If the vertical angle of a cone is 90°, the point at which a 
generator is a principal axis divides the generator in the ratio 3: 7. 
[Use Art. 159.] 


13. Three rods AB, BC and CD, each of mass m and length 2a, are 
such that each is perpendicular to the other two, Shew that the principal 
moments of inertia at the centre of mass are ma’, 1-ma? and 4ma*. 


14. The length of the axis of a solid parabola of revolution is equal to 
the latus rectum of the generating parabola. Prove that one principal axis 
at a point of the circular rim meets the axis of revolution at an angle 


$tan14, 


CHAPTER XIT ~ 


DALEMBERT’S PRINCIPLE 


THE GENERAL EQUATIONS OF MOTION 


160. We have already found that, if 2, y, z be the co- 
ordinates of a eae m at time ¢, its motion is found by 


equating m ~ to the force parallel to the axis of #, and 


de 
similarly for the motion parallel to the axes of y and z. 

If m be a portion of a rigid body its motion is similarly 
given, but in this case we must include under the forces 
parallel to the axes not only the external forces acting on the 
particle (such as its weight), but also the forces acting on the 
particle which are due to the actions of ‘the rest of the body 
on it. 

2 

The quantity m a 
the particle parallel to the axis of x. [It is also sometimes 
called the kinetic reaction of the particle.] 

Thus we may say that the 2-component of the effective 
force is equivalent to the x-component of the external forces 
together with the x-component of the internal forces, 

or again that the #-component of the reversed effective 
forces together with the x-components of the external and 
internal forces form a system in equilibrium. 

So for the components parallel to the axes of y and z. 

Hence the reversed effective force, the external force, and 
the internal force acting on any particle m of a body are in 
equilibrium, 


is called the effective force acting on 
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So for all the other particles on the body. 

Hence the reversed effective forces acting on each particle 
of the body, the external forces, and the internal forces of the 
body are in equilibrium. Now the internal forces of the body 
are in equilibrium amongst themselves ; for by Newton’s third 
law there is to every action an equal and opposite reaction. 

Hence the reversed effective forces acting on each particle of 
the body and the eaternal forces of the system are in equilibrium. 

This is D’Alembert’s principle. It was enunciated by him 
in his Tratté de Dynamique published in the year 1743. It 
will be noted however that it is only a deduction from Newton’s 
Third Law of Motion. 


161. Let X, Y, Z be the components parallel to the axes 
of the external forces acting on a particle m whose coordinates 
are z, y, z at the time ¢. 

Then the principle of the preceding article says that forces 
whose components are 


acting at the point (2, y, 2), together with similar forces acting 
at each other such point of the body, form a system in equi- 
librium, 

Hence, from the ordinary conditions of equilibrium (Statics, 
Art. 165), we have 


3 (¥-m Sh) =0, 
& (Z—m 5) =0, 


Sue da? ax 
and x |o(v— mS) ~y(x-moq) [=o 
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hee ene See ee ee (1), 
et IS 5 amen eke: (2), 

=m ts st L- wiavanteranates Gok ee (3), 

=m (y55- St) = T(YSH2¥y cvctees 2a); 

Sm (255 ~2 os) SSE R Ge AE ese (5), 

a Bm (« Sty on) Siey 275 ee (6). 


These are the equations of motion of any rigid body. 

Equations (1), (2), and (8) state that the sums of the 
components, parallel to the axes of coordinates, of the effective 
forces are respectively equal to the sums of the components 
parallel to the same axes of the external impressed forces. 

Equations (4), (5), (6) state that the sum of the moments 
about the axes of coordinates of the effective forces are re- 
spectively equal to the sums of the moments about the same 
axes of the external impressed forces. 


162. Motion of the centre of inertia, and motion relative to 
the centre of inertia. 

Let (%, ¥, Z) be the coordinates of the centre of imertia, and 
M the mass of the body. 

Then M&% = =m throughout the ae and therefore 


2 
ME ae 
Hence equation (1) of the last article gives 
M = PBN Bea estes ces see eeeeesn (1) 
So Ye ee ee (2), 
and u D Zi ceeses ces teee een (3). 


But these are the equations of motion of a particle, of 
mass J, placed at the centre of inertia of the body, and acted 
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on by forces parallel to, and equal to, the external forces acting 
on the different particles of the body. 

Hence the centre of inertia of a body moves as if all the mass 
of the body were collected at it, and as if all the external forces 
were acting at it in directions parallel to those in which they act. 

Next, let (#’, y’, 2’) be the coordinates, relative to the centre 
of inertia, G, of a particle of the body whose coordinates referred 
to the original axes were (z, y, 2). 

Then @=2%+28, y=9t+y and z=Z74+2 
throughout the motion. 

_ Pa Ae da dy dy , dy dz dz dz 

ae de ae ae det ae ae a ae 

dz ou ay _ az dz ay dy 
Yap? ge Oty) (iat Hoe Fame “(Get a 
Hence the equation (4) of the last article gives 


HE pea! 
3m (75a? 2G) + 3m m(y/ yap * 2 


i S| 7 die’ 5 , 0% 5 vy Fe] 


Tae tY Ga- 2 ae? ae 
=> [((9+y') Z—(2+2) Y]...(4). 
Now ay 


Sm =the y-coordinate of the centre of inertia 


referred to @ as ee 0, 


and therefore xmy’=0 and Sip a ae =; 


2’ 


so Sime’ =0 and yt a =0, 
Hence (4) gives 


ula? Th +m (y a) 


I dp" de de” dé 
= 3 (y7Z-2Y+yZ-7Y]...(5). 
But equations (2) and (3) give 
u va Zz 58 |- Sa ea 
*. (5) gives 
=m ly - ‘ot = Dente 4) caer (6). 
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But this equation is of the same form as equation (4) of the 
last article, and is thus the same equation as we should have 
obtained if we had regarded the centre of inertia as a fixed 
point. 

Hence the motion of a body about its centre of inertia is the 
same as it would be if the centre of inertia were fixed and the 
same forces acted on the body. 


163. The two results proved in the previous article shew 
us that the motion of translation of the body can be considered 
independently of the motion of rotation. 

By the first result we see that the motion of the centre of 
inertia is to be found by the methods of Dynamics of a Particle. 

By the second result we see that the motion of rotation is 
reduced to finding that of a body about a fixed point. 

As a simple example, consider the case of a uniform stick 
thrown into the air in such a way that at the start its centre is 
moving in a given direction and at the same time it is rotating 
with given angular velocity about its centre. [Neglect the 
resistance of the air and suppose gravity to be constant.] By 
the first result the motion of the centre of inertia is the same 
as if there were applied at it all the external forces acting on 
the body in directions parallel to that in which they act. In 
this case these external forces are the wéights of the various 
elements of the body; when applied at the centre of inertia 
they are equivalent to the total weight of the body. Hence 
the centre of the stick moves as if it were a particle of mass M 
acted on by a vertical force Mg, z.e. it moves just as a particle 
would under gravity if it were projected with the same velocity 
as the centre of the stick. Hence the path of the centre of the 
stick would be a parabola, 

In a subsequent chapter it will be seen that the angular 
velocity of the stick will remain unaltered. Hence the centre 
of the stick will describe a parabola and the stick revolve 
uniformly about it. 

As another example consider a shell which is in motion in 
the air and suppose that it bursts into fragments. The internal 
forces exerted by the explosion balance one another, and do not 
exert any influence on the motion of the centre of inertia of 
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the shell. The centre of inertia therefore continues to describe 
the same parabola in which it was moving before the explosion. 
[The motion is supposed to be in vacuo and gravity to be 
constant. | 


164. Equation (1) of Art. 161 may be written in the form 
d dx 
“jbo eetes 
1.@, di [Total momentum parallel to the axis of «] 


= Sum of the impressed forces parallel to OX. 
So for the other two axes. 


Also (4) can be written 


d dz dy 
di [3m We - 2) | = 2 (yZ—-2Y), 
1.6. di [Total moment of momentum about the axis of a] 


= Sum of the moments of the impressed forces about OX. 


165. As an example of the application of D’Alembert’s principle let us 
consider the following question. 

A uniform rod OA, of length 2a, free to turn about its end O, revolves with 
uniform angular velocity w about the vertical OZ through O, and is inclined at 
a constant angle a to OZ ; find the value of a. 

Consider an element PQ of the rod, such that OP=é and PQ=dt. Draw 
PN perpendicular to OZ. By Elementary 
Dynamics, the acceleration of P is w?. PN 
along PN. 

Hence the reversed effective force is 


a q m | .w?, sina as marked. 
2a 


All the reversed effective forces acting at 
different points of the rod, together with the 
external force, i.e. the weight mg, and the 
reactions at O, form a system of forces in 
atatical equilibrium. 

Taking moments about O to avoid the 
reactions, we therefore have 


mg .asina=moment about O of all the several effective forces 


dt : 
=> sem |. w%€ sin ax € cosa 


2 aj 2a 2 

mw* sin a COs a . 4a 

=—_____— £2, d§=mw? sin a cosa, —. 
2a 0 8 


L. D. 14 


210 Dynamics of a Rigid Body 


39 2 if 2c od. 
ion" If 39> 4w2a, f.e. if w <7, the second 


equation gives an impossible value for a, and the only solution in this case 
3g 
4u%a 


Hence either a=0, or cosa= 


is a=0, t.e. the rod hangs vertically. If 39<4w%a, then a=cos! 


EXAMPLES 


1. A plank, of mass W, is initially at rest along a line of greatest 
slope of a smooth plane inclined at an angle a to the horizon, and a man, 
of mass ’, starting from the upper end walks down the plank so that it 
does not move; shew that he gets to the other end in time 


(M+) gsina’ 
where a is the length of the plank. 


2. A rough uniform board, of mass m and length 2a, rests on a 
smooth horizontal plane, and a man, of mass J, walks on it from one 
end to the other. Find the distance through which the board moves 
in this time. 

[The centre of inertia of the system remains at rest.] 


3. A rod revolving on a smooth horizontal plane about one end, 
which is fixed, breaks into two parts; what is the subsequent motion 
of the two parts? 


4, A circular board is placed on a smooth horizontal plane, and a boy 
runs round the edge of it at a uniform rate; what is the motion of the 
centre of the board ? % 

5. A rod, of length 2a, is suspended by a string, of length 2, attached 
to one end ; if the string and rod revolve about the vertical with uniform 
angular velocity, and their inclinations to the vertical be 6 and ¢ re- 


31 (4tané-3tan¢)sing 
spectively, shew that a  (tang@—tané) sin é 


6. A thin circular disc, of mass M and radius a, can turn freely about 
a thin axis, OA, which is perpendicular to its plane and passes through 
a point O of its circumference. The axis 0A is compelled to move in a 
horizontal plane with angular velocity » about its end A. Shew that the 
inclination @ to the vertical of the radius of the disc through 0 is 


cos7} (S): unless o<f, and then @ is zero, 
/@) 


7. A thin heavy disc can turn freely about an axis in its own plane, 
and this axis revolves horizontally with a uniform angular velocity 
about a fixed point on itself. Shew iy the inclination 6 of the plane 


of the disc to the vertical is cos~ ee a where / is the distance of the 
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centre of inertia of the disc from the axis and & is the radius of gyration 
of the disc about the axis. 
gh 
ke? 
8. Two uniform spheres, each of mass M and radius a, are firmly 
fixed to the ends of two uniform thin rods, each of mass m and length Z, 
and the other ends of the rods are freely hinged to a point 0. The whole 
system revolves, as in the Governor of a Steam-Engine, about a vertical 
line through O with angular velocity w. Shew that, when the motion 


is steady, the rods are inclined to the vertical at an angle 6 given by the 
equation 


If at< then the plane of the disc is vertical. 


M(L+a)+més 


cos 6= + 
@* 


U (+a)+ mz 


Impulsive Forces 


166. When the forces acting on a body are very great and 
act for a very short time, we measure their effects by their 
impulses. If the short time during which an impulsive force 


T 
X acts be 7, its impulse ig | & dt. 
0 


In the case of impulsive forces the equations (1) to (6) of 
Art. 161 take a different form. 
Integrating equation (1), we have 


dz if fi a ie 
| 3m al =. SX .dt=3 Kae 


If u and wu’ be the velocities of the particle m before and 

after the action of the impulsive forces, this gives 

Sm (u! — wu) = LX, 
where X’ is the impulse of the force on m parallel to the axis 
of x. 

This can be written 

mu’ — Smu= =X" ......06 Bains coeuts (1), 
aie. the total change in the momentum parallel to the axis of « 
is equal to the total impulse of the external forces parallel to 
this direction. 

Hence the change in the momentum parallel to Ox of the 
whole mass M, supposed collected at the centre of wmertia and 
moving with it, is equal to the impulse of the external forces 
parallel to Ox. 

14—2 
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So for the change in the motion parallel to the axes of y 
and z, the equations being 


Sin = Dan = Si a cea esas becatns (2), 
and Sl — St ss Lo a raves sane ae oaks (3). 
Again, on integrating equation (4), we have 


am (9 =o ]f=3 [5 ffaa-+ [7a 


1.€. Xm [y (w’ — w) —2(v' —0)] = S [yZ -2Y’. 
Hence 
Xm [yw — 2v'] — Ym [yw — zvJ==(yZ'— zY’) ...(4). 
Hence the change in the moment of momentum about the asis 
of x is equal to the moment about the axis of x of the impulses of 


the external forces. 
So for the other two axes, the equations being 


Sim (zu! — ew’) — Xm (eu — aw) => (2X’—aZ’) ...(5), 
and 2m (av' — yu') — Lm (av — yu) = (wY’ — yX’)...(6). 


167. The equations of Arts. 161 and 166 are the general 
equations of motion of a rigid body under finite and impulsive 
forces respectively, and always give the motion. They are not 
however in a form which can be easily i to any given 
problem. 

Different forms are found to be desirable, and will be obtained 
in the following chapters, for different classes of Problems. 


CHAPTER XIII 
MOTION ABOUT A FIXED AXIS 


168. Let the fixed axis of rotation be a perpendicular 
OZ at O to the plane of the 
paper, and let a fixed plane 
through OZ cut the paper in OA. 

Let a plane ZOG, through OZ A 
and fixed in the body, make an 

angle @ with the fixed plane, so 

that 2 AOG = 8@. 

Let a plane through OZ and 
any point P of the body make 
an angle ¢ with ZOA and cut the plane of the paper in OQ, so 
that 2 AOQ=¢. 

As the body rotates about OZ the angle QOG remains the 
same always, so that the rate of change of @ is the same as that 
of ¢. 

e _ dp _ dé qd dp dd 
. Somer anda so de de 

If r be the distance, PM, of the particle P from the axis OZ, 

then, since P describes a circle about M as centre, its accelera- 


tions are r (ey along PM and r aS perpendicular to PM. 


Hence its effective forces in these directions are 
df d? dd dé 0 
mr (4 ry and mr— aR 1.é. mr (=) and mr va 
Hence the moment of its effective forces about the axis 
Oz is 


rye ald a 7, a0 
Gime da” 
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Hence the moment of the effective forces of the whole body 


about OZ is 
.. 
te. Ta 
since ee is the same for all particles of the body. 

Now Smr? is the moment of inertia, Mk’, of the body about 
the axis. Hence the required moment of the effective forces is 


une, where @ is the angle any plane through the axis 
which is fixed in the body makes with any plane through the 


axis which is fixed in space. 
169. Kinetic energy of the body. 
The velocity of the particle m is r = 1.8. Psat Its energy 


=m. : g 


apt x Smr?, 


dt” 
is therefore ;™ (r Je Hence the total kinetic energy of the 
body 4 
ie , (20? He : 1 /ad6\* 
170. Moment of momentum of the body about the fixed 
axis. 


The velocity of the particle m is re in a direction perpen- 


dicular to the line, of length r, drawn from m perpendicular to 
the axis. Hence the moment about the axis of the momentum 


dé a9 
of m is mr xX r—,1t,e. mr—. Hence the moment of momentum 


dt’ dt 
of the body 
dé dé , a0 
= Dm. woe =mr = Mie. Ti 

171. To find the motion about the axis of rotation. 

Art. 161 tells us that in any motion the moment of the 
effective forces about the axis is equal to the moment of the 
impressed forces. Hence, if Z be the moment of the impressed 
forces about the axis of rotation, in the sense which would 
cause @ to increase, we have 


a6 
Mik? AS 
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This equation on being integrated twice will give 0 and & 


in terms of the time ¢. The arbitrary constants which appear 
in the integration will be known if we are given the position 
of the plane ZOG, which is fixed in the body, and its angular 
velocity at any time. 


172, Ez.1. A uniform rod, of mass m and length 2a, can turn freely about 
one end which is fixed ; it is started with angular velocity w from the position in 
which it hangs vertically ; find the motion. 

The only external force is the weight Mg whose moment L about the fixed 
axis is Mg.asin@, when the rod has revolved 
through an angle 9, and this moment tends to 
lessen 9. Hence the equation of motion is 


O 


a @ =u? 52 (1 0088)......0), 


giving the angular velocity at any instant. In 
general the equation (1) cannot be integrated further, so that t cannot be found 
in terms of 9. 


a0 

gee i ‘ 

Mk Fis Mga sin 0, 

2 q2 ‘ 

or, since k2 = = ; = = eg sin 0. 
oe we have 

: 25 cos9+0, where 2 =! +¢, : 

2 4a : 

| 

1 


The angular velocity = gets less and less as 6 gets bigger, and just vanishes 


ener. 3g 
when @= 7, 7.e. when the rod is in its highest position, if w=n/*8. 
This is the least value of the angular velocity of the rod, when in its 
lowest position, so that the rod may just make complete revolutions. With 
this particular angular velocity the gan ) gives 


ee 39 = (1 +008 9) =*8 “2 | cos? a 


@ — 6 
ae =2 [108 tan (F+ +h 
eos! 5 


=2log tan (fs i): 
giving the time of describing any angle @ in this particular case, 


Energy and Work. 

The equation (1) may be written in the form 
2 2 402 

5 i. (=) - 5M. 5. w= - Mya (1-cos 0), 

i.e., by Art. 169, the change in the kinetic energy of the body is equal to the 

work done against the weight of the body. 
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Ex.2. A fine string has two masses, M and M’, tied to its ends and passes 
over a-rough pulley, of mass m, whose centre is fixed; if the string does not 


slip over the pulley, shew that M will descend with acceleration oe 3° 9s 


M+M'+m—-, 
a 


where a ts the radius and k the radius of gyration of the pulley. 
If the pulley be not sufficiently rough to prevent sliding, and M be the 
é : bo i. DE = 
descending mass, shew that its acceleration t¢ — 
M+M' eh" 
2M IM’ ga (e*™ -1) 
mk? (M+ M' e#™) * 

Let Z and T’ be the tensions of the string when the pulley has turned 
through an angle @; and let the depths of DJ and M’ 
below the centre of the pulley be x and y. Then, by 
Art. 171, the equation of motion of the pulley is 

120 (Li DP \ a ee ee scosencanaea! (1). 

Also the equations of motion of the weights are 

Mi=Mg-T and M'yj=M'g-T" ...(2). 

Again x+y is constant throughout the motion, 

so that 


g, and that the pulley 


will now spin with an angular acceleration equal to 


First, let the pulley be rough enough to prevent 
any sliding of the string, so that the string and pulley 
at A are always moving with the same velocity. Then 
a=a0 always, and therefore 


Hal Vasa 


a 4 ss = M—-—M’ 
Equations (1) to (4) give 9 00 = are giving the constant 


M+M' +m 


acceleration with which M descends. 


2 
If the pulley be a uniform disc, k?= > , and this acceleration is 


M-WM’' 
mo" 
M+M'+ 3 
ar : M-M' 
If it be a thin ring, k2=a?, and the acceleration is M+ am” 


Secondly, let the pulley be not rough enough to prevent all sliding of the 
string. In this case equation (4) does not hold; instead, if « be the coefficient 
of friction, we have (Statics, Art. 266), 


NUS Ceres eres ceasucnectrenecter teste scvesees(D)s 
Solving (2), (3) and (5), we have 
Tiewr = pa 2M Mg ee ¢-U- M’ evr 
M+M'eu’ M+ mewn 


ja 294 (e4* -1) MM’ 
mk? “M+ Mer" 
The result of the first case might have been easily obtained by assuming the 
Principle of Work and Energy ; in the second case it does not apply. 


and then (1) gives 
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EXAMPLES 


1. A cord, 10 feet long, is wrapped round the axle, whose diameter 
is 4 inches, of a wheel, and is pulled with a constant force equal to 
50 lbs. weight, until all the cord is unwound. If the wheel is then 
rotating 100 times per minute, shew that its moment of inertia is 


207 f.-1b. units, 
T 


2. <A uniform wheel, of weight 100 lbs. and whose radius of gyration 
about its centre is one foot, is acted upon by a couple equal to 10 ft.-lb. 
units for one minute ; find the angular velocity produced. 

Find also the constant couple which would in half-a-minute stop the 
wheel if it be rotating at the rate of 15 revolutions per second. Find also 
how many revolutions the wheel would make before stopping. 


3. A wheel consists of a disc, of 3 ft. diameter and of mass 50 lbs., 
loaded with a mass of 10 lbs. attached to it at a point distant one foot 
from its centre; it is turning freely about its axis which is horizontal. 
If in the course of a single revolution its least angular velocity is at the 
rate of 200 revolutions per minute, shew that its maximum angular 
velocity is at the rate of about 204'4 revolutions per minute. 


4. Two unequal masses, Mand Y’, rest on two rough planes inclined 
at angles a and 8 to the horizon; they are connected by a fine string 
passing over a small pulley, of mass m and radius a, which is placed at 
the common vertex of the two planes; shew that the acceleration of 
either mass is 


2 
g [i (sin a—p cos a)— Ul’ (sin 8+ u'00s 8)]-+| M+ IL-+m “a> 


where p, p’ are the coefficients of friction, & is the radius of gyration 
of the pulley about its axis, and Mis the mass which moves downwards. 


5. A uniform rod AB is freely movable on a rough inclined plane, 
whose inclination to the horizon is 7 and whose coefficient of friction is p, 
about a smooth pin fixed through the end A; the bar is held in the 
horizontal position in the plane and allowed to fall from this position. 
If 6 be the angle through which it falls from rest, shew that 


6. A uniform vertical circular plate, of radius a, is capable of revolving 
about a smooth horizontal axis through its centre; a rough perfectly 
flexible chain, whose mass is equal to that of the plate and whose length 
is equal to its circumference, hangs over its rim in equilibrium; if one 
end be slightly displaced, shew that the velocity of the chain when the 


other end reaches the plate is rN ys ~~ 
[Use the Principle of Energy and Work.] 
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7, A uniform chain, of length 20 feet and mass 40 lbs., hangs in 
equal lengths over a solid circular pulley, of mass 10 Ibs. and small 
radius, the axis of the pulley being horizontal. Masses of 40 and 35 lbs. 
are attached to the ends of the chain and motion takes place. Shew 
that the time taken by the smaller mass to reach the pulley is 

oT hog, (9+4./5) secs. 

8. A heavy fly-wheel, rotating about a symmetrical axis, is slowing 
down under the friction of its bearings. During @ certain minute its 
angular velocity drops to 90°/, of its value at the beginning of the minute. 
What will be the angular velocity at the end of the next minute on the 
assumption that the frictional moment ws (1) constant, (2) proportional 
to the angular velocity, (3) proportional to the square of the angular 
velocity ? 

Let J be the moment of inertia of the body about its axis, w its 
angular velocity at any time ¢, and Q its initial angular velocity. Let 
aQ be the angular velocity at the end of the second minute. 


(1) If /’be the constant frictional moment, the equation of Art. 171 is 


dw 


. lo= —-Ft+C=-— Ft+Jo, 
ere I. 7..9=-F.60+19, and J.20=—F'.190+Io. 


Pa) 
~ 100° 
(2) If the frictional moment is Xo, the equation of motion is 
dw mm 
[—=-—)o. 
di Ao 
., Jloga#=—At+const. 
rN rN 
Sat ->. 
. wo=Ce T =0¢ 1 x 
_ aes 
where OOS al and 2Q=Qe ipl 


oe 1 cf 3 al! 
ee SNA 00" 
(3) Let the frictional moment be po, so that the equation of motion is 


dw 
Se oe 2 
la po’. 


2 ies fi If 
o*e L.7 =ptt+Captt 5, 


10 
her == 
where I 90 


SD beets 1 is 
=. 60+65, and 1. Fg aH 12045 


The Compound Pendulum 219 


With the three suppositions the angular velocity at the end of two 
minutes is therefore 80, 81, and 81,%°/, of the initial angular velocity. 


9. A fly-wheel, weighing 100 lbs. and having a radius of gyration 
of 3 ft., has a fan attached to its spindle. It is rotating at 120 revolutions 
per minute when the fan is suddenly immersed in water. If the resistance 
of the water be proportional to the square of the speed, and if the angular 
velocity of the fly-wheel be halved in tiaree minutes, shew that the initial 
retarding couple is 207 it.-poundals. 


10. <A fly-wheel, whose moment of inertia is J, is acted on by a variable 
couple Gcospt; find the amplitude of the fluctuations in the angular 
velocity. 


THE COMPOUND PENDULUM 


173. Ifa rigid body swing, under gravity, from a fixed 
horizontal awis, to shew that the time of a complete small oscilla- 


2 
tion ts gen ip , where k is its radius of gyration about the fixed 


axis, and h is the distance between the fixed axis and the centre 
of inerira of the body. 

Let the plane of the paper be the plane through the centre 
of inertia G perpendicular to the fixed axis; let it meet the 
axis in O and let @ be the angle between the vertical OA and the 
line OG, so that @ is the angle a plane fixed in the body makes 
with a plane fixed in space. 

The moment Z about the horizontal axis of rotation OZ of 
the impressed forces 

= the sum of the moments of the weights of the component 
particles of the body 
=the moment of the weight Mg acting at G 
= Mghsin 0, where OG =h, 
and it acts so as to diminish 0. 
Hence the equation of Art. 171 becomes 
ue =—Mghsin9, ve. oo =— Hsin 9 ieee (1). 

If 6 be so small that its cubes and higher powers may be 

neglected, this equation becomes 


BO gh 
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The motion is now simple harmonic and the time of a 
complete oscillation is 


orn Nee 
— =, 16.27 —. 
gh hg 
Vi 
By Art. 97 the time of oscillation is therefore the same as 


that of a simple pendulum of length = This length is that of 


the simple equivalent pendulum. 

Even if the oscillation of the compound pendulum be not 
small, it will oscillate in the same time as a simple pendulum 
of length 7 

For the equation of motion of the latter is, by Art. 97, 

0 —gsnd_ gh. 

GH. det ie 

h 

which is the same equation as (1). Hence the motion given 
by (1) and (8) will always be the same if the initial conditions 
of the two motions are the same, e.g. if the two pendulums are 
instantaneously at rest when the value of @ is equal to the 
same value « in each case, or again if the angular velocities of 
the two pendulums are the same when each 1 is passing through 
its position of stable equilibrium. 


174. If from O we measure off, along OG, a distance 00,, 
equal to the length of the simple equivalent 


pendulum = the point O, is called the centre : 1 
of oscillation. 
G 


We can easily shew that the centres of 
suspension and oscillation, O and Q,, are con- 
vertible, 2.e. that if we suspend the body from 
O, instead of from O, then the body will swing 
in the same time as a simple pendulum of 
length 0,0. Oi Oz 

For we have 
ee K*+0@ 


00; Ga = Ocaes 


The Compound Pendulum 221 


where K is the radius of gyration about an axis through @ 
parallel to the axis of rotation. 
Hence K4=0G6 .00)— 0@=0G . GO) i tiiiisctie. (1). 
When the body swings about a parallel axis through 0,, 
let O, be the centre of oscillation. We then have, similarly, 
OME O Ga On. wrist enc tert mee (2). 
Comparing (1) and (2) we see that O, and O are the same 
point. Hence when 0, is the centre of suspension, 0 is the 
centre of oscillation, so that the two points are convertible. 
This property was used by Captain Kater in determining 
the value of g. His pendulum has two knife-edges, about 
either of which the pendulum can swing. It also has a movable 
mass, or masses, which can be adjusted so that the times of 
oscillation about the two knife-edges are the same. We then 
know that the distance, J, between the knife-edges is the length 
of the simple equivalent pendulum which would swing in the 
observed time of oscillation, 7’, of the compound pendulum. 
Hence g is obtained from the formula 7’ = 27 a 
For details of the experiment the Student is referred to 
practical books on Physics. 


175. Minimum time of oscillation of a compound pendulum. 
If K be the radius of gyration of the body about a line 
through the centre of inertia parallel to the axis of rotation, 


then = K*+h’ 
Hence the length of the simple equivalent pendulum 
K*+h3 Ke 
ciiteh ae Te: 


The simple equivalent pendulum is of minimum length, and 


2 
therefore its time of oscillation least, when & (2 +7) =0, 


2 


1.¢e.when 1 — = =0, «ze when h=K, 


and then the length of the simple equivalent pendulum is 2K. 

If h=0 or infinity, z.e. if the axis of suspension either passes 
through the centre of inertia or be at infinity, the corresponding 
simple equivalent pendulum is of infinite length and the time 
of oscillation infinite. 
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The above gives only the minimum time of oscillation for 
axes of suspension which are drawn in a given direction. But 
we know, from Art. 152, that of all axes drawn through the 
centre of inertia G there is one such that the moment of inertia 
about it is a maximum, and another such that the moment of 
inertia about it isa minimum. If the latter axis be found and 
if the radius of gyration about it be Ky, then the axis about 
which the time is an absolute minimum will be parallel to it 
and at a distance K,. he 


176, Ex. Find the time of oscillation of a compound pendulum, consisting 
of arod, of mass m and length a, carrying at one end a sphere, of mass m, and 
diameter 2b, the other end of the rod being fixed. 


aa 2b 
Here (m+m) B=m.3 +m [ (a+ y+ ; 
a 
2 


Hence the length of the required simple pendulum 
a 2b 
mz + my [(a+oe+] 


ud 
2 


and (m+m,) h=m,.=+m, (a+b). 


2 
i m=+m, (a+b) 
177. Isochronism of Torsional Vibrations. 
Suppose that a heavy uniform circular dise (or cylinder) is 
suspended by a fairly long thin wire, attached. 
at one end to the centre C of the disc, and o 
with its other end firmly fixed to a point 0, 
Let the disc be twisted through an 
angle a about OC, so that its plane is still 
horizontal, and let it be then left to oscillate. 
We shall assume that the torsion-couple 
of the wire, we. the couple tending to twist 
the dise back towards its position of equi- 
librium, is proportional to the angle through 
which the disc has been twisted, so that the 
couple is X@ when the disc is twisted through 
an angle 0. 
Let M be the mass of the disc, and k its 
radius of gyration about the axis of rota- 
tion OC. 
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By Art. 171 the equation of motion is 


BO x » 
Mk? aan —r0, te. O=— F729. 
The motion is therefore simple harmonic, and the time of 
oscillation = ona / O. We = 20 rv a: Re (1). 


This time is independent of a, the amplitude of the oscilla- 
tion. 

We can hence test practically the truth of the assumption 
that the torsion-couple is \@. Twist the disc through any 
angle a and, by taking the mean of a number of oscillations, 
find the corresponding time of oscillation. Repeat the experi- 
ment for different values of a, considerably differing from one 
another, and find the corresponding times of oscillation. These 
times are found in any given case to be approximately the same. 
Hence, from (1), the quantity » is a constant quantity. 


178. Haperimental determination of moments of wnertia. 
The moment of inertia of a body about an axis of symmetry 
may be determined experimentally by the use of the preceding 
article. 

If the disc be weighed, and its diameter determined, then 
its Mk? is known. Let it be J. 

Its time of oscillation is then 7’, where 


Let the body, whose moment of inertia J’ about an axis of 
symmetry is to be found, be placed on the disc with this axis 
of symmetry coinciding with CO, and the time of oscillation 7’ 
determined for the compound body as in the previous article. 


Then [! =r "i ae A ae ottnaares (2). 
(1) and (2) give 
“fos eet Romane! Li aere anes oe T° —T? 
77 =a te = Lp 5 


giving J’ in terms of known quantitics. 
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EXAMPLES 


Find the lengths of the simple equivalent pendulums in the following 
cases, the axis being horizontal : 


1. Circular wire ; axis (1) a tangent, (2) a perpendicular to the plane 
of the wire at any point of its arc. 


2. Circular disc ; axis a tangent to it. 


3. Elliptic lamina ; axis a latus-rectum. vs 


4. Hemisphere ; axis a diameter of the base. [ Resu gs a. | 


15 


5. Cube of side 2a; axis (1) an edge, (2) a diagonal of one of its faces. 
| Result. (1) 5 V20; (2) =. 


6. Triangular lamina ABC; axis (1) the side BC, (2) a perpendicular 
to the lamina through the point A. 
; 1 3b?+43c?—a? 
Results, (1) 4bsnC; (2) -.———_. 
| Q) Paine; @) 7 
2+3 tana ; i. 
5 
8. Three equal particles are attached to a weightless rod at equal dis- 
tances a apart. The system is suspended from, and is free to turn about, 
a point of the rod distant # from the middle particle. Find the time of a 
small oscillation, and shew that it is least when 7=°82a nearly. 


7. Cone; axis a diameter of the base. [ Resut 


te 

9. A bent lever, whose arms are of lengths a and 6, the angle between 
them being a, makes small oscillations in its own plane about the fulcrum; 
shew that the length of the corresponding simple pendulum is 


2 a3 +08 
3 /at+2a°b? cosa +04 
10. A solid homogeneous cone, of height A and vertical angle 2a, 
oscillates about a horizontal axis through its vertex; shew that the 
length of the simple equivalent pendulum is * (4+ tan’ a). 


Il. A sphere, of radius a, is suspended by a fine wire from a fixed 
point at a distance 7 from its centre; shew that the time of a small 


a iid 7a 5+ 2a? Teena 
oscillation is given by m , / Big [3 Sr sin? a where a represents 


the amplitude of the vibration. 


12. A weightless straight rod ABC, of length 2a, is movable about 
the end A which is fixed and carries two particles of the same mass, 
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one fastened to the middle point B and the other to the end ( of the rod. 
If the rod be held in a horizontal position and be then let go, shew that 


its angular velocity when vertical is z, and that = is the length of 
the simple equivalent pendulum. 

13. For a compound pendulum shew that there are three other axes 
of support, parallel to the original axis and intersecting the line from the 
centre of inertia perpendicular to the original axis, for which the time 
of oscillation is the same as about the original axis, What is the practical 
application of this result ? 


14. Find the law of graduation of the stem of the common metronome. 


15. A simple circular pendulum is formed of a mass Jf suspended from 
a fixed point by a weightless wire of length 7; if a mass m, very small 
compared with MM, be knotted on to the wire at a point distant @ from 
the point of suspension, shew that the time of a small vibration of the 


y 


16. A given compound pendulum has attached to it a particle of 
small mass; shew that the greatest alteration in the time of the 
pendulum is made when it is placed at the middle point of the line 
bisecting the distance joining the centres of oscillation and of suspension ; 
shew also that a small error in this point of attachment will not, to a first 
approximation, alter the weight of the particle to be added to make a given 
difference in the time of oscillation. 


pendulum is approximately diminished by iT (a - 5) of itself. 


17. A uniform heavy sphere, whose mass is 1 lb. and whose radius 
is 3 inches, is suspended by a wire from a fixed point, and the torsion- 
couple of the wire is proportional to the angle through which the sphere 
is turned from the position of equilibrium. If the period of an oscillation 
be 2 secs., find the couple that will hold the sphere in equilibrium in the 
position in which it is turned through four right angles from the equi- 
librium-position. 

18. A fly-wheel is hung up with its axis vertical by two long ropes 
parallel to and equidistant from the axis so that it can perform torsional 
vibrations. It is found that a static-couple of 50 ft.-lbs. will hold it when 
it is turned through j5th of a radian, and that if it be turned through 
any small angle and let go it will make a complete oscillation in 5 secs. 
Shew that when this fly-wheel is revolving at the rate of 200 revolutions 
per minute the energy stored up in it will be about 31 ft.-tons. 


179. Reactions of the axis of rotation. Let us first 
consider the simple case in which both the forces and the body 
are symmetrical with respect to the plane through the centre 
of gravity perpendicular to the fixed axis, ue. with respect to 


L. D. Me 
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the plane of the paper, and let gravity be the only external 
force. 

By symmetry, the actions of the axis on the body must 
reduce to a single force acting at O 
in the plane of the paper; let the 
components of this single force be 
P and Q, along and perpendicular 
to GO. 

By Art. 162 the motion of the 
centre of gravity G is the same as it 
would be if it were a particle of 
mass M acted on by all the external 
forces applied to it parallel to their 
original directions. 

Now @G describes a circle round O as centre, so that its 
accelerations along and perpendicular to GO are 


a(S) and 128 


dt dt? 
Hence its equations of motion are 
aé 
M. a(S) = PM poo Gia ae (1), 
ad? 
and M. hae = Q — Mg sin @. .....cccees00- (2). 
Also, as in Art. 171, we ae = 
ae ‘ 
Mk, = — Mgh RIDAD carcteh own cteuts-cal eh): 


Q is given by eliminating SS between (2) and (8). 


If (8) be integrated and the resulting constant determined 
from the initial conditions, we then, by (1), obtain P. 
As a particular case let the body be a uniform rod, of length 2a, turning 


about its end O, and let it start from the position in which it was vertically 


ai 4a2 
above O. In this case h=a, = a8 45 = 


Hence equation (3) becomes 


3g... 
G= — 77 Bin 8 apicredantooaiaccctabbsoocodcarnesen (4) 
1 39 39 
ey Ie eee Sa 
gD 59 = Jq 008 O + const. = F (1+ 008A) s..secseceerervens (5), 


sineo 6 is zoro when 6=7, 
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(1) and (5) give P=Mg. = 
(2) and (4) give Q= 4g sin 0. 


Hence the resulting reaction of the fixed axis. When 6 is zero, f.e. when 
the rod is in its lowest position, this reaction is four times the weight. 
The vertical reaction for any position of the rod 


3 
=P cos 0+Qsin @=Mg (A) 5 


and therefore vanishes when 0 =cos-! (-4). 
The horizontal reaction=P sin 6 - Q cos o=$Mg sin 6 (2+3 cos 6). 


180. In the general case when either the external forces 
acting on the body, or the body itself, is not symmetrical about 
the axis of rotation we may proceed as follows. 

Let the axis of rotation be taken as the axis of y, and let 
the body be attached to it at two points distant b, and }, from 
the origin. Let the component actions of the axis at these 
points parallel to the axes be X,, Y,, 4 and X;, Y,, Z. 
respectively. 


Zz 


Let P be any point (a, y,2) of the body, whose perpendicular 
distance PM from OY is of length r and makes an angle @ with 
a line parallel to OZ. 

Then during the motion P describes a circle about M as 
centre, so that r is constant throughout the motion and hence 


” 18 Zero. 


Now a=rsin@; z=rcos8. 
- #=rcos 66, and ¢=—rsin 06, 
. @=—rsind6?+rcos 06; #=—rcos66?—rsin 06, 


15—2 
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Hence, if 6 be denoted by o, 


G=—20?+20; Y=0; 2=—Z20?— 20. 

[These results may also be obtained by resolving parallel to 
the axes the accelerations of P, viz. rw? along PM and ro 
perpendicular to MP.] 

The equations of motion of Art. 161 now become, if X, Y, Z 


are the components parallel to the axes of the external force 
acting at any point (a, y, z) of the body, « 


SX + X,+ X,= ime = Xm [— co? + 20] 


a ME. wt MZ6@ -sccccsne (1); 
+ Ye Pyne aa ee eee (2): 
DZ4+ 2.4 Z,= mz = rm (—z0*— 20) 

=— MZ.0?— MZ.@ ......... (8); 


> (yZ—2Y)+Z,b,4+ Z.b, 
= Lin (y% — zi) = Xmy (— zw? — zo) 
= OD MYL —@DINLY «caecseereresnsconnesatess (4); 
> (2X —«Z)= Xm (2% — x2) 
= im (—200? + 20+ 220°+ v0)= a. Mi? ......(5), 
where k is the radius of gyration about OY; and 
2 (@Y —yX) — Xb, — Xa), es 
= 2m (aij — yé) = — my (— wo? + 20) 
=o DML — DEINE? cainde Gu sanavnsvawtosens tase (6). 

On integrating (5) we have the values of and , and then, 
by substitution, the right-hand members of equations (1) to (4) 
and (6) are given. 

(1) and (6) determine X, and X,. 

(3) and (4) determine Z, and Z,. 

Y, and Y, are indeterminate but (2) gives their sum. 

It is clear that the right-hand members of (4) and (6) would 
be both zero if the axis of rotation were a principal axis at the 
origin O; for then the quantities Smay and Xmyz would be 
zeYo. 

In a problem of this kind the origin O should therefore be 
always taken at the point, if there be one, where the axis of 
rotation is a principal axis, 
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EXAMPLES 


1. A thin uniform rod has one end attached to a smooth hinge and is 
allowed to fall from a horizontal position; shew that the horizontal strain 
on the hinge is greatest when the rod is inclined at an angle of 45° to 
the vertical, and that the vertical strain is then 1) times the weight of 
the rod. 


2. A heavy homogeneous cube, of weight WV, can swing about an edge 
which is horizontal ; it starts from rest being displaced from its unstable 
position of equilibrium; when the perpendicular from the centre of 
gravity upon the edge has turned through an angle 6, shew that the 
components of the action at the hinge along, and at right angles to, this 


: W Wi, 
perpendicular are oe (3—5 cos 6) and 7 sin 6. 


3. A circular area can turn freely about a horizontal axis which 
passes through a point O of its circumference and is perpendicular to 
its plane. If motion commences when the diameter through 0 is 
vertically above O, shew that, when the diameter has turned through 
an angle 6, the components of the strain at O along, and perpendicular to, 


this diameter are respectively = (7 cos@ —4) and we sin 6. 


4. A uniform semi-circular arc, of mass m and radius a, is fixed at 
its ends to two points in the same vertical line, and is rotating with 
constant angular velocity . Shew that the horizontal thrust on the 

; g+wra 
upper end is cme 

5. A right cone, of angle 2a, can turn freely about an axis passing 
through the centre of its base and perpendicular to its axis; if the cone 
starts from rest with its axis horizontal, shew that, when the axis is 
vertical, the thrust on the fixed axis is to the weight of the cone as 


1+4 cosa to 1—4 cos?a. 
6. A regular tetrahedron, of mass I/, swings about one edge which is 
horizontal. In the initial position the perpendicular from the centre of 


mass upon this edge is horizontal. Shew that, when this line makes an 
angle @ with the vertical, the vertical component of thrust is 


- (2 sin? 6 +-17 cos? 6). 


181. Motion about a fixed axis. Impulsive Forces. 

By Art. 166 we have that the change in the moment of 
momentum about the fixed axis is equal to the moment L of 
the impulsive forces about this axis, 
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But, as in Art. 170, the moment of momentum of the body 
about the axis is Mk?.0, where O is the angular velocity and 
Mk? the moment of inertia about the axis. 

Hence, if @ and w’ be the angular velocities about the axis 
just before and just after the action of the impulsive forces, this 
change is Mk? (w’ — @), 
and we have Mk? (w' —w)= L. 


Ex. Auniform rod OA, of mass M and length 2a, rests on a smooth table 
and is free to turn about a smooth pivot at its end O; in contact with it at 
a distance b from O is an inelastic particle of mass m; a horizontal blow, of 
impulse P, is given to the rod at a distance x from O in a direction perpendicular 
to the rod; find the resulting instantaneous angular velocity of the rod and 
the impulsive actions at O and on the particle. 


If w be the angular velocity required and S the impulse of the action 
between the rod and particle, then, by the last article, we have 


2 
Me w=P.e-8 Ovsu sdovegetevaedcoutnasesss saeat (1) 
Also the impulse S communicates a velocity bw to the mass m, so that 
MYO S19 ene cand eaaons con ay neeeseucereaceaennt (2) 
: 4a? 
(1) and (2) give w=Px /| M —e +mb?). 


m, 
Again, let X be the action at O on the rod. Then, since the change in the 


motion of the centre of gravity of the rod is the same as if all the impulsive 
forces were applied there, 


M.aw=P-S-X. 


« X=P-(Ma+mb) w=P y— (atmb) x ; 
4a? 
M+ mb? 


Also (2) gives = ee . 
iM rare mob? 

182. Centre of percussion. When the fixed axis of 
rotation is given and the body can be so struck that there is no 
impulsive action on the axis, any point on the line of action 
of the blow is called a centre of percussion. 

As a simple case consider a thin uniform rod OA (= 2a) 
suspended freely from one end and struck by a horizontal blow 
at a point C, where OC is # and P is the impulse of the blow. 
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Let w’ be the instantaneous angular velocity communicated 
to the rod, and X the impulsive action e 
upon the rod of the axis about which it é 
rotates. 

The velocity of the centre of gravity 
G immediately after the blow is ao’. 
Hence the result (1) of Art. 166 gives 


Also the moment of momentum of 
the rod about O immediately after the 
blow is Mk’w’, where kis the radius of 


gyration of the rod about O, te. k? = = : 
Hence the result (4) of Art. 166 gives 
OW aay an CO (2). 
k? 
ke ae 
Hence X= Maw’ — M — o' = Mao’. —............ (3). 
x x 


Hence X is zero, ae. there is no impulsive action at 0, 
ke : : 
when « sees and then OU = the length of the simple equivalent 


pendulum (Art. 173). In this case C, the required point, 
coincides with the centre of oscillation, 7¢e the centre of 
percussion with regard to the fixed axis coincides with the 


centre of oscillation with regard to the same axis. 
2 


If « be not equal to 2. then, by (3), X is positive or 


: : ar 
negative according as # is greater or less than a fe the 


impulsive stress at O on the body is in the same, or opposite, 
direction as the blow, according as the blow is applied at a 
point below or above the centre of percussion. 


183. For the general case of the motion of a body free to 
move about an axis, and acted on by impulsive forces, we must 
use the fundamental equations of Art. 166. 

With the notation and figure of Art. 180, let (X, Y, Z) be 
the components of the impulsive forces at any point (a, y, 2) 
and (X,, Y;, Z,) and (X2, Y,, Z,) the components of the corre- 
sponding impulsive actions at B, and B,. 
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Then, as in Art. 180, 
u=h=20; v=y=0; w=2=-420; 
u=z2zw'; vw =0; and w’=—-a’, 
where ’ is the angular velocity about OY after the blows. 
The equations (1) to (6) of Art. 166 then become 
SX + X,4+ X, = =imz0’ — Smzo= MZ.(0’-w) ...(1); 


VY EY ae ce ice a ee eee (2); 
2274 2,4 Z, = Xm (- £0’) — Xm (— ow) 

sui ME. (a Gh) Sacks s hb eseeestn ran (3); 

X(yZ—2Y)+ Zb, + Z,b, = Xm [- «yo']-— =m [— ayo] 
=—(w'—w).dmry ...... (4); 

3S (2X — aZ) = =m (zo' + a0’) — 2m (20 + zo) 

sa fay 100), DEUS vas inadera denser caweeansk (5) ; 
and 3% (#Y¥ —yX)— Xb, — Xb, = =m (— yz’) — =m (— yzo) 
=—(w —w). 2myzZ....-. (6). 


The rest of the solution is as in Art. 180. 


184. Centre of Percussion. Take the fixed axis as the 
axis of y; let the plane of zy pass through the instantaneous 
position of the centre of inertia G; and let the plane through 
the point of application, Q, of the blow perpendicular to the 
fixed axis be the plane of wz, so that Gi Is the point (, y, 0) 
and Q is the point (&, 0, £). 

Let the components of the blow Pen to the axes be X, 
Y and Z, and let us assume that 
there is no action on the axis 
of rotation. 

Theequationsof the previous 
article then become 


pai eae (1), 

Petre (2, 

= eG a) Oy 

CY =(w'—w)dSmay ...... (4), 

Xe lala a) ey 
and EY =— (@' —@) SimyZ ...cccccccaceceens (6). 


Equations (1) and (2) shew that the blow must have no 
components parallel to the axes of # and y, ae it must be 
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perpendicular to the plane through the fixed axis and the 
instantaneous position of the centre of inertia. 

(4) and (6) then give Zmay=0, and Ymyz=0, so that 
the fixed axis must be a principal axis of the body at the 
origin, 7.e. at the point where the plane through the line of 
action of the blow perpendicular to the fixed axis cuts it. 

This is the essential condition for the existence of the 
centre of percussion. Hence, if the fixed axis is not a principal 
axis at some point of its length, there is no centre of percussion. 
If it be a principal axis at only one point of its length, then 
the blow must act in the plane through this point perpendicular 
to the axis of rotation. 

Finally, (8) and (5) give =". 

It follows, therefore, from Art. 178, that when a centre of 
percussion does exist, its distance from the fixed axis is the 
same as that of the centre of oscillation for the case when the 
body oscillates freely about the fixed axis taken as a horizontal 
axis of suspension. 

CoroLuaRy. In the particular case when 7=O0 and the 
centre of inertia G lies on Oz, the line of percussion passes 
through the centre of oscillation. This is the case when the 
plane through the centre of inertia perpendicular to the axis of 
rotation cuts the latter at the point at which it is a principal 
axis, and therefore, by Art. 147, the axis of rotation is parallel 
to a principal axis at the centre of inertia. 

The investigation of the three preceding Articles refers to 
impulsive stresses, #.e. stresses due to the blow, only; after the 
rotation has commenced there will be on the axis the ordinary 
finite stresses due to the motion. 


185. A rough example of the foregoing article is found in 
a cricket-bat. This is not strictly movable about a single 
axis, but the hands of the batsman occupy only a small portion 
of the handle of the bat, so that we have an approximation to 
a single axis. If the bat hits the ball at the proper place, there 
is very little jar on the batsman’s hands. 

Another example is the ordinary hammer with a wooden 
handle; the principal part of the mass is collected in the iron 
hammer-head; the centre of percussion is situated in, or close 
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to, the hammer-head, so that the blow acts at a point very 
near the centre of percussion, and the action on the axis of 
rotation, ie. on the hand of the workman, is very slight 
accordingly. If the handle of the hammer were made of the 
same material as its head, the effect would be different. 


186, Ex. A triangle ABC is free to move about its side BC ; find the centre 
of percussion. 

Draw AD perpendicular to BC, and let E be the middle point of BC and F 
the middle point of DE, Then, as in Ex. 7, page 202, is the point at which 
BC is a principal axis. 

If AD=p, then, by Art. 153, the moment of inertia about BC 


eee ate ‘| oP? 
=> [() + (5) so that k?= 6° 


Se Lapa 2 
Also h=3; so that a" 


In the triangle draw FF’ perpendicular to BC to meet AH in F’, so 
that FF'=5.4D=2. Hence F’ is the centre of percussion required. If we 


draw EE’ perpendicular to BC and equal to os then E’ is the centre of 
oscillation for a rotation about BC as a horizontal axis of suspension. 


The points EH’ and F’ coincide only when the sides 4B, AC of the triangle 
are equal, 


EXAMPLES 
Find the position of the centre of percussion in the following cases : 
~ 
1. A uniform rod with one end fixed. 


2. A uniform circular plate ; axis a horizontal tangent. 


3. A sector of a circle ; axis in the plane of the sector, perpendicular 
to its symmetrical radius, and passing through the centre of the circle. 


4. A uniform circular lamina rests on a smooth horizontal plane, 
shew that it will commence to turn about a point O on its circumference 
if it be struck a horizontal blow whose line of action is perpendicular to 
the diameter through O and at a distance from O equal to three-quarters 
of the diameter of the lamina. 


5. A pendulum is constructed of a solid sphere, of mass HM and 
radius a, which is attached to the end of a rod, of mass m and length bd, 
Shew that there will be no strain on the axis if the pendulum be struck 
at a distance {M[Za?+(a+b)?]+3mb"}+[M(a+b)+4mb] from the axis. 


6. Find how an equilateral triangular lamina must be struck that 
it may commence to rotate about a side. 
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7. A uniform beam AB can turn about its end A and is in equi- 
librium ; find the points of its length where a blow must be applied to 


it so that the impulses at A may be in each case ~th of that of the 
blow. 


8. A uniform bar AB, of length 6 feet and mass 20 lbs, hangs 
vertically from a smooth horizontal axis at A; it is struck normally at 
a point 5 feet below A by a blow which would give a mass of 2 lbs. a 
velocity of 30 feet per second ; find the impulse received by the axis and 
the angle through which the bar rises. 


9. A rod, of mass m and length 2a, which is capable of free motion 
about one end A, falls from a vertical position, and when it is horizontal 
strikes a fixed inelastic obstacle at a distance 6 from the end 4. Shew 


that the impulse of the blow is ely “ge , and that the impulse of 
: 2 3ga 4a : 
the reaction at A is m 3 1- 3b vertically upwards. 


10. A rod, of mass nM, is lying on a horizontal table and has one end 
fixed ; a particle, of mass J, is in contact with it. The rod receives a 
horizontal blow at its free end ; find the position of the particle so that it 
may start moving with the maximum velocity. 

In this case shew that the kinetic energies communicated to the rod 
and mass are equal. 


11. A uniform inelastic beam can revolve about its centre of gravity 
in a vertical plane and is at rest inclined at an angle a to the vertical. 
A particle of given mass is let fall from a given height above the centre 
and hits the beam in a given point P; find the position of P so that the 
resulting angular velocity may be a maximum. 


12. A rod, of mass HM and length 2a, is rotating in a vertical plane’ 
with angular velocity » about its centre which is fixed. When the rod 
is horizontal its ascending end is struck by a ball of mass m which is 
falling with velocity u, and when it is next horizontal the same end is 
struck by a similar ball falling with the same velocity uw; the coefficient 
of restitution being unity, find the subsequent motion of the rod and 
balls. 


13. <A uniform beam, of mass m and length 2/, is horizontal and can 
turn freely about its centre which is fixed. A particle, of mass m’ and 
moving with vertical velocity wu, hits the beam at one end. If the 
coefficient of restitution for the impact be e, shew that the angular 
velocity of the beam immediately after the impact is 


3m’ (1 +e) ul/(m+ 3m’) Z, 
and that the vertical velocity of the ball is then u (em — 3m’)/(m+3m’). 
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14. Two wheels on spindles in fixed bearings suddenly engage so that 
their angular velocities become inversely proportional to their radii and 
in opposite directions. One wheel, of radius a and moment of inertia f, 
has angular velocity w initially; the other, of radius 6 and moment of 
inertia J,, is initially at rest. Shew that their new angular velocities are 


VE b2 and I,ab 
TP+Ie® 1,0? + Lpa? a 


15. A rectangular parallelepiped, of edges 2a, 2b, 2c, and weight W, 
is supported by hinges at the upper and lower ends of a ‘vertical edge 2a, 
and is rotating with uniform angular velocity about that edge. Find, 
in so far as they are determinate, the component pressures on the hinges. 


16. A rod, of length 2a, revolves with uniform angular velocity 
about a vertical axis through a smooth joint at one extremity of the rod 
so that it describes a cone of semi-vertical angle a; shew that 


og 
Feed ; 
> 4acosa 


Prove also that the direction of the reaction at the hinge makes with the 
vertical the angle tan~1(# tan a). 


17. <A door, Z feet wide and of mass m lbs., swinging to with angular 
velocity » is brought to rest in a small angle 6 by a buffer-stop which 
applies a uniform force P at a distance : from the axis of the hinges. 
Find the magnitude of P and the hinge reactions normal to the door 
when the buffer is placed in a horizontal plane half-way up. 

If the door be 2/ feet high and have two hinges disposed symmetrically 
and 26 apart, find the hinge-reactions when the™butfer is placed at the 
top edge. 


18. A uniform rod AB, of length ¢ and mass m, hangs from a fixed 
point about which it can turn freely, and the wind blows horizontally 
with steady velocity v. Assuming the wind pressure on an element dr of 
the rod to be kvdr, where v’ is the normal relative velocity, shew that 
the inclination a of the rod to the vertical in the position of stable 
equilibrium is given by mg sin a=ckv? cos?a; and find the time in which 
the rod will fall to this inclination if it be given a slightly greater inclina- 
tion and let fall against the wind. 


19. A rod is supported by a stiff joint at one end which will just 
hold it at an angle 6 with the vertical. If the rod be lifted through a 
small angle.a and be let go, shew that it will come to rest after moving 
through an angle 2a—4a?tan@ nearly, the friction couple at the joint 
being supposed constant. 


20. The door of a railway carriage stands open at right angles to the 
length of the train when the latter starts to move with an acceleration /; 
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the door being supposed to be smoothly hinged to the carriage and to be 
uniform and-of breadth 2a, shew that its angular velocity, when it has 


turned through an angle 6, is , / sin 6. 


21. A Catherine wheel is constructed by rolling a thin casing of 
powder several times round the circumference of a circular disc of 
radius a. If the wheel burn for a time 7 and the powder be fired 
off at a uniform rate with relative velocity V along the circumference, 
shew that the angle turned through by the wheel in time 7’ will be 


Vee 1 
aa {1 —clog (1+2)} A 


where 2c is the ratio of the masses of the disc and powder. 

The casing is supposed so thin that the distance of all the powder from 
the centre of the disc is a. 

{If m be the whole mass of the powder and P the impulsive action at 
any time ¢, the equations of motion are 


a t “ mot 
{20m gt™ i=) wl b=2.a, and 2. dt= ar. V.) 


22. A small weight is attached to a compound pendulum; show that 
the period of oscillation would be thereby increased or diminished according 
as the point of attachment is' below or above the centre of oscillation. 


23. A rigid body is movable about a horizontal axis and starts from 
rest with its centre of gravity in the horizontal plane through the axis. 
Show that the mean kinetic energy during one complete oscillation is to 
the greatest kinetic energy during the motion in the duplicate ratio of 
2r (2) to F(t), the mean being taken with regard to the time. 


24. <A fly-wheel, turning with average angular velocity p, is acted on by 
a driving couple A sin? pf, and has a constant couple 4A opposing the 
motion. Find the least moment of inertia required to make the difference 


between the greatest and least angular velocities less than i ° 

25. A fly-wheel weighing 40 lbs. has a radius of gyration 9 inches; it 
is driven by a couple fluctuating during each revolution, so that the curve 
connecting this couple and the angular position during one revolution is a 
triangle, the couple becoming zero once per revolution and reaching a 
maximum of 2 ft.-lbs. There is also a constant resisting couple such that 
the motion is the same in each revolution. If the fly-wheel makes 60 revo- 
lutions per minute, shew that the difference between the greatest and least 
angular velocities is approximately 5-7 per cent. of either. 


[cosh 336 = 1-057. ] 


CHAPTER XIV 
MOTION IN TWO DIMENSIONS. FINITE FORCES 


187. The position of a lamina compelled to move in the 
plane of wy is clearly known when we are given the position of 
some definite point of it, say its centre of inertia, and also the 
position of some line fixed in the body, z.e. when we know the 
angle that a line fixed in the body makes with a line fixed in 
space. These quantities (say @, 7, 0) are called the coordinates 
of the body, and, if we can determine them in terms of the 
time t, we have completely determined the motion of the body. 

The motion of the centre of inertia is, by Art. 162, given by 
the equations 


dX * 
ME Bieshd stare ee (1), 
and Mel Sey (2) 
a en eae 


If (2’, y’) be the coordinates of any point of the body relative 
to the centre of inertia, then the motion about the centre of 
inertia G is, by se wo of Art. 162, given by 


ax ; ; 
se (ea “de Saal! on) = = (av Y—y'X), 
ie. “ # 3m (we ay a) = S(a'Y—-yX) ......(8). 
Now av dy! Nal = the moment about G of the velocit 
aE —y r : elocity 


of m relative to G. 
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Let ¢ be the angle that the line joining m to @ makes with 
a line GB fixed in space; and @ the angle that a line GA, fised 
in the body, makes with @B. 

Then, as in Art 168, since A@m is the same for all positions 
of the body, we have A 

dp _ dé 

idk) ate 
If Gn=r, the velocity 


of m relative to Gis r dp 


dt 
Hence its moment about 


G 


Hence =m (2 au -y =) = the sum of the moments about 
G of the velocities of all the mass-elements such as m 
dd =dé dé 


Gi ae Oa x Mk, 


where & is the radius of. gyration of the body about an axis 
through G perpendicular to the plane of the motion. 
Hence equation (3) becomes 


= m.r 


d dé 
a Ae Pye oe 
di |e Z| ee 
1.8 uw 2 = the moment about G of all the external forces 
acting On the system .2...0.3...0+-ssesese-es (4) 


188. The equations (1), (2) and (4) of the previous article 
are the three dynamical equations for the motion of any body _ 
in one plane. In general there will be geometrical equations 
connecting #, y and 6. These must be written down for any 
particular problem. iad 

Often, as in the example of Art. 196, the moving body is in 
contact with fixed surfaces; for each such contact there will be 
a normal reaction R and corresponding to each such & there 
will be a geometrical relation expressing the condition that the 
velocity of the point of contact of the moving body resolved 
along the normal to the fixed surface is zero. 
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If, as in Art. 202, we have two moving bodies which are 
always in contact there is a normal reaction R at the point of 
contact, and a corresponding geometrical relation expressing 
that the velocity of the point of contact of each body resolved 
along the common normal is the same. 

Similarly for other cases; it will be clear that for each 
reaction we have a forced connection and a corresponding 
geometrical equation so that the number of geometrical equa- 
tions is the same as the number of reactions.’ 


189. Friction. The same laws are assumed for friction, 
as in Statics, viz. that friction is a self-adjusting force, tending 
to stop the relative motion of the point at which it acts, but 
that it cannot exceed a fixed multiple (u) of the corresponding 
normal reaction, where » is a quantity depending on the 
substances which are in contact. This value of mw is assumed 
to be constant in dynamical problems, but in reality its value 
gets less as the relative velocity increases. 

The fundamental axiom concerning friction is that it will 
keep the point of contact at which it acts at relative rest if it 
can, te. if the amount of friction required is not greater than 
the limiting friction. Hence the friction will, if it be possible, 
make a body roll. 

In any practical problem therefore we assume a friction F 
in a direction opposite to what would be the direction of 
relative motion, and assume that the point of contact is at 
relative rest; there is a geometrical equation expressing this 
latter condition. So to each unknown friction there is a 
geometrical equation. 

If however the value of F’ required to prevent sliding is 
greater than wR, then sliding follows, and there is discontinuity 
in our equations. We then have to write them down afresh, 
substituting wR for F and omitting the corresponding geo- 
metrical equation. 


190. Kinetic energy of a body moving in two 
dimensions. Let (%, ¥) be the centre of inertia, G, of the 
body referred to fixed axes; let (a, y) be the coordinates of any 
element m whose coordinates referred to parallel axes through 
the centre of inertia are (a’, y’). 


Motion in two dimensions 241 


Then a=G+e and y=7t+y. 
Hence the kinetic a of the body 


2 [(a) +) |-se—[G+ a) ++) 
}ou[(2)«(@)] oto [) (i) 


dé da’ dy dy’ 
ae a; + Sm Gh dg ttt (1). 


Since 2’ is the #-coordinate of the point referred to the 
centre of inertia as origin, therefore, as in Art. 162, 


+ >m — 


Sma’ =0 and Sm =0, 


. dé dz’ dz da’ 
ae tm a. fap = = ay = 
Hence the last two terms of (1) vanish, and the kinetic 


energy 


dx dy dy’\? 
=3¥((a) + (at) ] #2 [ (Ce) + GE) 
=the kinetic energy of a particle of mass M placed at the 


centre of inertia and moving with it 


+the kinetic energy of the body relative to the centre of 


inertia. 
Now the velocity of the particle m relative to G 
dp dé 
Sediendte 


and as the kinetic energy of the body relative to G 
5m a(S y=5 5 (5) Smo? =5 5 (Se) - Mie = 5 Mids 


dt dt dt 
Hence the required kinetic energy 
=) Mv +4 Uieb, 


where v is the velocity of the centre of inertia G, 0 is the angle 
that any line fixed in the body makes with a line fixed in space, 
and k is the radius of gyration of the body about a line through 
@ perpendicular to the plane of motion, 


L. D. 16 
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191. Moment of momentum about the origin O of 
a body moving in two dimensions. 

With the notation of the last article, the moment of 
momentum of the body about the origin 


d d: 

= 3m| aot y Z| 
n (dy , ay dé da 
=m | +0) (B+ +B) _giy)(G+ a) | 


_ di dz /dy’ dx 
= Em| 2 - 99; |+3m [0 s -¥F,| 


dy, dy __daw dz 
+3m Pa 4a af aoe —Y Gp cee (1). 
But, as in the last article, =ma’=0 and =m a 0. 

(OY. 2 ID SOs 

. Sma’ ae 77 =ma2’ = 0, 

da’ 

7 de =y>n— = 

and =m di 9 = ae 0. 


So also for the corresponding y terms. Hence, from (1), the 
moment of momentum about O 


dy dy da’ 
-u|ag- 7% | +m E Ad S| 


= moment of momentum about O of a particle of mass Jf 
placed at the centre of inertia @ and moving with it 

+ the moment of momentum of the body relative to G. 
Now the velocity of the vee m relative to G 


rod _ 
aS a re 
and its moment of momentum about G 
at OS Up = aa 
dt at 
Therefore the moment of momentum of the body relative to G 
= =mr ae = = .Ymr? = Mk’. 6. 
Hence the total moment of momentum 
a= Mop + MISD ee ct (2), 


where p is the perpendicular from O upon the direction of the 
velocity uv of the centre of inertia. 
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Or again, if the polar coordinates of the centre of inertia G 
referred to the fixed point O as origin be (R, yp), this expression 
may be written 


da do 
UR + Me ....... Sr ts chee (3). 


192. The origin O being a fixed point, the rate of change 
of the moment of momentum about an axis through it 
perpendicular to the plane of rotation (for brevity called the 
moment of momentum about Q) is, by equation (8) of Art. 187, 
equal to the moment of the impressed forces about O. For the 
moment of momentum we may take either of the expressions 
(1), (2), or (3), 

Thus taking (1) we have 


d dy _ da ples 
aM ( - —7Gj)+ Me6| =, 


the moment of the forces about O. 


Hence M E a oe 


ae 4 7 ea al 


Similarly, if we took moments about the point (a, y), the 
equation is 


: z ay ia az Bes 
M |@ — a) =e —~(9-) a | + Mk 


=the moment of the impressed forces about (&, Yo). 

The use of the expressions of this article often simplifies the 
solution of a problem; but the beginner is very liable to make 
mistakes, and, to begin with, at any rate, he would do well 
to confine himself to the formule of Art, 187. 


193. Instead of the equations (1) and (2) of Art. 187 may 
be used any other equations which give the motion of a particle, 
e.g. we may use the expressions for the accelerations given in 
Art. 49 or in Art. 88. 

The remainder of this Chapter will consist of examples 
illustrative of the foregoing principles. 

16—2 
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194. A uniform sphere rolls down an inclined plane, rough enough to 
prevent any sliding; to find the motion. 

Let O be the point of contact initially when the sphere was at rest 
At time ¢t, when the centre of the sphere has 
described a distance 2, let A be the position 
of the point of the sphere which was originally 
at O, so that C’A is a line fixed in the body. 
Let 2 XCA, being an angle that a line fixed 
in the body makes with a line fixed in space, 
be 6. Let & and F' be the normal reaction 
and the friction. 

Then the equations of motion of Art. 187 are 


dx : 
Mf Fa = Hg sina-F satetate seeasaritereses peels 
O= Mg COS dt — Ls osces eects eee (2), 
a6 
and Mk? de eae BOE hc cxar spoon ncn deme ee (3). 
Since there is no sliding the are AA=line KO, so that, throughout 
the motion, B= OG aces cuctarcseraceseee triers te aeeetaees (4). 
: d%z  k? d%6 ‘ 
(1) and (3) give vat qa 79 %ina, 
. k\ dx : 
ae. by (4), ( +3) Wp 9 sin a, 
he ax a : 
e. Dt GRE IRI MDG serreseseseenenees peceneenshiiye 


Hence the centre of the sphere moves with constant acceleration 
a ; : 2 
at p Rg sin a, and therefore its velocity =a pg sina.t and 


1 @ 


Pa ep eg sina. 


Qa8 
In a sphere Ba ; hence the acceleration =? gsina. 


: . 2 
[If the body were a thin spherical shell, k? would= = , and the accelera- 


tion be 2gsina. 
. . . 3 
If it were a uniform solid disc, k? would = , and the acceleration be 


3 g sina. 
If it were a uniform thin ring, k? would =a?, and the acceleration be 


49 sin a.] 
From (1) we have #=dMysina—$Mgsina=#M/g sina, 


and (2) gives R= Mg cosa, 
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Ree Hie : 
Hence, since 7, must be < the coefficient of friction », therefore : tana 


must be < p, in order that there may be no sliding in the case of a solid 
sphere. 
Equation of Energy. On integrating equation (5), we have 


il Pe a ; 
5 =>— 92 sina 
2 ered 4 


the constant vanishing since the body started from rest. 
Hence the kinetic energy at time ¢, by Art. 190, 


ieee wel rae ih ke 

= = Weta] Mea Me 

g Mae + 5 Mh 5 Me (145) 

= Mg .2sina=the work done by gravity. 


Hz, 1. A uniform solid cylinder is placed with its axis horizontal on a 
plane, whose inclination to the horizon is a. Shew that the least coefficient 
of friction between it and the plane, so that it may roll and not slide, is 
4 tana. 


If the cylinder be hollow, and of small thickness, the least value is $ tan a. 


Ex, 2. A hollow cylinder rolls down a perfectly rough inclined plane in 
one minute; shew that a solid cylinder will roll down the same distance in 
52 seconds nearly, a hollow sphere in 55 seconds and a solid sphere in 
50 seconds nearly. 


Ez. 3. A uniform circular disc, 10 inches in diameter and weighing 5 Ibs. , 
is supported on a spindle, } inch in diameter, which rolls down an inclined 
railway with a slope of 1 vertical in 30 horizontal. Find (1) the time it takes, 
starting from rest, to roll 4 feet, and (2) the linear and angular velocities at the 
end of that time. 


Ex, 4. A cylinder rolls down a smooth plane whose inclination to the 
horizon is a, unwrapping, as it goes, a fine string fixed to the highest point of 
the plane; find its acceleration and the tension of the string. 


Ex.5. One end of a thread, which is wound on to a reel, is fixed, and the 
reel falls in a vertical line, its axis being horizontal and the unwound part of 
the thread being vertical. If the reel be @ solid cylinder of radius a and 
weight W, shew that the acceleration of the centre of the reel is $9 and the 
tension of the thread 4IV. 


Ez. 6. Two equal cylinders, each of mass m, are bound together by an 
elastic string, whose tension is 7, and roll with their axes horizontal down 
a rough plane of inclination a. Shew that their acceleration is 


Py ae 2uT 
dg os [1-same | 


where p is the coefficient of friction between the cylinders. 


Ex.7. A circular cylinder, whose centre of inertia is at a distance c from 
its axis, rolls on a horizontal plane. If it be just started from a position of 
unstable equilibrium, shew that the normal reaction of the plane when the 
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4c2 
(a—c)?+k 
where & is the radius of gyration about an axis through the centre of mass. 


centre of mass is in its lowest position is 1+ times its weight, 


195. A uniform rod is held in a vertical position with one end resting 
upon a perfectly rough table, and when released rotates about the end in 
contact with the table. Find the motion. 

Let R and F be the normal reaction and the friction when the rod 
is inclined at an angle 6 to the vertical ; let « and y 
be the coordinates of its centre, so that ip a 
and y=acos 6. 

The equations of Art. 187 are then 


F= ue aaa cos 60 — a sin 66?] .. 


R—-Mg= u Stu asin 66—acos 6.6] ...(2), 


Wea. 
and it. |.6=Rasin 6— Fa cos 6 
= Mga sin 6 — Ma*é, by (1) anu (2), 


so that ME Gm Mga sin 8 soseessccsesssseeessseen (3). 


[This latter equation could have been written down at once by 
Art. 171, since the rod is rotating about A as a fixed point.] 


(3) gives, on integration, 9 (1—cos 6), since 6 is zero when 6=0. 


Hence (1) and (2) give 


f=M. °2 sin 8 (3cos@—2) and Rawd (1-3 cos 6)%. 

It will be noted that # vanishes, but does not change its sign, when 
cos@=%. Theend A does not therefore leave the plane. 

The friction # changes its sign as 6 passes through the value cos~12; 
hence its direction is then reversed. 

The ratio Z, becomes infinite when cos6=4 ; hence unless the plane 
be infinitely rough there must be sliding then. 

In any practical case the end A of the rod will begin to slp for some 
value of @ less than cos~} 4, and it will slip backwards or forwards 
according as the slipping occurs before or after the inclination of the 
rod is cos~12. 


196. A uniform straight rod slides down in a vertical plane, its ends 
being in contact with two smooth planes, one horizontal and the other 
vertical. If it started from rest at an angle a with the horizontal, Jind the 
motion. 
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Let # and S be the reactions of the two planes when the rod is 
inclined at @ to the horizon. Let 2 and y be the 
coordinates of the centre of gravity @. Then the 
equations of Art. 187 give 


dx 
Me Rites evacscesses (1), 
d@2 
UTI =S- Mg Chae (2), 
2 
and Mik? a R.asin6—Sacosé@...... (3). 


2 
Since #?= = these give 


a a6 dx d? 
5 Jp =n 4 Ta 008 8. g— cos 654 pecsocrccods0oe (4). 
Now z=acos 6 and y=asin @, so that 
dix 4 : a 
qa —acos 06?—asin 6.6, 
2, 
and TY —asind. 62+ cos 06. 
2 
Hence (4) gives 2 ce = COS Onaceantane sacescen ees sass sass (5) 


OO ee 
Hence, on integration, 3 (5) = =f sin 6+(C, where 


O=— ain at+C. 
4a 


(S) = 22 (gin a= $iN 8) seessssosssssseenen (6). 
From (1), a —acos6.6?—asin 06 
= "2 (gin a—sin 8) cos6+ 2 sin 6 cos 6, from (5) and (6), 
== COSIO; (3 SUNG 12 SING) memane secant tease scene stn assess Wis) 
From (2), pag —asin 062+ cos 60 


= Ab —6sin asin 6+9 sin? 6j=2[(3 sin 6 —sin a)?+ cos? a]...(8). 


From (7) it follows that R is zero when sind=3 sina, and, for a 
smaller value of 6, 2 becomes negative. Hence the end A leaves the 
wall when sin 6=#sina, and its angular velocity is then, by (6), equal to 


Ee Also at this instant the horizontal velocity of G 
a 


ae —asiné. ge 5 V 2ag sin a 


dt dt 
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The equations of motion now take a different form. They become 


so euadeuseeces (1), 

d2 ' 

MF =S,- Mg oe (2’), 

a? d? r 

and M. 3° ea 8. aos ...(3’). 


Also y=asin ¢, so that 


ay. —asin p.G?+acos p. gd. 
(2’) and (3’) now give 
oe G + cos? *) ~ sin pcos d. ( 7) on Z cos P  vveeee(4’). 


On integration we have 


(sy [5 +cos* g |= - Zein +0, svahaaezanstisieas (5"). 
The constant is found from the fact that when the rod left the wall, 


a.e. when sin =5 sin a, the value of dp was equal to /2 = a 


dt 
oe gsina[4 4sin8a]_ _ 2g 2sina 
Hence (5’) gives - E 9 ei ee ——— + (1, 
: A 
so that C= EY ee “|. 
a 9 


Hence we have 


(28) Be he 6] _ 2g = a E ee] az 72 sin dct, 


When the rod reaches the horizontal plane, te. when ¢=0, the 
inz 
angular velocity is 2, where a| 5 +1]= 28 a-5 *), 


9 
, 3g sina sin? a 
2 es t 
1.e. Q ane [2 5 | SEE OTON eRer in) 
The equation (1’) shews that during the second part of the motion 


is constant and equal to its value 44/2aq sin*a at the end of the first part 
of the motion. 

Energy and Work. The equation (6) may be deduced from the 
principle of the Conservation of Energy. For as long as the rod is in 
contact with the wall it is clear that @O=a, and GOB=6, so that Gis 
turning round @ as centre with velocity aé. Hence, by Art. 190, the 
age 62. 


Equating this to the work done by gravity, viz. Hoa (sin a —sin 6), we 
have equation (6). 


2s 
kinetic energy of the rod is 5 Maries 5 MS by, ee 
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Ex.1. A uniform rod is held in a vertical position with one end resting 
upon a horizontal table and, when released, rotates about the end in contact 
with the table. Shew that, when it is inclined at an angle of 30° to the 
horizontal, the force of friction that must be exerted to prevent slipping is 
approximately °32 of the weight. 


Ex. 2. A uniform rod is placed with one end in contact with a horizontal 
table, and is then at an inclination a to the horizon and is allowed to fall. 


When it becomes horizontal, shew that its angular velocity is A/ sf sina, 


whether the plane be perfectly smooth or perfectly rough. Shew also that 
the end of the rod will not leave the plane in either case. 


Ez.3. A rough uniform rod, of length 2a, is placed on a rough table at 
right angles to its edge; if its centre of gravity be initially at a distance b 
beyond the edge, shew that the rod will begin to slide when it has turned 


through an angle tan7! , where » is the coefficient of friction. 


pat 
a24+9b2 

Ez. 4. A uniform rod is held at an inclination «a to the horizon with one 
end in contact with a horizontal table whose coefficient of friction is u. 
If it be then released, shew that it will commence to slide if 


3 sin a cosa 
e<T+Seinta * 


Ez. 5, The lower end of a uniform rod, inclined initially at an angle a to 
the horizon, is placed on a smooth horizontal table. A horizontal force is 
applied to its lower end of such a magnitude that the rod rotates in a vertical 
plane with constant angular velocity w. Shew that when the rod is inclined at 
an angle @ to the horizon the magnitude of the force is 


mg cot 6 — maw* cos 0, 
where m is the mags of the rod. 


Ez. 6. A heavy rod, of length 2a, is placed in a vertical plane with its ends 
in contact with a rough vertical wall and an equally rough horizontal plane, 
the coefficient of friction being tane. Shew that it will begin to slip down 
if its initial inclination to the vertical is greater than 2e. Prove also that the 
inclination 6 of the rod to the vertical at any time is given by 

6 (k2 + a3 cos 2e) — a262 sin 2e=ag sin (0 - 2c). 


Ee.7. At the ends of a uniform beam are two small rings which slide on 
two equally rough rods, which are respectively horizontal and vertical ; obtain 
the value of the angular velocity of the beam when it is inclined at any angle to 
the vertical, the initial inclination being a. 


197. A solid homogeneous sphere, resting on the top of another fixed 
sphere, is slightly displaced and begins to roll down wt. Shew that it will 
slip when the common normal makes with the vertical an angle 0 given by 
the equation 

(e 2 sin (9 —r)=5 sin h (3 cos 0-2), 
where r is the angle of friction. 
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Assume that the motion continues to be one of pure rolling. 

Let OB be the position, at time ¢, of the radius of the upper sphere 
which was originally vertical, so that 
if D be the point of contact and A ° 
the highest point of the sphere, then 

arc AD=arce BD, 
2.6. 0 UC ean aaaectes KL): 

Let 2, F be the normal reaction 
and friction acting on the upper 
sphere. 

Since C describes a circle of radius 
a+b about O, its accelerations are 
(a+b) 6? and (a+b) 6 along and per- 
pendicular to CO. 

Hence 

M (a+b) 6?= Mg cos 6— R...(2), 

MU (a+b) = Mg sin 6- F...(3). 

Also if y be the angle that CB, a 
line fixed in the moving body, makes 
with a line fixed in space, w/z. the vertical, then, 


Mk) = Fb. 
But ee oe 
b 5 
so that PEE Say eae (4). 
oes 
3) and (4 =~ sj 
(3) and (4) give 6 Fay sim OF Arse 


P 10 : 
; d= 4% (1-008 6), since the sphere started from rest when 


6=0. 
(This equation could be directly obtained from the principle of energy. ] 
(2) and (3) then give 

== 

He 


The sphere will slip when the friction becomes limiting, ze. when 
F=R tan), t.e. when 


cos). 2sin 6=sin \ (17 cos 6-10), 
0.8, 2sin (@—X)=5sin A (3 cos 6 — 2). 


If the sphere were rough enough to prevent any slipping, then by (5) 
& would be zero, and change its sign, 7.e. the upper sphere would leave the 
lower, when cos 6=+¥. 

[If the spheres were both smooth it could be shewn that the upper 
sphere would leave the lower when cos 6=2.] 


F gsind and R=" (17 c0s 6-10) eoaaee ener (5). 
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198. A hollow cylinder, of radius a, is fixed with its axis horizontal ; 
inside rt moves a solid cylinder, of radius b, whose velocity in its lowest position 
ws given; if the friction between the cylinders be sufficient to prevent any 
sliding, find the motion. 

Let O be the centre of the fixed cylinder, and C that of the movable 
one at time ¢; let CV be the radius 
of the movable cylinder which was 
vertical when it was in its lowest 
position. Since there has been no 
sliding the ares BA and BW are 
equal; therefore 

ap=bx LBCN. 

Hence if @ be the angle which 
CN, a line fixed in the body, makes 
with the vertical, z.e. a line fixed in 
space, then 


6=L BCV- =25" 4...) 


The accelerations of Care (a —b) df? 
and (a —b) d along and perpendicular 
to CO. Since the motion of the centre of inertia of the cylinder is the 
same as if all the forces were applied at it, therefore 


M (a—b) GP= R— Ug cosh veeeeccccseesersceveeees (2), 
and HM (@—b) P= F— Mg Sin veceesvcseccccssrceeees (3), 


where / is the normal reaction, and Fis the friction at B as marked. 
Also for the motion relative to the centre of inertia, we have 


Mk? =moment of the forces about C= —F.b, 


ie 
he. Mu ya ids ed EEE | A ee a 


These equations are sufficient to determine the motion. 
Eliminating /’ between (3) and (4), we have 


Integrating this sao a we have 


¢? =a Gone ¢ + const. = 0? — 5 ACE) By ames 1) ueaoee (6), 


where © is tho value of ¢ when the cylinder is in its lowest position. 
This equation cannot in general be integrated further. 


(2) and (6) give a =(a —b) Q? +3 [ECOSI@) — 4 Newaiecsecs esse senoed 


In order that the cylinder may just make complete revolutions, 2 must 
be just zero at the highest point, where ¢=7. 
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In this case (a—b) 0-19 , and hence the velocity of projection 


=(a-b)2 =/41 9 (a —b) 43. g (a—6). 
If © be less than this value, R will be zero, and hence the inner 


a 2 
cylinder will leave the outer, when cos @= ; 4—- BGS : 
/ g 


(4) and (5) give i SIN pi swecscuceosacse caawescsumaeacs cos (8). 


The friction is therefore zero when the cylinder is in its lowest position, 
and for any other position /’ is positive, and therefore acts in the direction 
marked in the figure. 

Equation of Energy. The equation (6) may be deduced at once by 
assuming that the change in the kinetic energy is equal to the work done. 

When the centre is at C the energy (by Art. 190) 

2 
= 5M (a—b? P45 M. = @=2 M(a—bp oo 

Hence the loss in the kinetic energy as the cylinder moves from its 
lowest position = #? J/ (a—)? (92-2). This equated to the work done 
against gravity, wz. Mg(a—b)(1—cos d), gives equation (6). 

Small oscillations. Suppose the cylinder to make small oscillations 
about the lowest position so that @ is always small. Equation (5) then 


gives p= ee 6) ¢, so that the time of a small oscillation 


nae 2. 


Ex.1. A disc rolls on the inside of a fixed hollgw circular cylinder whose 
axis is horizontal, the plane of the disc being vertical and perpendicular to the 
axis of the cylinder; if, when in its lowest position, its centre is moving with a 


velocity 84 (a—b), shew that the centre of the disc will describe an angle ¢ 
about the centre of the cylinder in time 


3 (a—b) ¢ 
wi D9 log tan (F +2). 


Ex, 2. A solid homogeneous sphere is rolling on the inside of a fixed 
hollow sphere, the two centres being always in the same vertical plane. 
Shew that the smaller sphere will make complete revolutions if, when it is 


in its lowest position, the pressure on it is greater than “oh times its own 
weight, 


Ex. 8. A circular plate rolls down the inner circumference of a rough 
circle under the action of gravity, the planes of both the plate and circle 
being vertical. When the line joining their centres is inclined at an angle @ 
to the vertical, shew that the friction between the bodies is ae x the weight of 
the plate. 
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Ex. 4. A cylinder, of radius a, lies within a rough fixed cylindrical cavity 
of radius 2a. The centre of gravity of the cylinder is at a distance ¢ from its 
axis, and the initial state is that of stable equilibrium at the lowest point of 
the cavity. Shew that the smallest angular velocity with which the cylinder 
must be started that it may roll right round the cavity is given by 

4(a+c)? 
2 = pA 
02 (a+c)=g9 f+ q-qreat : 
where & is the radius of gyration about the centre of gravity. 
Vind also the normal reaction between the cylinders in any position. 


199, An imperfectly rough sphere moves from rest down a plane inclined 
at an angle a to the horizon; to determine the motion. 

Let the centre C have described a distance # in time ¢, and the sphere 
have rolled through an angle 6; so that 
6 is the angle between the normal CB 
to the plane at time ¢ and the radius 
CA which was normal at zero time. 
Let us assume that the friction was 
not enough to produce pure rolling, 
and hence that the sphere slides as well 
as turns; in this case the friction will 
be the maximum that the plane can 
exert, viz. w/t, where p is the coefficient of friction. 

Since the sphere remains in contact with the plane, its centre is always 
at the same distance a from the plane, so that 7 and # are both zero. 

Hence the equations of motions are 


uae = Mgsin a—plt wn oe tsisis ee ccieieslecviesieaseues (1), 
OU GCOS a easetosndceese oss neot cons (2), 
ie ed R 3 
and M. 8 Fe © D ccevesaccrccssvececcserscesesceceees ( Ys 
Since pot , (2) and (3) give = = ee cos a 
dé Bug 
Sy ete {er ere 4), 
0% a= oy, 0084 t (4) 
5 e 
and = 2 COS AF veeeeeeseeseseneeseesesees (5), 


the constants of integration vanishing since @ and 6 are both zero 
initially. ue 
So (1) and (2) give ow=g (sin a— jp COS a). 


dt? 
da : 6 
1. Gag (sina—p cosa)t Risdeeatissioes vee saan decent (6), 
; 2 
and _ @=g (sina—p C08 a) Fe Ssoao8 CO 


the constants vanishing as before. 
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The velocity of the point B down the plane=the velocity of C+ the 
: ; dz ao ; 7 
velocity of B relative to =z, a Art a (sin a— 5p COS a) t. 


First, suppose sin a—$ pcos a to be positive, te. p<7 tana. 

In this case the velocity of B isalways positive and never vanishes; so 
that the point of contact B has always a velocity of sliding, and the sphere 
therefore never rolls; the motion is then entirely given by equations (4), 
(5), (6) and (7). 

Secondly, suppose sina—$ p cosa to be zero, so that p=# tana, 

In this case the velocity of B vanishes at the start.and is always zcro. The 
motion is then throughout one of pure rolling and the maximum friction 
pL is always being exerted. 

Thirdly, suppose sina—% p cosa to be negative, so that p># tana. 

In this case the velocity of B appears to be negative which is impos- 
sible ; for friction only acts with force sufficient at the most to reduce the 
point on which it acts to rest; and then is only sufficient to keep this 
point at rest. In this case then pure rolling takes place from the start, 
and the maximum friction »R is not always exerted. 

The equations (1), (2), (3) should then be replaced by 


d*x : 
Mf Fa = Mgsina—-F a Gaia wlu'aiajamicia/alsjenisinje eivicinielsivig'evee (8), 
OTM) COS as race noen sa tea acute nino osee (9) 
and mee? _p a (10) 
Te ROE Sevianch coves orerere reer aee eee ; 
Also, since the point of contact is at rest, we have 
ase de 
mare waprornaacecnenoustaahoene (11), 
SCR OOS : 
(8) and (10) now give qats qinagsine 
Therefore, by (11), #=a6=$4 sin a. 
Om aat=§ 9 Aina. Ox. kcncaeer ae (12), 
and 2=ab=- gsina z (13) 
7 SQ esteeeee eee eeeeeey i 
the constants of integration vanishing as before. . 


Equation of Energy. The work done by gravity when the centre has 
described a distance = Mg. sin a, and the kinetic energy then 


a5 Mit 5 an? 6a) Ee |. 
In the first case the energy, by (4) and (6), 
=$ Mg? [(sin a—p cos a)?+ Bu? costa] ........eeeeee (14), 
and the work done by gravity, by (7), ; 
=iig.csina=} Mg? sin a (sin a—p COS) ......0000..(15). 
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It is easily scen that (14) is less than (15) so long as p <# tana, we. 80 
long as there is any sliding. Jn this case then there is work lost on 
account of the friction, and the equation of work and energy does not 
hold. 


In the third case the kinetic energy, by (12) and (13), 
=$ M5244 0.202. Hd. La? @=4 M.} g?sin® at’, 
and the work done, by (13), 
=Mq. esina=Mgsina.&gsin paras 
a 2 2 7 

In this case, and similarly in the second case, the kinetic energy 
acquired is equal to the work done and the equation of work and energy 
holds. 

This is a simple example of a general principle, vz, that where there is 
no friction, z.e. where there is pure sliding, or where there is pure rolling, 
there is no loss of kinetic energy; but where there is not pure rolling, but 
sliding and rolling combined, energy is lost. 


g? sin? at? 


Ez. 1. A homogeneous sphere, of radius a, rotating with angular 
velocity w about a horizontal diameter, is gently placed on a table whose 
coefficient of friction is w. Shew that there will be slipping at the point of 


contact for a time a and that then the sphere will roll with angular 
be 


«, 20 
velocity 7 
Ex. 2. A solid circular cylinder rotating about its axis is placed gently 
with its axis horizontal on a rough plane, whose inclination to the horizon 
is a. Initially the friction acts up the plane and the coefficient of friction is u. 
Shew that the cylinder will move upwards if 4>tana, and find the time that 
elapses before rolling takes place. 


Ex.3. A sphere is projected with an underhand twist down a rough 
inclined plane; shew that it will turn back in the course of its motion if 
2aw (u—tan a)>5uu, where u, w are the initial linear and angular velocities 
of the sphere, » is the coefficient of friction, and a is the inclination of the 
plane. 


Ex. 4. A sphere, of radius a, is projected up an inclined plane with 
velocity V and angular velocity Q in the sense which would cause it to roll up; 
if V>a and the coefficient of friction >% tana, shew that the sphere will 
5V +2aQ 


cease to ascend at the end of a time -_- ——— 
5g sina 


, where a is the inclination of 
the plane. 


Ex. 5. If a sphere be projected up an inclined plane, for which «=} tana, 
with velocity V and an initial angular velocity Q (in the direction in which 
it would roll up), and if V>aQ, shew that friction acts downwards at first, 
and upwards afterwards, and prove that the whole time during which the 

17V + 4aQ 


TISes/160—= = 
sphere rises Tegan 
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Ex.6. A hoop is projected with velocity V down a plane of inclination a, 
the coefficient of friction being 4 (>tana). It has initially such a backward 
spin Q that after a time ¢, it starts moving uphill and continues to do so for 
a time ty after which it once more descends. The motion being in a vertical 
plane at right angles to the given inclined plane, shew that 


(t) + tg) g sina=aQ-V. 


Ex. 7. A uniform sphere, of radius a, is rotating about a horizontal 
diameter with angular velocity 2 and is gently placed on a rough plane which 
is inclined at an angle a to the horizontal, the sense of the rotation being such 
as to tend to cause the sphere to move up the plane along the line of greatest 
slope. Shew that, if the coefficient of friction be tan a, the centre of the sphere 


, and will then move downwards with 


2a 
will remain at rest for a time — a 
6g sina 


acceleration $9 sin a. 
If the body be a thin circular hoop instead of a sphere, shew that the 


and the acceleration ; g sina. 


Pi p a 
time is 
gsina 


200. A sphere, of radius a, whose centre of gravity G ts at a distance 
ce from tts centre C is placed on a rough plane so that Fie ts horizontal; shew 


that it will begin to roll or slide according as p is = He me where k is the 


radius of gyration about a horizontal aais through G. If pu ts equal to this 
value, what happens ? 

When CG is inclined at an angle 4 to the horizontal let A, the point ot 
contact, have moved through a horizontal distance 
a from its initial position O, and let OA=z. 

Assume that the sphere rolls so that the 
friction is #’; since the point of contact A is at 
rest, ™ 


The eben of motion of Art. 187 are 
F= u 7 [x-+0c0s 6] ; 
= [(a—cain 6) 6 —ccos 662]...(2), 
d? 
R-Ug=MU da [a-csin 0]=M[—c cos 66+¢sin 66] ...... (3), 


and Recos 6— F(a—esin 6)= MRO oo... ecececees (4). 


We only want the initial motion when 6=0, and then 6 is zero but 6 
is not zero. The equations (2), (3), (4) then give 


F=Maé, 
R= Mg — Mcé, \ for the initial values, 
and Re-Fa= U6, 
a 3 
Hence we have 6= Beare rae a 
h_ B+ae gae 


Mf te+e” and 3= M24 a2+¢2° 
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In order that the initial motion may be really one of rolling, we must 


have F< ph, ve. OP: ais 
If » be < this value, the sphere will not roll, since the friction is not 
sufficient. 


Critical Case. If p= Pia it will be necessary to consider whether, 


when @ is small but not absolutely zero, the value of = is a little greater or 


a little less than p. 
The question must therefore be solved from the upaage keeping in 
the work first powers of 9 and neglecting 6°, 63, ... ete. 


(2), (3) and (4) then give, on Diegetine F ae R, 
6 [42 +a? +40? — 2ac sin 6]—accos 062=ge cos 8 erasesecs(O)s 
Hence, on integration, 


62 [k2 + a? +c? — 2Qac sin Oleg menenecasecastes? (6). 
If K*=k?+a*+c? these give, neglecting squares of 6, 
5. 2g9¢0 “ 290020 
C2 a and 6[A?—2acé]=ge+ TA ; 
2 
ie R= | ge Se = |[u+ [1 +e |=9e of 14+ 4. 2008 pale 
Hence, to the first power of 6, we have from (2) and ‘ 
F_(a-06)6-c&® ae yey Bese, 
as g-cb ~ P+? = eae 


on ae and simplification. 


10 Te ine ee ; 
If h? > 5 ye R is less than Poe?" R is less than the coefficient 


of friction and the sphere rolls. 


If BR< g , then = the coefficient of friction and the sphere slides. 

Ez. 1. A homogeneous sphere, of mass M, is placed on an imperfectly 
rough table, and a particle, of mass m, is attached to the end of a horizontal 
diameter. Shew that the sphere will begin to roll or slide according as p is 

5 (AI +m) m 
7M?+170m+ 5m?" 
the sphere will begin to roll. 


greater or less than If » be equal to this value, shew that 


Ex. 2. A homogeneous solid hemisphere, of mass M and radius a, rests 
with its vertex in contact with a rough horizontal plane, and a particle, of 
mass m, is placed on its base, which is smooth, at a distance c from the centre. 
Shew that the hemisphere will commence to roll or slide according as the 

25mac 
26 (M +m) a?+40mc?* 


I D. 7 


coefficient of friction < 
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Ex, 3. A sphere, of radius a, whose centre of gravity G is not at its centre O, 
is placed on a rough table so that OG is inclined at an angle a to the upward 
drawn vertical ; shew that it will commence to slide along the table if the coeffi- 
csina(a+c cosa) 
k24-(a+¢ cosa)? ’ 
gyration about a horizontal axis through G. 


cient of friction be< where OG=c and k is the radius of 


Ex. 4, If a uniform semi-circular wire be placed in a vertical plane with 
one extremity on a rough horizontal plane, and the diameter through that 
extremity vertical, shew that the semi-circle will begin to roll or slide according 


— 5° If » has this value, prove that the wire, will roll. 


Ex. 5. A heavy uniform sphere, of mass M, is resting on a perfectly 
rough horizontal plane, and a particle, of mass m, is gently placed on it at 
an angular distance a from its highest point. Shew that the particle will at 
sin a {7M +5m (1+ cos a)} 
7M cosa+6m (1+cosa)? ’ 
coefficient of friction between the sphere and the particle. 


once slip on the sphere if p< where » is the 


201. A uniform circular disc is projected, with its plane vertical, along 
a rough horizontal plane with a velocity v of translation, and an angular 
velocity w about the centre. Find the motion. 


Case I. v>,o@) and v > ao. 


In this case the initial velocity of the point of contact is v—a@ in the 
direction - and the friction is pi/g <. 

When the centre has described a distance 
x, and the disc has turned through an angle 6, 
the equations of motion are 


Mi=-—pMg, and b= plga, te 


. £=v0—pgt and vine sen (8) 6) = 
Hence the velocity of the point of contact P 
=%-—ab=v-aw- Spgt. 


Sliding therefore continues until t=" ae 


HG 
Also at this time the velocity of the centre= "tae Aegnationmeocode (2). 


and pure rolling then begins. 


The equations of motion then become 
Mi=—-F 


4 o Fi ee 
and rie $=F.a | , where /' is the friction <, 


Also #=a¢, since the point of contact is now at rest; .°. ¢= ag. 
These three equations give /'=0, z.e. no friction is row oat 
Also Ee %=constant=the velocity at the commencement of the 


rolling =” ae, by (2). 
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The disc therefore continues to roll with a constant velocity which is 
less than its initial velocity. 


Case II. v>, o) and v < ao. 
Here the initial velocity of the point of contact is < and hence the 
friction is pl/g +. The equations of motion are then 


alee 
Mi=pNg, and Mf. =o= —pMga, 


giving £=v+pgt and 56H 5 o—pgt. 
ao—Vv 
Bug” 


, and, as in Case I, the disc 


Hence pure rolling begins when #=a4, ze. when t= 


aw + 2v 
3 
rolls on with constant velocity which is greater than the initial velocity of 
the centre. 
Case III. v>, a). 


Initially the velocity of the point of contact is v+ae-—, so that the 
friction is pl/g~. The equations of motion are 


The velocity, z, of the centre then = 


Ce 
Mé=—-pMg, and ue d=pMga, 


.°. Z=v—pgt and 5 O=ngt- So. 


Pure rolling begins when #=a4, ve. when OS ee and the velocity 


of the centre then = a = = 


If 2v > aa, this velocity is >, and the motion during pure rolling is > 
with constant velocity as before. 

If however 2v< aw, the velocity of the centre when pure rolling 
commences is < and the disc rolls back towards QO. In this particular 


case the velocity of the centre vanishes when a which is less than 


V+ ao 
3g 
before pure rolling commences. 
[In this last case the motion is of the same kind as that in the well- 
known experiment of a napkin-ring projected along the table with a 
velocity » and a sufficient angular velocity in the direction 5:] 


, if 2v<aw; hence the disc begins to move in the direction < 


Ex, A napkin-ring, of radius a, is propelled forward on a rough horizontal 
table with a linear velocity u and a backward spin w, which is>u/a. Find the 
motion and shew that the ring will return to the point of projection in time 

(u+aw)? 
4yg (aw —u) 
What happens if w>aw? 


, where pu is the coefficient of friction. 


17—2 
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202. Two unequal smooth spheres are placed one on the top of the other 
in unstable equilibrium, the lower sphere resting on a smooth table. The 
system is slightly disturbed ; shew that the spheres will separate when the line 
joining their centres makes an angle 6 with the vertical given by the equation 


a cos? 6—3 cos 6+2=0, where M is the mass of the lower, and m of the 
upper, sphere. 

Let the radii of the two spheres be a and 3}, and @ their centre of 
gravity, so that 

CG _C'G_ a+b 
m MM M+m’ 

There being no friction at the table 
the resultant horizontal force on the 
system consisting of the two spheres is 
zero. 

Hence, by Art. 162, the horizontal 
velocity of the centre of gravity is constant, 
and equal to its value at the commence- 
ment of the motion, 7.e. it is always zero. 
Hence the only velocity of @ is vertical, 
and it therefore describes a vertical 
straight line G'O, where O was the initial position of the point of contact 
B, so that O is a fixed point. 

For the horizontal motion of the lower sphere, we thus have 


F ad? ‘ Mm (a+b Set ghee iar 
Ssin @=M S[CG.sin 8] = a [cos 66 —sin 66] ...(1). 


For the vertical motion of the upper sphere 


m, 
[a+(a+) cos 6]=m (a+b) [— sin 66 —cos 667] ...(2). 


S cos 6—mg=m 
Eliminating S, we have 
6 [M+ msin? 6]4+m sin 6 cos 662= Aig BIT 0 ss -nac0 (3). 
Hence, by integration, 


6° [If +m sin? q=2%, Gf 2) G cosy cc ee (4), 


since the motion started from rest at the highest point. 
By (1), S vanishes, z.e. the spheres separate, when 


C08 OU = BIO Tt hese ese wit. he: we} 


(3) and (5) give os at this instant and then (4) gives, on sub- 


stitution, m cos* 6=(M-+m) (3 cos 6 —2). 
There are no forces acting so as to turn either sphere about its centre, 
so that neither of them has any rotatory motion, 
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Work and Energy. Equation (4) may be obtained thus, by assuming 
the principle of work. The horizontal velocity of the lower sphere 


_@ ~ ay _m(a+b) 
= GCG sin 0) = 


Han © 66, 


so that its kinetic energy is 


The horizontal and vertical velocities of the upper sphere are 
d 2H Bl erory d 
ai {GC’sin 6] and ai [a@+(a+b) cos 6], 


M (a+b) 
M+m 
so that its kinetic energy is 


4m. (a+b). 62 


1.8. cos 66 and —(a+b)sin 66, 


2 
| am me , cos? +sin a]. 


Equating the sum of these two energies to the work done, wiz. 
mg (a+) (1—cos 6), we obtain equation (4). 


203. Varying mass. In obtaining the equations of Art. 
161 we assumed the mass of the body to remain constant. If 
the mass m of a particle is not constant, the component effective 
force is we (m 4 and not m ae 

dt\ dt dt?” 


The equation (1) of Art. 161 is then 


d dx 
>> |x- (m 7) | =0, 
‘ O\. aS de as 7de 
ia EX=EG (mo) = Sm = 4 (us). 
Also the equation (6) of the same article is 


df dy) _ 4 (mn a2 
_s i dy de|_d.y dy _ a 
= Fond yn] od [mot 


dé 
=— | Mk?— |, as in Art. 187. 
di | di 
Ex. A cylindrical mass of snow rolls down an inclined plane covered with 
snow of uniform depih E, gathering up all the snow it rolls over and always 
remaining circular; find the motion of the snow, and shew that it will move 


with an acceleration +g sina, if initially, when its radius is a, it be started 


F ; 27g sin P Ror ‘ 
with velocity an/ i ZS where a is the inclination of the plane, 
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At time t from the start, let x be the distance described down the plane, 
and r be the radius, so that 
a (r? — a?) =the amount of snow picked up 
ea Ts Petes cero eect adeeerpeany tae cmeniaeaeeassceey Perera Oy, 
If F be the friction up the plane, and @ the angle turned through by the 
suow-ball, we have 


gf [arte praca op Sua peer seacecneeeeesnasees (2), 


and ¢ [er% BAO len Poe. Cone coteas coeenensesiseracnaes (3), 


where p is the density of the snow-ball. 
Also TO a) oe eee weaainen @aatea se as (4), 
since there is no sliding. 


2 
Since Bae , the equations (2) and (3) give 


d d [r8 r 
Se Gaon ee (ee eet 
r 3,08) + 5 (52) r3g sin a, 


ive. B¥+7— #=2g sina, 
7 E PE panes 
or, from (1), +e natalie 39D a. 


On putting 22=u and hence 2% = this equation becomes linear, and its 


solution is 
£2 (ra2+ HE ee in : a? Ex) 3+ 
&? (wa? + Ex) =398 a+ FoR (* + Ex) : 
i.e, poe 


7 
as (wa? + Ex)s 


This equation cannot in general be integrated further. 


2ig si ms, 
If, however, <=a ees * when z=0, we have C=0, and then 
-. 2gsina 2rga?sina .. 2g sina 
(ea alec ea eee ee eye st Msimatics 
ian ca wie yoo artes (he re oy 


so that the acceleration is Pi aay ‘ 


MISCELLANEOUS EXAMPLES ON CHAPTER XIV. 


1. A uniform stick, of length 2a, hangs freely by one end, the other 
being close to the ground. An angular velocity » is then given to the 
stick, and when it has turned through a right angle the fixed end is let go. 
Shew that on first touching the ground it will be in an upright position if 


@ 


129 [gy 28" 
2a ae pti 
2. A circular disc rolls in one plane upon a fixed plane and its centre 


describes a straight line with uniform acceleration f; find the magnitude 
and line of action of the impressed forces. 


i where p is any odd multiple of 5 
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3. A spindle of radius @ carries a wheel of radius }, the mass of the 
combination being Jf and the moment of inertia 7; the spindle rolls down 
a fixed track at inclination a to the horizon, and a string, wound round 
the wheel and leaving it at its under side, passes over a light pulley and 
has a mass m attached to the end which hangs vertically, the string 


between the wheel and pulley being parallel to the track. Shew that the 
acceleration of the weight is 


g (6— a) {Ma sin a+m(b—a)} + [1+ Ma?+m (b—a)?]. 


4, Three uniform spheres, each of radius a and of mass m, attract 
one another according to the law of the inverse square of the distance. 
Initially they are placed on a perfectly rough horizontal plane with their 
centres forming a triangle whose sides are each of length 4a. Shew that 


the velocity of their centres when they collide is NT rE , where y is 


the constant of gravitation. 


5. A uniform sphere, of mass m and radius a, rolls on a horizontal 
plane, If the resistance of the air be represented by a horizontal force 


acting at the centre of the sphere equal to eh v* anda couple about it equal 
P q a Pp q 


to mpv?, where v is the velocity of the sphere at any instant, and if V be 

the velocity at zero time, shew that the distance described by the centre in 
; Eee 5A+ 

time ¢ is zi log (1+4V¢], where A =; “=. ; 

6. A uniform sphere rolls in a straight line on a rough horizontal 
plane and is acted upon by a horizontal force Y at its centre in a direction 
opposite to the motion of the centre. Shew that the centre of the sphere 
moves as it would if its mass were collected there and the force reduced to 


$Y, and that the friction is equal to 7X and is in a direction opposite to 
that of X. 


7. A man walks on a rough sphere so as to make it roll straight up a 
plane inclined at an angle a to the horizon, always keeping himself at an 
angle 8 from the highest point of the sphere; if the masses of the sphere 
and man be respectively Jf and m, shew that the acceleration of the sphere 


5g {msin B — (M+) sin a} 
7M+5m {1+cos (a+ )} 


is 


8. A circular cylinder, of radius @ and radius of gyration &, rolls 
inside a fixed horizontal cylinder of radius 6. Shew that the plane through 
the axes will move like a simple circular pendulum of length 


(b-a) (145) ; 


If the fixed cylinder be instead free to move about its axis, and have 
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its centre of gravity in its axis, the corresponding pendulum will be of 
length (b—a) (1+), where 

ht 

a 
aes ate 

a? MK? 
m and IM are respectively the masses of the inner and outer cylinders, and 
XK is the radius of gyration of the outer cylinder about its axis. 

[In the second case, if the outer cylinder has at time ¢ turned through 
an angle y, the equations of motion are, as in Art. 198, 


m (b—a) ¢?=R—mg cos > ; m(b—a) b=F—mg sing; 
meb=—-F.a; and MK*p=-Fb 
Also the geometrical equation is a (6+ )=b(¢-W).] 


9. A uniform circular hoop has a fine string wound round it. The 
hoop is placed upright on a horizontal plane, and the string, leaving the 
hoop at its highest point, passes over a smooth pulley at a height above the 
plane equal to the diameter of the hoop and has a particle attached to its 
otherend. Find the motion of the system, supposed to be all in one vertical 
plane; and shew that whether the plane be smooth or rough the hoop will 
roll without slipping. 


10. A disc rolls upon a straight line on a horizontal table, the flat 
surface of the disc being in contact with the table. If v be the velocity of 
the centre of the disc at any instant, shew that it will be at rest after a 


time i where p» is the coefficient of friction between the disc and 


ll. <A perfectly rough cylindrical grindstone, of radius a, is rotating 
with uniform acceleration about its axis, which is horizontal. If a sphere 
in contact with its edge can remain with its centre at rest, shew that the 


angular acceleration of the grindstone must not exceed ef 


12. A perfectly rough ball is at rest within a hollow cylindrical 
garden roller, and the roller is then drawn along a level path with uniform 
velocity V. If V?>4tg(b-a), shew that the ball will roll completely 
round the inside of the roller, a and 6 being the radii of the ball and 
roller. 


13. A solid uniform disc, of radius a, can turn freely about a horizontal 
axis through its centre, and an insect, of mass that of the disc, starts 


from its lowest point and moves along the rim with constant velocity 
relative to the rim ; shew that it will never get to the highest point of the 


disc if this constaut velocity is less than = 2ga (n+2). 
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14. Inside a rough hollow cylinder, of radius a and mass J, which is 
free to turn about its horizontal axis, is placed an insect of mass m; if the 
insect starts from the lowest generator and walks in a plane perpendicular 
to the axis of the cylinder at a uniform rate v relatively to the cylinder, 
shew that the plane containing it and the axis never makes with the 

beeen rite Cee 
upward drawn vertical an angle < 2cos SavmgaGl + ma) 
Mk? is the moment of inertia of the cylinder about its axis 


, where 


15. A rough lamina, of mass I, can turn freely about a horizontal 
axis passing through its centre of gravity, the moment of inertia about 
this axis being 14%. Initially the lamina was horizontal and a particle of 
mass m was placed on it at a distance ¢ from the axis and then motion 
was allowed to ensue. Shew that the particle will begin to slide on the 

: de) foe 
lamina when the latter has turned through an angle tan "Hama? 
where p is the coefficient of friction. 


16. A uniform beam, of mass J/ and length J, stands upright on per- 
fectly rough ground; on the top of it, which is flat, rests a weight of mass m, 
the coefficient of friction between the beam and the weight being ». If the 
beam is allowed to fall to the ground, its inclination 6 to the vertical when 


AE: 
the weight slips is given by (+3) cos 8 — Gn sin 6= M+2m. 


17. A rough cylinder, of mass J/, is capable of motion about its axis, 
which is horizontal; a particle of mass m is placed on it vertically above 
the axis and the system is slightly disturbed. Shew that the particle will 
slip on the cylinder when it has moved through an angle 6 given by 
p (M+6m) cos 6— UM sin 6=4mp, where p is the coefficient of friction. 


18. A hemisphere rests with its base on a smooth horizontal plane; a 
perfectly rough sphere is placed at rest on its highest point and is slightly 
displaced. Shew that in the subsequent motion the angular velocity of 
the line joining the centres, when its inclination to the vertical is 0, is 
2 oe and shew also that the sphere will leave the 
hemisphere when @ satisfies the equation 


5 (8-5) cos? @ + 20 cos? +7 (15-177) cos +70 (n—1)=0, 
where c is the sum of the radii and 7 the ratio of the sum of the masses of 
the sphere and hemisphere to that of the sphere. 

[Use the Principles of Linear Momentum and Energy.] 


19. A thin hollow cylinder, of radius a and mass J, is free to turn 
about its axis, which is horizontal, and a similar cylinder, of radius 6 and 
mass m, rolls inside it without slipping, the axes of the two cylinders being 
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parallel, Shew that, when the plane of the two axes is inclined at an angle 
¢ to the vertical, the angular velocity @ of the larger is given by 

a? (M+m) (2M +m) 2?=2gm? (a — b) (cos — cosa), 
provided both cylinders are at rest when @=a. 


20. A perfectly rough solid cylinder, of mass m and radius r, rests 
symmetrically on another solid cylinder, of mass Mand radius &, which is 
free to turn about its axis which is horizontal. If m rolls down, shew that 
at any time during the contact the angle @ which the line joining the 
centres makes with the vertical is given by 


, 2(M+m) 
(R+1) $= sit om -g sin d- 


Find also the value of ¢ when the cylinders separate. 


21, A locomotive engine, of mass /, has two pairs of wheels, of radius 
a, the moment of inertia of each pair about its axis being Mé; and the 
engine exerts a couple Z on the forward axle. If both pairs of wheels 
commence to roll without sliding when the engine starts, shew that the 
friction between each of the front wheels and the line capable of being 
called into action must be not less than a Lake ie = , 
2a 2k? + a2 

22. <A rod, of mass m, is moving in the direction of its length on a 
smooth horizontal plane with velocity wu. A second perfectly rough rod, of 
the same mass and length 2a, which is in the same vertical plane as the 
first rod, is gently placed with one end on the first rod; if the initial 
inclination of the second rod to the horizontal be a, shew that it will just 
rise into a vertical position if 3u? sin? a=4ga (1—sin a) (6+3 cos? a). 


23. A rough wedge, of mass J/ and inclination a, is free to move on a 
smooth horizontal plane; on the inclined face is placed a uniform cylinder, 
of mass m; shew that the acceleration of the cetitre of the cylinder down 

M+m 
3M +m4+2m sia’ 

24. A uniform circular ring moves on a rough curve under the action 
of no forces, the curvature of the curve being everywhere less than that of 
the ring. If the ring be projected from a point A of the curve without 


rotation and begin to roll at B, then the angle between the normals at A 


and B is ee 
B 


the face, and relative to it, is 2gsina. 


25, A uniform rod has one end fastened by a pivot to the centre of a 
wheel which rolls on a rough horizontal plane, the other extremity resting 
against a smooth vertical wall at right angles to the plane containing the 
rod and wheel; shew that the inclination @ of the rod to the vertical, when 
it leaves the wall, is given by the equation 

9M cos’ 6+6m cos 6— 4mcos a=0, 
where Jf and m are the masses of the wheel and rod and a is the initial 
inclination to the vertical when the system was at rest. 
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26, Rope is coiled round a drum of a@ feet radius, Two wheels 
each of radius 6 are fitted to the ends of the drum, and the wheels and 
drum form a rigid body having a common axis. The system stands on level 
ground and a free end of the rope, after passing under the drum, is inclined 
at an angle of 60° to the horizon. If a force P be applied to the rope, 
shew that the drum starts to roll in the opposite direction, its centre having 
P (2a—b)b 
QM (62 +k?) 
of gyration about the axis. 


acceleration , where J/ is the mass of the system and / its radius 


27. <A thin circular cylinder, of mass MW and radius 6, rests on a 
perfectly rough horizontal plane and inside it is placed a perfectly rough 
sphere, of mass m and radius a, If the system be disturbed in a plane 
perpendicular to the generators of the cylinder, obtain the equations of 
finite motion and two first integrals of them; if the motion be small, 
14M (b-a) 


shew that the length of the simple equivalent pendulum is Sy Ea 


28. A uniform sphere, of mass J/, rests on a rough plank of mass m 
which rests on a rough horizontal plane, and the plank is suddenly set in 
motion with velocity w in the direction of its length. Shew that the 
sphere will first slide, and then roll, on the plank, and that the whole system 
will come to rest in time —~~— , where yp is the coefficient of friction 

pg (A+ m) 
at each of the points of contact. 


29. A board, of mass M, whose upper surface is rough and under 
surface smooth, rests on a smooth horizontal plane. A sphere of mass 
m is placed on te board and the board is suddenly given a velocity V in 
the direction of its length. Shew that the sphere will begin to roll after a 

V 


(in ‘ 
3° a) 9 


30. On a smooth table there is placed a board, of mass J/, whose upper 
surface is rough and whose lower surface is smooth, Along the upper 
surface of the board is projected a uniform sphere, of mass m, so that the 
vertical plane through the direction of projection passes through the 
centre of inertia of the board. If the velocity of projection be uw and 
the initial angular velocity of the sphere be about a horizontal axis 
perpendicular to the initial direction of projection, shew that the motion 
aos are and that the 


(u— dw). 


time 


will become uniform at the end of time 
velocity of the board will then be ——3— 7 artim ae 


31. A perfectly rough plane turns with uniform angular velocity o 
about a horizontal axis lying in its plane; initially when the plane was 
horizontal a homogeneous sphere was in contact with it, and at rest 


268 Dynamics of a Rigid Body 


relative to it at a distance a from the axis of rotation; shew that at time 
t the distance of the point of contact from the axis of rotation was 


5 n/35g 5 bg 
a cosh (/% ot) + ~~? sion [4/2 ot |- 7 sin ot, 


Find also when the sphere leaves the plane. 
[For the motion of the centre of gravity use revolving axes, as in 
Art. 51.] 


32. In the previous question the plane turns about an axis parallel to 
itself and at a distance ¢ from it ; when the plane is horizontal and above 
the axis the sphere, of radius 8, is gently placed on the plane so that its 
centre is vertically over the axis; shew that in time ¢ the centre of the 
sphere moves through a distance 


ae ee AE ae Be 
35 Ie? 5B 5 | sin | 7 [9.2 510 of. 


33. A six-foot gymnast makes a somersault dive into a net by standing 
stiff and erect on the edge of a platform and allowing himself to over- 
balance. He loses foothold without slipping, when the component pressure 
along his legs becomes zero and preserves his rigidity during his fall. With 
apy reasonable and necessary assumptions, shew that he will fall flat on his 
back if the drop from the platform to the net is about 43 feet. 


34. Two railway wagons are each of mass Jf and each has four wheels 
of radius a@ and the moment of inertia for each pair of wheels is Z. The 
two wagons are coupled together and run down a slope inclined to the 
horizontal at an angle a. If the first wagon carries a load of mass JM’ and 
the second wagon is unloaded, shew that there is a pull P in the coupling 


given by pl air + 45 | = ego EE where the frictional resist- 


a” 
ances are equivalent to a back pull of n times the weight both for the loaded 
and unloaded wagon, and a is the radius of each wheel. 

If J1/=5 tons, M’=10 tons, a=18 inches and the moment of inertia, J, 
is that of half a ton at a distance of one foot, shew that, when a=sin7!)y 
and the back pull is 10 lbs. wt. per ton, the pull is about 454 lbs. wt. 


35. If a uniform heavy right circular cylinder, of radius a, be rotated 
about its axis and laid gently on two rough horizontal rails, at the same 
level and distant 2a sin a apart, so that the axis of the cylinder is parallel 
to the rails, shew that the cylinder will remain in contact with both rails 
if <tan a, but will initially rise on one rail if p>tan a. 


36. <A billiard ball, struck low, slides and rotates until uniform motion 
presently ensues. Investigate the motion, and shew that the point of the 
ball, which is three-tenths of the diameter below the top, has a velocity 
which remains of the same magnitude all the time. 


CHAPTER XV 
MOTION IN TWO DIMENSIONS. IMPULSIVE FORCES 


204. In the case of impulsive forces the equations of 
Art. 187 can be easily transformed. For if 7’ be the time 
during which the impulsive forces act we have, on inte- 
grating (1), 

[a5 i, = [SX dim Ex’, 


where X’ is the impulse of the force acting at any point (a, y). 
Let u and v be the velocities of the centre of inertia parallel 
to the axes just before the impulsive forces act, and w’ and v’ 
the corresponding velocities just after their action. 

Then this equation gives 


Mya ee eee (1). 
So MG aye ee oes tl. (2). 


These equations state that the change in the momentum 
of the mass M, supposed collected at the centre of inertia, in 
any direction is equal to the sum of the impulses in that 
direction. 

So, on integrating equation (4), we have 


| eFl,m s [a [vary | xa], 


ae. if w and w’ be the angular velocities of the body before and 
after the action of the impulsive forces, we have 


Mit (w' — w) = 3 (a'Y’ — y'X’). 
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Hence the change produced in the moment of momentum 
about the centre of inertia is equal to the moment about the 
centre of inertia of the impulses of the forces. 


205. Ex. 1. A uniform rod AB, of length 2a, is lying on a smooth 
horizontal plane and is struck by a horizontal blow, of impulse P, in a direction 
perpendicular to the rod at a point distant b from its centre; to find the 
motion. 

Let u’ be the velocity of the centre of inertia perpendicular to the rod after 
the blow, and w’ the corresponding angular velocity about the centre. Then 
the equations of the last article give 


a2 
Mu'=P, and us w= sb. 
Hence we have w’ and w’. 
Ex. 2. A uniform rod at rest is struck by a blow at right angles to its 


length at a distance x from its centre. Find the point about which it will 
begin to turn. 


Let O be the required centre of motion, GO=y, where G is the centre of 
inertia, and G4=GB=a. 
Let the impulse of the blow be P, and the resulting angular velocity 


about O be w The velocity acquired by G is yw. Hence, from Art. 204, we 
have 


and ul yt+5 |o=Pyte) som eces teen cess see enor (2). 


Solving pos * and cae giving the resulting angular velocit d th 
bs a ee g ang city and the 


position of O, The velocity of the centre of inertia Gayo=*., 


The kinetic energy ara by Art. 190, 


2 a2 2 
a [y ae a = = = See AeAA sau saetoee (3)5 


If the end A were fixed, the resulting angular velocity w, would be given by the 


: a 
equation WM [ «+ =| w=P (a+), so that w,= = “ , and the kinetic 


energy generated would 


4a? 3P2 (a+)? 
Ma. z= 
yi 3 OU Ba qd cites testesteseeeeenees (4). 


The ratio of the energies given by (3) and (4) = oe 
a+x 
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The least value of this ratio is easily seen to be unity, when r=. 


Hence the kinetic energy generated when the rod is free is always greater 
than that when the end 4 is fixed, except when z= 


centre of rotation. 


5 in which case A is the 


Ex. 3. Two uniform rods 4B, BC are freely jointed at B and laid on a 
horizontal table; AB is struck by a horizontal blow of impulse P in a direction 
perpendicular to AB at a distance ¢ from its centre; the lengths of AB, BC 
being 2a and 2b and their masses M and M’, find the motion immediately after 
the blow. 


Let w, and w; be the velocity of the centre of inertia of AB and its angular 
velocity just after the blow; wg and we similar quantities for BC. There will 
be an impulsive action between the two rods at B when the blow is struck; 
let its impulse be Q, in opposite directions on the two rods. 

Then for the rod AB, since it was at rest before the blow, we have 


MAb PO) Mseclcccressecertnescuss te seests sccm: (1), 

and Me .wi=P.c-Q.a Gas nOnEANe POR ECOSHOCOGCEIODE (2). 
So, for BC, we have Mito IO Tircecanaescnasacateuncememetee ene ite (3), 
and Me eg=—Q.d Maer e enous ou eee ebesaes (4). 


Also, since the rods are connected at B, the motion of B, as deduced from 
each rod, must be the same. 


CS EOI I ESUP SUI) Ggneuemanocbonococaaaseooncae (5). 


These five simple equations give uw, #1, %, 2 and Q. On solving them, 
we obtain 


1 M’ 3c 18 ih ae? ~)] 
= pote ee pe I eis ae st Uy Dees 
Q=7?. gam (1+e). a ae eam We )\3 

8Pre 1 M’ 3c a ola ts Be 
o=gals-auew (te): “s=7- item \ ita)! 

Sie iB 3c 
and e=~ 5 reyes) 


Ex. 4. Three equal uniform rods AB, BC, CD are hinged freely at their 
ends, B and C, so as to form three sides of a square and are laid on a smooth 
table ; the end A is struck by a horizontal blow P at right angles to AB. Shew 
that the initial velocity of A is nineteen times that of D, and that the impulsive 


; 5P P. 
actions at B and C are respectively ia and ia" 
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The initial motion of the point B must be perpendicular to AB, so that the 
action at B must be along BC; similarly 
the action at C must be along CB. Let 
them be X; and X_ as marked. Let the 
velocities and angular velocities of the rods 
be uy, and w,, Ug, and uz and ws; as in the 


figure. 
For the motion of AB we have 
LEONE ven anene ne (1), 
a? & 
and m= AUPE RGN Sacces (2), 


where m is the mass and 2a the length of 
each rod. 


For BC, we have ML g Kg EX gyre eds yg aOR Ss wh za ee (3). 
For CD, we have MIU g Ken a, cade sag eetk a sass etcetera (4), 

2 
and m 5 w3=Xo.a AE ERC ECBO HE ARE OHA pe RAC EE Ser (5). 


Also the motion of the point B of the rod AB is the same as that of the 
same point B of the rod BC. 


So, for the point C, 
Uy ct iG Gg Ao), cnaisa hides date sosceemeseetesaste tae (7). 
On substituting from (1)...(5) in (6) and (7), we obtain 
5X, = X3= 2P and Xy = 5X, 
giving 5 eas and m=5 . 
Hence we have 
17P ey 1 fe) 
ion OO ae ‘=e5 3 ic Saale [a 
velocity of the point A uy +Gw, os 
velocity of the point D  aw3—ug 


y= 


EXAMPLES 


1. AB, BC are two equal similar rods freely hinged at B and lie in a 
straight line on a smooth table. The end A is struck by a blow perpen- 
dicular to AB; shew that the resulting velocity of A is 34 times that of B. 


2. Two uniform rods, AB and BC, are smoothly jointed at B and 
placed in a horizontal line; the rod BC is struck at @ by a blow at right 
angles to it; find the position of @ so that the angular velocities of 4B and 
BC may be equal in magnitude. 


3. Two equal uniform rods, AB and AC, are freely hinged at A and 
rest in a straight line on a smooth table. A blow is struck at B perpen- 
dicular to the rods; shew that the kinetic energy generated is { times 
what it would be if the rods were rigidly fastened together at A. 
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4. Two equal uniform rods, AB and BO, are freely jointed at B and 
turn about a smooth joint at A. When the rods are in a straight line, 
being the angular velocity of 4B and w the velocity of the centre of mass 
of BC, BC impinges on a fixed inelastic obstacle at a point D; shew that 


2u— aw 
5 , where 2a 


the rods are instantaneously brought to rest if BD=2a ~“—% 
3u+ 2d 


is the length of either rod. 


5. Two rods, AB and BC, of lengths 2a and 2b and of masses propor- 
tional to their lengths, are freely jointed at B and are lying in a straight 
line. A blow is communicated to the end A; shew that the resulting 
kinetic energy when the system is free is to the energy when C is fixed as 
(4a4+ 30) (8a+46) : 12 (a@+6)% 


6. Three equal rods, AB, BC, CD, are freely jointed and placed in a 
straight line on a smooth table. The rod AB is struck at its end A by a 
blow which is perpendicular to its length; find the resulting motion, and 
shew that the velocity of the centre of AB is 19 times that of CD, and 
its angular velocity 11 times that of CD. 


7. Three equal uniform rods placed in a straight line are freely 
jointed and move with a velocity v perpendicular to their lengths. If the 
middle point of the middle rod be suddenly fixed, shew that the ends of 
4ra 


op? where @ is the length of each 


the other two rods will meet in time 


rod. 


8. Two equal uniform rods, 48 and AC, are freely jointed at A, and 
are placed on a smooth table so as to be at right angles. The rod AC is 
struck by a blow at C in a direction perpendicular to itself; shew that the 
resulting velocities of the middle points of AB and AC are in the ratio 
Qh 


9. Two uniform rods, AB, AC, are freely jointed at A and laid on a 
smooth horizontal table so that the angle BAC is a right angle. The rod 
AB is struck by a blow P at Bina direction perpendicular to AB; shew 


, where m and m/ are the masses of 


. . . - j 2 
that the initial velocity of A is eG 


AB, AC respectively. 


10. AB and CD are two equal and similar rods connected by a string 
BC; AB, BC, and CD form three sides of a square. The point A of the 
rod AB is struck a blow in a direction perpendicular to the rod; shew 
that the initial velocity of A is seven times that of D. 


11. Three particles of equal mass are attached to the ends, 4 and C, 
and the middle point B of a light rigid rod ABC, and the system is at 
rest on a smooth table. The particle C is struck a blow at right angles to 
the rod; shew that the energy communicated to the system when 4 is 
fixed, is to the energy communicated when the system is free as 24 to 25. 


ty, Dy 18 
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12. A uniform straight rod, of length 2 ft. and mass 2 lbs., has at 
each end a mass of 1 lb., and at its middle point a mass of 4 lbs. One of 
the 1 lb. masses is struck a blow at right angles to the rod and this end 
starts off with a velocity of 5 ft. per second ; shew that the other end of 
the rod begins to move in the opposite direction with a velocity of 2°5 ft. 
per sec. 


206. A uniform sphere, rotating with an angular velocity w 
about an axis perpendicular to the plane of motion of its centre, 
impinges on a horizontal plane; find the resulting change in its 
motion. 7 

First, suppose the plane rough enough to prevent any 
sliding. 

Let u and wv be the components of its 
velocity before impact as marked in the 
figure; u’ and v’ the components, and o’ 
the angular velocity, just after the impact. 

Let £& be the normal impulsive reaction 
and F' the impulsive friction, 


Then the equations of Art. 204 give ne 
OM ee a, Sy nee ate ee (1), 
MAY 2) sae Bac ai ee (2), 
and RES Gh) = cee ene tde eee (3). 
Also since the point A is instantaneously reduced to rest, 
there being no sliding, ~ 
Ni f=eaANO) aN) ages Coeecee hs tact oeN (4). 
Also, if e be the coefficient of restitution, 
WE CU a np coun sivcien saw aia inanet (5). 


Solving (1), (3), and (4); we have 
9 
vm HF 0, 

and R= eb — 00). 4. (7). 

CaseI. u=ao. 

There is no friction called into play, and w and are unaltered. 

Case lI. u<aw. 

Then / acts —>; w’<, and u’ >wu. Hence when the point 
of contact A before impact is moving <—, the angular velocity 
is decreased by the impact, the horizontal velocity is increased, 
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and the direction of motion of the sphere after impact makes a 
smaller angle with the plane than it would if there were no 
friction. 


Case III. u>ao. 

Then F acts <—; w’>o and u’<u. Hence when the 
point of contact A before impact is moving —>, the angular 
velocity is increased, the horizontal velocity is diminished, and 
the direction of motion after impact makes a greater angle with 
the plane than it would if there were no friction, 


Case IV. Let the angular velocity before the impact be 5. 
We must now change the sign of , and have 


uw =a0' = Do tereetetseeseeee (8), 
and Bize MES (GOs isso tes.uss sects (9). 
Tf uae then w’ and a’ are both zero, and the sphere 


rebounds from the plane vertically with no spin. 

If —— then wu’ is negative and the sphere after the 
impact rebounds towards the direction from which it came. 

[Compare the motion of a tennis ball on hitting the ground 
when it has been given sufficient “ under-cut.”] 

In each case the vertical velocity after the impact is ev and 
R=M(1+e)v. 

In Cases I, II and III, ‘in order that the point of contact 

‘ Ne 

may be instantaneously brought to rest, we must have R<& 
the coefficient of friction, 7.e. from (2), (5) and (7), 


2(u—aw) <u(1 +e)». 


If #(u—aw)>p(1+e), the friction is not sufficient to 
bring the point of contact A to instantaneous rest, equation (4 
will not hold and for equations (1), (2), (3), we must have 


M (ul — Ub) H — WR rerisecrerescneees ql’), 
M (0! 4) = Br.ccsccseveccceveecenens (2'), 
and BK? (e! — ©) = PLE. WU vevcereveererrees (3’). 
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These with equation (5) give 
w=u-—pu(it+e), v =e, 


and wat eho =) se aoe Ge (4). 


In Case IV in order that the friction may bring the point 
of contact to rest we must have F< uh. 
Hence from (2), (5) and (9) we must have 


#(utaw)< pu(1 +e)... 
If however Z(utaw)>pu(l+e) wee eek 


the friction is not sufficient, and we have equations similar to 
(1’), (2'), and (8’), but with the sign of » changed. They 
will give 

u=u—pv(1+e), v =e, 


,_ op 
and w=5 vilte)—o. 


In this case it will, from (5’), be possible for u to be less than 
wv (1 +e), if w be large enough; hence, if the ball has 
sufficiently large enough under-cut, wu’ can be negative, 2.e. the 
ball can rebound backwards. 

[Compare again the motion of a tennis ball.] 


207. Ea. 1. A rod, of length 2a, is held in a position inclined at an 
angle a to the vertical, and is then let fall on to a smooth inelastic horizontal 
plane. Shew that the end which hits the plane will leave it inumediately after 
the impact if the height through which the rod falls is greater than 


ys@ Sec a cosec? a (143 sin? a). 

If wu and w be the vertical and angular velocity just after the impact, V 
the vertical velocity before the impact and R the impulse of the reaction of 
the plane, then 

m(V—u)=R, mk?w=Rasina, and u-—awsina 
=vertical velocity of the end in contact with the plane=0. 


Fence _u___——8Vsina (1). 


w= Tain - = ii (1+3 sin? a) See e ee reciererreeseccccces 


Assuming the end to remain in contact with the plane, and that S is the 
normal reaction when the rod is inclined at @ to the vertical, we have 
2 2) ss 
S—mg=m 5 (aos 6), and S.asind=m>6 podontiogoods (2). 


Eliminating S, we have 


6 (1+ 3 sin? 0) +3 sin 6 cos 96298 SIN OGeeececoccwasaney (3). 
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Now S is negative when 6=a if 6 is negative then, so that equation (3) then 
gives 3sinacos aw? > 39 sina, ie. w2> g 
a acosa 


Hence, from (1), 
pu” (1 +3 sin? a)? o> 22 (143 sin?a)? 
9 sin?a 9 cos a sin? a 
Hence the given answer. 


Ex.2. Four equal rods, eack of mass m and length 2a, are Freely jointed at 
their ends so as to forma rhombus. The rhombus falls with a diagonal vertical, 
and is moving with velocity V when it hits a fixed horizontal inelastic plane. 
Find the motion of the rods immediately after the impact, and shew that their 


ae 3 Vsina 
angular velocities are each equal to = 


2 a(1+3sina)’ where ais the angle each 


rod makes with the vertical. 


Shew also that the impact destroys a fraction of the kinetic 


1 
143 sin?a 
energy just before the impact. 

After the impact it is clear that AB is moving with some angular velocity 
wy a) about A, and BC with an angular velocity 
we ) about B. 

Since C is, by symmetry, moving vertically after 
the impact, its horizontal velocity is zero. 

“. O=horizontal velocity of B+ horizontal velocity 
of C relative to B 
= 2aw COS a + 2a, COS @, 
1.€. WI = — Wy. cceccccccsereavcrecs (1). 
The horizontal velocity of Gg similarly 
= 2aw, COS a+ aw, C08 a=Aw; COS a>, 


and its vertical velocity 
=2aw, sina —dwosina=3aw, sina}. 
If X be the horizontal impulse at C as marked (there being no vertical 


impulse there by symmetry) we have, as in Art. 192, on taking moments about 
A for the two rods AB, BC 


2 : ; a - 
mao wy tm aw, cosa. 3a cos a+3au, sina. asin a +-3 we |-2mVasina 
=X. 4acosa, 
Vex 2X 
ie Deo ISIC ae OSI aerccneseceaetsccesesseccees( 2): 
ae a ma 


Similarly, taking moments about B for the rod BC, we have 


2 
: . a : 
m| aw, cosa. a cos a — 3a sina. asin at+- on |-m[- V].asina=X.2acosa, 


2 ; Vie 2x 
ie. wy G —4 sin? «) = — 7 SiN at COB G woes spaccestone: (3). 


Solving (2) and (3), we have w, and X, and the results given are obtained. 
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The impulsive actions X;> and Y,;4 at B on the rod BC are clearly 
given by 


X,+X=m. horizontal velocity communicated to Gg=m. aw, COB a, 
and Y,=mx vertical velocity communicated to Gg 
=m (— 3aw, sin a) —m[ - V]=m[V — aq sin a). 
Also the impulsive action Xz, at A on AB is given by 
X,~—X,=m. horizontal velocity communicated to G;=m . aw, COS a 
The total action Y, {at A =total change in the vertical momentum 
=4mV — 8maw, sin a. ee 


On solving these equations, we have 


_3V sina | xamV tana 3 cos?a-1 > 
“1-90 °143sin2a’ ~~~ 9 148sin?a’ 
_mV tana | y,a™” scosta-1. 
79 3-E3 sin? a” . 2 t+enmee” 
mVtana 1+3cos?a 4mV 
GE . ; 5 = ——_.-.-.. 
2 5 tae ia eee 
Also the final kinetic energy 
1 4a2 ah 2 
=—.2m. a0 2 +—. 2m a%e? cos? a + 9a%w,? sin? a + We? 
2 3 2 3 
3 sin?a 


moray x original kinetic energy. 


It will be noted that, since we are considering only the change in the 
motion produced by the blow, the finite external forces (the weights of the 
rods in this case) do not come into our equations. For these finite forces 
produce no effect during the very short time that the blow lasts. 


Ex. 3. A body, whose mass is m, is acted upon ata given point P by a blow 
of impulse X. If V and V" be the velocities of P in the direction of X just before 
and just after the action of X, shew that the change in the kinetic energy of 
the body, i.e. the work done on it by the impulse, is 4 (V+ Ve) Xs 


Take the axis of x parallel to the direction of X. Let w and vw be the 
velocities of the centre of inertia G parallel to Ox and Oy, and w the angular 
velocity round G@ just before the action of X. Let wu’, v’, and w’ be the same 
quantities just after the blow. The equations of Art. 204 then become 


m(u'—u)=X; m(v’'-v)=0, and mk? (w’—~w)=-y’.X ......(1), 


where (z’, y’) are the coordinates of P relative to G, 
By Art. 190, the change in the kinetic energy 


= hm (u’? + v2 + ke’) — $m (u2 + v? + k2w?) = $m (w’2 — u2) + dk? (w’2 — 2) 
=X (u’+u)— hy’. X(w'+w), by (1), =3X [(u’ —y’w’) + (u—y'o)]. 
Now V=the velocity of @ parallel to Ox+ the velocity of P relative to G 
=u-—w.GP sin GPr=u-y’a, 
and similarly Vi=u' -y'o'. 


Hence the change in the kinetic energy =4X (V'+V). 
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EXAMPLES ON CHAPTER XV 


1. A uniform inelastic rod falls without rotation, being inclined at any 
angle to the horizon, and hits a smooth fixed peg at a distance from its 


upper end equal to one-third of its length. Shew that the lower end begins 
to descend vertically. 


2. A light string is wound round the circumference of a uniform reel, 
of radius a and radius of gyration & about its axis. The free end of the 
string being tied to a fixed point, the reel is lifted up and let fall so that, 
at the moment when the string becomes tight, the velocity of the centre of 
the reel is « and the string is vertical. Find the change in the motion and 
je 


show that the impulsive tension is mw. Pre: 


3. <A square plate, of side 2a, is falling with velocity u, a diagonal 
being vertical, when an inelastic string attached to the middle point of 
an upper edge becomes tight in a vertical position. Shew that the 
impulsive tension of the string is #J/u, where HW is the mass of the 
plate. 

Verify the theorem of Art. 207, Ex. 3. 


4. If a hollow lawn tennis ball of elasticity e has on striking the 
ground, supposed perfectly rough, a vertical velocity ~ and an angular 
velocity » about a horizontal axis, find its angular velocity after impact 


and prove that the range of the rebound will be = eu. 


5. An imperfectly elastic sphere descending vertically comes in contact 
with a fixed rough point, the impact taking place at a point distant a from 
the lowest point, and the coefficient of elasticity being e. Find the motion, 
and shew that the sphere will start moving horizontally after the impact 


pie celle 5 ; 
6. A billiard ball is at rest on a horizontal table and is struck by a 
horizontal blow in a vertical plane passing through the centre of the ball ; 
if the initial motion is one of pure rolling, find the height of the point 
struck above the table. 
[There is no impulsive friction. ] 


7. A rough imperfectly elastic ball is dropped vertically, and, when its 
velocity is V, a man suddenly moves his racket forward in its own plane 
with velocity U, and thus subjects the ball to pure cut in a downward 
direction making an angle a with the horizon. Shew that, on striking the 
rough ground, the ball will not proceed beyond the point of impact, 


2 
provided (U— V sin a)(1—cos a) > (1+e) ( + - V sin a cosa, 
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8. An inelastic sphere, of radius a, rolls down a flight of perfectly rough 
steps; shew that if the velocity of the centre on the first step exceeds 


d/ga, its velocity will be the same on every step, the steps being such that, 
in its flight, the sphere never impinges on an edge. 
[The sphere leaves each edge immediately.] 


9. An equilateral triangle, formed of uniform rods freely hinged at 
their ends, is falling freely with one side horizontal and uppermost. If the 
middle point of this side be suddenly stopped, shew that the impulsive 
actions at the upper and lower hinges are in the ratio ,/13 : 1. 


10. A lamina in the form of an equilateral triangle ABC lies on a 
smooth horizontal plane. Suddenly it receives a blow at A in a direction 
parallel to BC, which causes A to move with velocity V. Determine the 
instantaneous velocities of Band C and describe the subsequent motion of 
the lamina. 


11. A rectangular lamina, whose sides are of length 2a and 28, is at 
rest when one corner is caught and suddenly made to move with pre- 
scribed speed V in the plane of the lamina. Shew that the greatest angular 

3V 
velocity which can thus be imparted to the lamina is 4a 

12. Four freely-jointed rods, of the same material and thickness, form 
a rectangle of sides 2a and 26 and of mass H/’. When lying in this form 
on a horizontal plane an inelastic particle of mass M/ moving with velocity 
V in a direction perpendicular to the rod of length 2a impinges on it at a 
distance ¢ from its centre. Shew that the kinetic energy lost in the 


: et ee ee 3a4+ 3b c? 
impact is 3 V +[artap (+ + 3436 3) | 

13. Four equal uniform rods, 4B, BC, CD, and DE, are freely jointed 
at B, Cand D and lie on a smooth table in thé‘form of a square. The 


rod AB is struck by a blow at A at right angles to 4B from the inside of 
the square; shew that the initial velocity of A is 79 times that of Z. 


14. A rectangle formed of four uniform rods freely jointed at their 
ends is moving on a smooth horizontal plane with velocity Vin a direction 
along one of its diagonals which is perpendicular to a smooth inelastic 
vertical wall on which it impinges; shew that the loss of energy due to 


the impact is 
1 3 cos? a 3 sin?a 
p2 aS Oh 
Nae + 31 + Meo Yi my sh 2 


where m; and m, are the masses of the rods and a is the angle the above 
diagonal makes with the side of mass m. 


15. Of two inelastic circular discs with milled edges, each of mass m 
and radius a, one is rotating with angular velocity » round its centre 0 
which is fixed on a smooth plane, and the other is moving without spin in 
the plane with velocity v directed towards 0. Find the eee immediately 


afterwards, and shew that the energy lost by the impact is ; m (s+ Nv @ 
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16. A uniform circular disc, of mass ¥ and radius a, is rotating with 
uniform angular velocity « on a smooth plane and impinges normally 
with any velocity wu upon a rough rod, of mass m, resting on the plane. 
Find the resulting motion of the rod and disc, and shew that the angular 
M+m 


velocity of the latter is immediately reduced to 43m 


17. An elliptic disc, of mass m, is dropped in a vertical plane with 
velocity V on a perfectly rough horizontal plane; shew that the loss of 
2 2 
ae, where r is the 
distance of the centre of the disc from the point of contact, p is the central 
perpendicular on the tangent, and e¢ is the coefficient of elasticity. 


kinetic energy by the impact is 5 (1-2) mV? 


18. Two similar ladders, of mass m and length 2a, smoothly hinged 
together at the top, are placed on a smooth floor and released from rest 
when their inclination to the horizontal is a. When their inclination to 
the horizontal is 6 they are brought to rest by the tightening of a string 
of length Z which jcins similarly situated rungs. Shew that the jerk in 
the string is 


am. cot 0 ,/® ga sin a—sind) 


19. A sphere of mass m falls with velocity V on a perfectly rough 
inclined plane of mass M and angle a which rests on a smooth horizontal 
plane. Shew that the vertical’ velocity of the centre of the sphere immedi- 
5 (+m) Vsin?a 


ately after the impact is WI: Sad Smit a 


, the bodies being all sup- 
posed perfectly inelastic. 


20. A sphere, of mass m, is resting on a perfectly rough horizontal 
plane. A second sphere, of mass m’, falling vertically with velocity V 
strikes the first; both spheres are inelastic and perfectly rough and the 
common normal at the point of impact makes an angle y with the horizon, 
Shew that the vertical velocity of the falling sphere will be instantaneously 


2 
reduced to Pim+m’)=[ 2 m sec? y+m' + 7 m’ tan? G + 2) |. 


Shew also that the lower sphere will not be set in motion if siny=@, 
but that the upper sphere will be set spinning in any case, 


CHAPTER XVI" 


INSTANTANEOUS CENTRE. ANGULAR VELOCITIES. 
MOTION IN THREE DIMENSIONS 


208. To fix the position of a point in space we must know 
its three coordinates; this may be otherwise expressed by 
saying that it has three degrees of freedom. 

If one condition be given (eg. a relation between its 
coordinates, so that it must lie on a fixed surface) it is said to 
have two degrees of freedom and one of constraint. 

If two conditions are given (eg. two relations between its 
coordinates so that it must be on a line, straight or curved) it is 
said to have one degree of freedom and two of constraint. 

A rigid body, free to move, has six degrees of freedom. For 
its position is fully determined when three points of it are 
given. The nine coordinates of these three points are con- 
nected by three relations expressing the invariable lengths of 
the three lines joining them. Hence, in all, the body has 
6 degrees of freedom. 

A rigid body with one point fixed has 6-83, ie. three, 
degrees of freedom, and therefore three of constraint. 

A rigid body with two of its points fixed, z.e. free to move 
about an axis, has one degree of freedom. For the six co- 
ordinates of these two points are equivalent to five constraining 
conditions, since the distance between the two points is constant. 


209. A rigid body has its position determined when we 
know the three coordinates of any given point G of it, and also 
the angles which any two lines, Gl and GB, fixed in the body 
make with the axes of coordinates. 
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[If G and GA only were given the body might revolve 
round GA.) 

Since there are the three relations (1) /?+m?+n?=1, 
(2) 124+ m?+n7=1 and (8) Il’+mm’ + nn’ = the cosine of the 
given angle AGB, between the direction cosines (i, m, n) and 
(l’, m’, n’) of the two lines, it follows that, as before, six 
quantities, viz. three coordinates and three angles must be 
known to fix the position of the body. 


210. Uniplanar motion. 

At any instant there is always an axis of pure rotation, +e. 
a body can be moved from one 
position into any other by a 
rotation about some point with- 
out any translation. 

During any motion let three 
points A, B, C fixed in the body 
move into the positions A’, B, 
and C’ respectively. Bisect AA’, 
BB’ at M and WN and erect per- 
pendiculars to meet in O; so that 
OA =OA’ and OB = OB. 

Then the triangles AOB, 
A’OB’ are equal in all respects, so that 2 AOB= 2 A’OB’, 


and eA Ae 7 BOB Str scetsccsexentes (1) 
and ZUBA=ZO0B A. 

But ZCUBASZOBA, 

”. by subtraction 2ZOBC=2 OBC. 

Also OB=O05 “and BC = BOC, 

Hence the triangles OBC, OB’C’ are equal in all respects, 
and hence OC = OC ai aaa ce ietcateae es (2), 
and ZCOB=20 OB, 

1.6. PASO! VAN SOUS IN ORR eee (3). 


Hence the same rotation about O, which brings A to A’ and 
B to B’, brings any point C to its new position, ie. O is the 
required centre of rotation, 
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The point O always exists unless A A’ and BB’ are parallel, 
in which case the motion is one of simple translation and the 
corresponding point O is at infinity. 

Since the proposition is true for all finite displacements, it 
is true for very small displacements. Hence a body, in 
uniplanar motion, may be moved into the successive positions it 
occupies by successive instantaneous rotations about some centre 
or centres. 

To obtain the position of the point O at any instant let A 
and A’ be successive positions of one point, and B and B’ 
successive positions of another point, of the body. 

Erect perpendiculars to AA’ and BB’; these meet in 0. 


211. The centre, or axis, of rotation may be either 
permanent, as in the case of the axis of rotation of an ordinary 
pendulum, or instantaneous, as in the case of a wheel rolling in 
a straight line on the ground, where the point of contact of the 
wheel with the ground is, for the moment, the centre of 
rotation. 

The instantaneous centre has two loci according to whether 
we consider its position with regard to the body, or in space. 
Thus in the case of the cart-wheel the successive points of 
contact are the points on the edge of the wheel; their locus 
with regard to the body is the edge itself, z.e. a circle whose 
centre is that of the wheel. In space thé-points of contact are 
the successive points on the ground touched by the wheel, we. a 
straight line on the ground. 

These two loci are called the Body-Locus, or Body-Centrode, 
and the Space-Locus, or Space-Centrode. 


212. The motion of the body is given by the rolling of the 
body-centrode, carrying the body with it, _, 
C4 
upon the space-centrode. 


Let Cy, C,’, Cy’, Cy, ... be successive Cs 
points of the body-centrode, and Cj, C,, C%, Ce ct 
C, ... successive points of the space-cen- Gane! 
trode. C 
3 


At any instant let C, and (C/ coincide we 
so that the body is for the instant moving © 
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a 


about C, as centre. When the body has turned through the 
small angle @ the point C,’ coincides with C, 
and becomes the new centre of rotation; a 
rotation about OC, through a small angle 
brings C,’ to C, and then a small rotation 
about C; brings C,' to C, and so on. 
In the case of the wheel the points Cy, 
2 +-- lie on the wheel and the points C,, 
C,... on the ground. 


C5CyCgCe Cy 


Ea.1. Rod sliding on a plane with its ends on two perpendicular straight 
lines CX and CY. 

At A and B draw perpendiculars to CX and CY and let them meet in O, 
The motions of 4 and B are instantaneously 
along AX and BC, so that O is the instantaneous “Y] ~~>---.. 
centre of rotation. FEET ONO) 

Since BOA is a right angle, the locus of O 
with respect to the body is a circle on AB as 
diameter, and thus the body-centrode is a circle 
of radius s - AB. 

Since CO=AB, the locus of O in space is a 
circle of centre C and radius AB. Hence the C 
motion is given by the rolling of the smaller : 
circle, carrying AB with it, upon the outer circle 


of double its size, the point of contact of the two circles being the instantaneous 
centre. 


Ez.2. The end A of a given rod is compelled to move on a given straight 
line CY, whilst the rod itself always passes through a fixed point B. 

Draw BC (=a) perpendicular to CY. The instantaneous motion of A is 
along CY, so that the instantaneous centre 
O lies on the perpendicular 40. 

The point B of the rod is for the moment 
moving in the direction AB, so that O lies 
on the perpendicular OB to AB. 

Body-Centrode. By similar triangles 
OAB, ABC we have 

AB_a a 

407 48+” 40> cot 048" 
so that with respect to the body the locus 
of O is the curve 


Space-Centrode. If OM be perpendicular to CB, and CM=2, MO=y, then 
z=at+ycotOBM=a+y tang, and y=CA=atan ¢. 
Therefore the locus of O in space is the parabola y?=a («—a). 
The motion is therefore given by the rolling of the curve (1), carrying the 
rod with it, upon the parabola. 
This motion is sometimes known as Conchoidal Motion; for every fixed 
point P on the rod clearly describes a conchoid whose pole is B. 
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Ex, 3. Obtain the position of the centre of instantaneous motion, and the 
body- and space-centrodes in the following cases: 

(i) A rod AB moves with its ends upon two fixed straight lines not at 
right angles. 

(ii) A rod AB moves so that its end A describes a circle, of centre O and 
radius a, whilst B is compelled to move on a fixed straight line passing through 
O. {Connecting rod motion.] Compare the velocities of A and B, 

(iii) Two rods AB, BD are hinged at B; AB is hinged to a fixed point 
at A and revolves round 4; BD always passes through a small fixed ring at C 
which is free to rotate about C. [Oscillating cylinder motion.] 

(iv) The middle point G of a rod AB is forced to move on a given circle 
whilst at the same time the rod passes through a small ring at a fixed point C 
of the circle, the ring being free to rotate. 

[Hence show that in a limacgon the locus of the intersection of normals at 
the ends of a focal chord is a circle.] 


Ex. 4. The arms AC, CB of a wire bent at right angles slide upon two 
fixed circles in a plane. Shew that the locus of the instantaneous centre in 
space is a circle, and that its locus in the body is a circle of double the radius 
of the space-centrode. 


Ex.6. A straight thin rod moves in any manner in a plane; shew that, at 
any instant, the directions of motion of all its particles are tangents to a 
parabola. 


Ex. 6. AB, BC, CD are three bars connected by joints at B and C, and 
with the ends A and D fixed, and the bars are capable of motion in one plane. 
Shew that the angular velocities of the rods AB and CD are as BO.DC is to 
AB.CO, where O is the point of intersection of 4B and CD. 

ms, 

213. The position of the instantaneous centre may be 
easily obtained by analysis. 

Let u and wv be the velocities parallel to the axes of the 
centre of mass G of the body and @ the angular velocity about 
G. Then the velocities of any point P, whose coordinates 
referred to G are # and y and such that PG is inclined at @ to 
the axis of a, are 


u—PG@.sin@.@ and v+PG@.cos 6. parallel to the axes, 


1.0. u—yo and v+2o. 
0 U 
‘These are zero if #=—— and y=-—. 
@ @ 


The coordinates of the centre of no acceleration are also easily found. 
For the accelerations of any point P relative to G@ are PG.w? along PG and 
PG. perpendicular to PG, 
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Therefore the acceleration of P parallel to OX 
=t-PG.w*.cos@-PG. asin 0=t- wr — dy, 
and its acceleration parallel to Oy 
=0-—PG.w*.sin 0+ PG. cos 0=b — wy + aa, 
These vanish at the point 
Te ee yh Sek 
dw- be bw +%id wl+ G2" 


214. The point P, whose coordinates referred to G are 
(z, y), being the instantaneous centre and L the moment of 
the forces about it, the equation of Art. 192 gives 

L=MNM [ko + yu — xd), 
where Mk? is the moment of inertia about G, 


2 
=M | ie ean eee 5, (eo® +t +0'), 


Now, since P is the instantaneous centre, 
+= PG. w% 
Md 
os omar que + P@o?] = at (ita? ieee, i): 
where k, is the va of gyration about the instantaneous 
centre. 
(1) If the instantaneous centre be fixed in the body, so 
that k,? is constant, this quantity = M/k/?o. 
(2) If PG (=r) be not constant, the quantity (1) 
_ iM d oo 2 2 /| 2 2 Y M  7.\2 
=F a {(k? + 1?) w?} = M (k $1) 0 + 5 . Bro 
= Mk?2o+ Mrro. 

Now if, as in the case of a small oscillation, the quantities + 
and w are such that their squares and products can be neglected, 
this quantity becomes Mk,°a, so that in the case of a small 
oscillation the equation of moments of momentum about the 
instantaneous centre reduces to 


moment of momentum about the instantaneous 
L centre I 


fT Mk? moment of inertia about J 
the squares of small quantities being neglected, 


ze. as far as small oscillations are concerned we may treat 
the instantaneous centre as if it were fixed in space. 
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215. Motion in three dimensions. 

One point O of a rigid body being fixed, to shew that the body 
may be transferred from one position into any other position by 
a rotation about a suitable aars. 

Let the radii from O to any two given points a, 8 of a body 
meet any spherical surface, 
of centre O, in the points A 
and B, and when the body 
has been moved into a 
second position let A and B 
go to A’ and B’ respectively. 

Bisect AA’ and BB’ in 
D and £ and let great circles 
through D and £ perpen- 
dicular to 4A’ and BB’ meet 
in C. 

Then 


CA =CA’, CB=CB’ and AB=A’'B’. 
LACE = 2A be 

“. ZACA’=Z BCB’, so that the same rotation about OC 
which brings A to A’ will bring B to B’. 

Now the position of any rigid body is given when three 
points of it are given, and as the three points 0, A, B have 
been brought into their second positions O, A’, B’ by the same 
rotation about OC, it follows that any"ether point’P will be 
brought into its second position by the same rotation. 


216. Next, remove the restriction that O is to be fixed, and 
take the most general motion of the body. Let O’ be the 
position of O in the second position of the body. 

Give to the whole body the translation, without any rotation, 
which brings 0 to 0’. O’ being now kept fixed, the same 
rotation about some axis O'C, which brings A and B into their 
final positions, will bring any other point of the body into its 
final position. 

Hence, generally, every displacement of a rigid body is 
compounded of, and is equivalent to, (1) some motion of transla- 
tion whereby every particle has the same translation as any 
assumed point O, and (2) some motion of rotation about some 
axis passing through O, 
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These motions are clearly independent, and can take place 
in either order or simultancously. 


217. Angular velocities of a body about more than one axis, 
Indefinitely smal! rotations. 

A body has an angular velocity » about an axis when every 
point of the body can be brought from its position at time ¢ to 
its position at time ¢+ ot by a rotation round the axis through 
an angle wot. | 

When a body is said to have three angular velocities w,, w., 
and w, about three perpendicular axes Ox, Oy, and Oz it is 
meant that during three successive intervals of time d¢ the body 
is turned in succession through angles @,dt, w,5¢ and @;d¢ about 
these axes. 

[The angular velocity @, is taken as positive when its effect 
is to turn the body in the direction from Oy to Oz; so , and 
@, are positive when their effects are to turn the body from Oz 
to Ox, and Ox to Oy respectively. This is a convention always 
adopted. ] 

Provided that 8¢ is so small that its square may be neglected 
it can be shewn that it is immaterial in what order these 
rotations are performed, and hence that they can be considered 
to take place simultaneously. 

Let P be any point (x, y, 2) of a body; draw Pi perpen- 
dicular to Ox and let PM be in- 
clined at an angle @ to the plane 
zOy so that 

y = MP cos 0, z= MP sin 0. 

Let a rotation ,d¢ be made 
about Ox so that P goes to 1’ g 
whose coordinates are 

a, yt dy, z+ dz. 
Then y + dy = MP cos (@ + St) 
= MP (cos @ — sin 0. o,8t) = y — 2@,5t, 


Zz 


powers of dt above the first being neglected. 
So z+6z=MPsin(6 + @,&t) 
= ML (sin @ + cos @. wot) = 2 + yo ot. 
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Hence a rotation ,5¢ about Ox moves the point (a, y, z) to 
the point 
(@, Y—2@,5t, 2+ YOO1)..-.20cerecereeres (1). 


So a rotation w,5¢ about Oy would move the point (4, y, 2) 
to the point 
(G+ 20,06;: Yi, 2 — HOWL), atin ed costae’ (2). 


Also a rotation w,6¢ about Oz would move the point (2, y, 2) 
to the point 


(% — yo,St, y+-"ms0t, Z)...s..00: een (3). 


218. Now perform the three rotations, about the perpen- 
dicular axes Oz, Oy, Oz, of magnitudes w,6t, w,5t, wot respectively 
in succession. 

By (1) the rotation w,6t takes the point P (2, y, z) to the 
point P,, viz. 

(a, y— 2,5t, z+ yo, dt). 


By (2) the rotation w,dt takes P, to the point P., vez. 
[x + (2+ yo,St) dt, y—20,5t, 2+ yo, dt — vw,6¢], 
1.8. [w+ z,dt, y — 20,dt, 2+ (ya, — Lo.) dt], 


on neglecting squares of 8t. 
Finally the rotation w,d¢ about Oz takes P, to the point Ps, 


viz. [w + 20,5¢ —(y — 2a, dt) dt, y — 20, 5¢ + (w + 20,5t) w55t, 


2+ (yo, — ©w,) dt], 
we. Ps is the point 


[w+ (za. — yas) dt, y + (wos — 2@,) dt, 2+ (yo, — Ta.) &], 


on again neglecting squares of &¢. 

The symmetry of the final result shews, that, if the squares 
of d¢ be neglected, the rotations about the axes might have 
been made in any order. 

Hence when a body has three instantaneous angular velocities 
the rotations may be treated as taking place in any order and 
therefore as taking place simultaneously. 

If the rotations are of finite magnitude, this statement is 
not correct, as will be seen in Art. 225. 


Composition of Angular Velocities 291 


219. If a body possesses two angular velocities w, and ws, 
about two given lines which are represented in magnitude by 
distances OA and OB measured along these two lines, then the 
resultant angular velocity 1s about a line OC, where OACB is a 
parallelogram, and will be represented in magnitude by OC. 

Consider any point P lying on OC and draw PM and PN 
perpendicular to 0.4 and OB. 

The rotations w,6¢ and w,&¢ 
about OA and OB respectively 
would move P through a small 
distance perpendicular to the 
plane of the paper which 


=— PM. o,3t+ PN .0,St 
=r[-PM.0A + PN .OB] st =2.[-A POA +A POB] 8t=0. 


Hence P, and similarly any point on OC, is at rest. 

Hence OC must be the resultant axis of rotation; for we 
know, by Art. 215, that there is always one definite axis of 
rotation for any motion. 

If » be the resultant angular velocity about OC, then the 
motion of any point, A say, will be the same whether we 
consider it due to the motion about OC, or about OA and OB 
together. 

Hence @ x perpendicular from A on OC = @, x perpendicular 
from A on OB. 


*, wo x OAsin AOC =o, x OA sin AOB. 


_ @ snAOB sinOAC OC _ OC 
weer aiedOC. sim d400) AC MOB 

Hence on the same scale that w, is represented by OB, or a, 
by OA, the resultant angular velocity about OC is represented 
by OC. 

Angular velocities are therefore compounded by the same 
rules as forees or linear velocities, 7.e. they follow the Parallelo- 
gram Law. 

Similarly, as in Statics and Elementary Dynamics, the 
Parallelogram of Angular Accelerations and the Parallelepiped 


of Angular Velocities and Accelerations would follow. 
19—2 
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Hence an angular velocity » about a line OP is equivalent 
to an angular velocity w cosa about Us, where w0P=a, and 
an angular velocity w sina about a perpendicular line. 

Also angular velocities @,, @, and w, about three rectangular 
axes Oa, Oy and Oz are equivalent to an angular velocity 
o(=./o?+0,?+;) about a line whose direction-cosines are 


@ @. QW: 
ak ee i 


st 


220. A body has angular velocities, w, and w,, about two 
parallel axes ; to find the motion. 
Take the plane of the paper through any point P of the 


body perpendicular to the two N’ 
axes, meeting them in OQ, and [ke 
0;. 


Then the velocities of P are 
ro, and rw, along PK, and 
PK, perpendicular to O0,P and 
0,P respectively. 

Take N on O,0,, such that w,.0,N =@,.NO,. 

The velocities of P are w,. PO, and #,. PO, perpendicular to 
PO, and PO, respectively. 

Hence by the ordinary rule their resultant is (#,-+@,) PN 
perpendicular to PV, ze. P moves asnit would if it had an 
angular velocity (@;+,) about NV, 

Hence two angular velocities @, and w, about two parallel 
axes Q, and OQ, are equivalent to an angular velocity o,+ 0, 
about an axis which divides the distance 0,0, inversely in the 
ratio of @, tO @,. 


221. Ifthe angular velocities are unlike and w, > w, numeri- 
cally, then NV divides 0,0, externally so 


that w,. O,N = ,.0,N, and the resultant r 
angular velocity is o; — @,. ‘ We 

Exceptional case. If the angular WN 6, 3 
velocities are unlike and numerically 


equal, WV is at infinity and the resultant angular velocity is 
ZeY0, 
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The resultant motion is then a linear velocity. For, in this 
case, the velocities ef P are perpendicular and proportional to 
O,P and PO,, and hence its resultant 
velocity is perpendicular and proportional 


P 
to 0,0>, te. it is ee x i 
@, . 0,0, t . ee O; 


Aliter. The velocity of P parallel to 
0,05 
=,.0,P sin PO,0, — ,. 0,P.sin PO,O, =0, 
and its velocity perpendicular to 0,0, 
=@,.0,P cos PO,0, + @,. O.P. cos PO,0, = @,. 0,0; }. 


222. An angular velocity w about an axis is equivalent to 
an angular velocity w about a parailel axis distant a from the 
former together with a linear velocity w. a. 

Let the two axes meet the plane of the paper in O, and 0, 


and be perpendicular to it. 5 


The velocity of any point P in the plane 
of the paper due to a rotation w about 0, Sea 
=a. 0,P perpendicular to O,P, @ : 
and this, by the triangle of velocities, is equivalent to velocities 


w. 0,0, and w.0O,P perpendicular to 0,0, and O,P in the same 
sense 


=o.a} together with a velocity w. O0,P perpendicular to 0,P. 


Hence the velocity of any point P, given by an angular 
velocity w about 0, is equivalent to that given by an equal 
angular velocity @ about O,, together with a linear velocity 


w . 0,0, perpendicular to 0,0,. 


223. In practice the results of Arts. 220—222 are re- 
membered most easily by taking the point P on 0,0,; 


bo, N HUE P 


Thus (1) the velocity of P=@,.0,P +, .0,P 
@) 
=, (0,0, + 0,P) + @,. 0,P =(; + 2) (O.P + raphe 0,0.) 


@) 


=(w, + o,). NP, where NO, = ——"—. 0,0). 


@ + W, 
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(2) The velocity of P= ,.0,P —@,.0,P 


Og 


=a) (O07 0.Pi a. OE = (ie en) OP =: Aer 0,0,| 


=(,—).NP, where 0,N =—?—.0,0,. 


@, — DM, 


(3) The velocity of P=o.0,P —@.0,P 


he 
Oy Og E 
=o.0,0,=a constant velocity perpendicular to 0,0). 
(4) The velocity of P=o.0,P=a@.0,0,+.0,P, and 
is therefore equivalent to a 


Oify Ose 


linear velocity w. 0,0, perpendicular to 0,0, together with an 
angular velocity w about 0). 


224. To shew that the instantaneous motion of a body may 
be reduced to a twist, 7.2. to a linear velocity along a certain line 
together with an angular velocity about theline. 

By Art. 216 the instantaneous motion of a rigid body is 
equivalent to a translational velocity of any point O together 
with an angular velocity about a straight line passing through 


vsin@ O’ yvsing 


Let OA be the direction of this linear velocity v, and Oz the 
axis of the angular velocity o. 
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In the plane zOA draw Oz at right angles to Oz and draw 
Oy at right angles to the plane zOx. Let 220A =0. 

On Oy take 00’ such that 00’. w= vsin 6. 

Then, by Art. 222, the angular velocity w about Oz is 
equivalent to @ about a parallel axis O’z’ to Oz together with a 
linear velocity @. 00’, we. vsin 6, through O perpendicular to 
the plane z00’. 

Also a linear velocity » may be transferred to a parallel 
linear velocity through 0’, and then resolved into two velocities 
ycos@ and vsin@. We thus obtain the second figure. 

In it the two linear velocities v sin 6 destroy one another, and 
we have left the motion consisting of a linear velocity vcos 6 
along O’z’ and an angular velocity w about it. 

This construction is clearly similar to that for Poinsot’s 
Central Axis in Statics; and properties similar to those for 
Poinsot’s Central Axis follow. 

It will be noticed that, in the preceding constructions, an 
angular velocity corresponds to a force in Statics, and a linear 
velocity corresponds to a couple. 

925, Finite Rotations. If the rotations are through finite angles it is 
easily seen that the order of the rotations about the axes is important. As a 
simple case suppose the body to be rotated through a right angle about each 
of two perpendicular axes Ox and Oy. 

The rotation through a right angle about Ox would bring any point P on Oz 
to a position on the negative axis of y, and a second rotation about Oy sould 
not further alter its position. 

A rotation, first about the axis of y, would have brought P to a position on 
the axis of x, and then a second rotation about Ox would not have had any 


effect on its position. 
Thus in the case of finite rotations their order is clearly material. 


996. To find the effect of two finite rotations about axes OA and OB in 


succession. ; 
Let the rotations be through angles 2a and 28 about OA and OB in tha 


directions marked. On the geometrical 


sphere with O as centre draw the arcs AC re) 
and BC, such that REO 
BAC=a and ZABC=8, ae A 
oe ue be ae 
the directions AC and BC being taken, one a “6 


in the game direction as the rotation about 
OA, and the second in the opposite direction 
to the rotation about OB. 

Take C’ on the other side of 4B, sym- 
metrical with CG, so that £CdC’=2a and 
£CBC'=28. 


296 Dynamics of a Rigid Body 


A rotation of the body through an angle 2a about OA would bring OC’ into 
the position OC, and a second rotation 28 about OB would bring OC back 
again into the position OC’. 

Hence the effect of the two component rotations would be that the position 
of OC’ is unaltered, i.e. OC’ is the resultant axis of rotation. 

[If the rotations had been first about OB and secondly about OA it is 
clear, similarly, that OC would have been the resultant axis of rotation.] 

Magnitude of the resultant rotation. 

The point A is unaltered by a rotation about OA; the rotation 28 about OB 
takes it to the point P, where 4ABP=28 and 
the arc BP=the are BA, and therefore 

LBAP= 7 BPA. 

Hence the resultant rotation is through an 
angle AC’P (=z) about C’, and C’A=C’P. 

If BC’ meets AP in N, then N is the middle 


point of the arc 4P and AC'N=NC'P=5 : 


ve P 


If the axes OA and OB meet at an angle y, 
then AB=-y. Let AC’ be p. 
Then 


sin y sin 8=sin AN=sin psin 5 sacl )s 


Also, from the triangle ABC’, we have 


cos y cos a=sin y cot p—sinacot B, 
which gives 
: 1 sin y 
ace ei + cot? p = »/sin? y+ (cos a cos y+sin acot f)?* 


Hence (1) gives 
~ 


ue - 
sin g=sin B »/sin? + (cos y cos a+sin acot 8)? 


Hence the position of the resultant axis OC’, and the magnitude of the 
resultant rotation, are given for any case. 


Ex.1. If a plane figure be rotated through 90° about a fixed point A, and 
then through 90° (in the same sense) about a fixed point B, the result is 
equivalent to a rotation of 180° about a certain fixed point C; find the position 
of C, 


Ex. 2. Find the resultant rotation when a body revolves through a right 
angle in succession about two axes which are inclined to one another at an 
angle of 60°. 


Ez. 3. When the rotations are each through two right angles, shew that 
the resultant axis of rotation is perpendicular to the plane through the two 
component axes, and that the resultant angle of rotation is equal to twice the 
angle between them. 
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227. Velocity of any point of a body parallel to fimed 
axes in terms of the instantaneous angular velocities of the body 
about the ames. 

Let P be any point (a, y, 2) of the body. Draw PM per- 
pendicular to the plane of ay, MN 
perpendicular to the axis of a, and 
PT perpendicular to NP in the 
plane VPM to meet NM in 7. 

The angular velocity , about 
Ox gives to P a velocity along TP 
equal to w,..PN which is equivalent 
to a velocity —@,. PN cos PTW, ie. 
—o,.PN.sin PNT, te. — ,.2 along 
NT, and a velocity o,.PNsin PTN, 
1.€. ®.PN cos PNM, ie. o,.y along 
MP. 

Hence the o,-rotation about Ox T 
gives a component velocity—@,.z parallel to Oy and a,.¥ 
parallel to Oz. 

So the rotation about Oy by symmetry gives component 
velocities — w,. # parallel to Oz and @,.z parallel to Oz. 

Finally the rotation about Oz gives —@;.y parallel to Ox 
and w;.a parallel to Oy. 

Summing up, the component velocities are 


@,.2—@;.y parallel to Oz, 
@3.0—@,.2 ” ”? Oy, 


and @,.Y—@,.% ” ” Oz. 


If O be at rest, these are the component velocities of P 
parallel to the axes. 

If O be in motion and wu, v, w are the components of its 
velocity parallel to the fixed axes of coordinates, then the 
component velocities of P in space are 


ut @,.2—3.y parallel to Oz, 
V+ @;.0—@,.2 ” ” Oy, 


and WH+O,.Y—-@,.e 5 nee. 
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228. A rigid body is moving about a fixed point O ; to find 
(1) the moments of momentum about any axes through O fixed in 
space, and (2) the kinetic energy of the body. 

The moment of momentum of the body about the axis of x 


= Em (y H— 254). 


dt ~ dt 
But, by the previous article, since 0 is fixed, 
dy dz 
gp 7 0210 — On 2 and dE On Yt Oy 


where wz, #, and @, are the angular velocities of the body about 
the axes. 
On substitution, the moment of momentum about Oz 
= Im [(y? + 2) o, — Lyoy — 20,|= A .0,—F. wy— EF. o,. 
Similarly the moment of momentum about Oy 
= Bo, — Do,— Fo,, 
and that about Oz 
= Cw, - Eo, — Do,. 


(2) The kinetic energy 


Si 
=}$im[(ay.2- @,.y) + (oz. 2% — @,.2) + (2-4 — ay. 2)" 
=$ 2m [og (y? + 2?) +... +... — LoyOs YZ — 0 — «s] 


=4 (Ao, + Boy + Co? — 2Do,0;,— 2H @o2 — 2Fozoy). 


229. In the previous article the axes are fixed in space, 
and therefore since the body moves with respect to them, the 
moments and products of inertia A, B, CO... are in general 
variable. 

Other formulae, more suitable for many cases, may be 
obtained as follows. 

Let Oz’, Oy’ and Oz’ be three axes fixed in the body, and 
therefore not in general fixed in space, passing through O and 
let w,, @2, o; be the angular velocities of the body about them. 

The fixed axes Ox, Oy and Oz are any whatever, but let 
them be so chosen that at the instant under consideration the 
moving axes Oz’, Oy’ and Qz’ coincide with them. Then 
Wz =, Wy = Wz, Wz = 3. 

The expressions for the moments of momentum of the last 
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article are now Aw,— Fw,— Ko, and two similar expressions, 
and the kinetic energy is 

$ (Aw?+ Bo, + Co? — 2Do,0; — 2Ew,0, — 2Fa,0,), 
where A, B, C are now the moments of inertia and D, HZ, F the 
products of inertia about axes fixed in the body and moving 
with it. 

If these latter axes are the principal axes at O, then D, H and 
F vanish and the expressions for the component moments of 
momentum are Aw,, Bw, and Cw,, and that for the kinetic 
energy is 

4 (Ao? + Bu? + Co,’). 

230. General equations of motion of a body with one point 
fixed which is acted upon by given blows. 

The fixed point being the origin, let the axes be three 
rectangular axes through it. 

Let wz, wy, @, be the angular velocities of the body about 
the axes just before the action of the blows, and wz’, wy’, w;' the 
corresponding quantities just after. 

The moment of momentum of the body, just before, about 
the axis of z, is do, — Fw, — Hw, and just after it is 

Aw, — Fa, — Eo/. 
Hence the change in the moment of momentum about the axis 
of «is A (wz — wz) — F(a,’ — o,) — E(w, — a2). 

But, by Art. 166, the change in the moment of momentum 
about any axis is equal to the moments of the blows about that 
axis. 

If then Z, M, N are the moments of the blows about the 
axes of x, y and z, we have 

A (o,; — oz) — F (o,' — oy) — EF (@/ — @,) = L, 
and similarly 

B (wy — ey) — D (a — @,) — F (wz — oz) = M, 
and C(o/ — @,)— EB (oy — Ox) — D (wy . @y) =N. 

These three equations determine a,’, w, and @,’. 

The axes of reference should be chosen so that A, B, C, D, 
E and F may be most easily found. In general the principal 
axcs are the most suitable. If they be taken as the axes of 
reference the equations become 


A (@;/ -- @) = L, B (wy — wy) = M and C(o, — @)= N. 
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931. If the body start from rest, so that wz, w, and w; are 
zero, we have 


fame &. and 


/ 
Oy ety Ope and Oz meant 


Hence the direction cosines of the instantaneous axis are 
proportional to 


(Z M z) 


The direction cosines of the axis of the impulsive couple are 
proportional to 


In general it is therefore clear that (1) and (2) are not the 
same, t.e. in general the body does not start to rotate about a 
perpendicular to the plane of the impulsive couple. 

(1) and (2) coincide if A=B=C, in which case the 
momental ellipsoid at the fixed point becomes a sphere. 

Again if M=N =0, i.e. if the axis of the impulsive couple 
coincides with the axis of x, one of the principal axes at the 
fixed point, then the direction cosines (1) become proportional 
to (1, 0, 0), and the instantaneous axis also coincides with the 
axis of a, 2.e. with the direction of the impulsive couple. 
Similarly if the axis of the impulsive couple coincides with 
either of the other two principal axes at the fixed point. 

In the general case the instantaneous. axis may be found 
geometrically. For the plane of the impulsive couple is 


Le+ My+ Nz=0. 


Its conjugate diameter with respect to the momental ellipsoid 
Av+ By +C2=k 


: een) Ba 
is easily seen to Per ie 
AY TRIG 


ae. it is the instantaneous axis. 
Hence +f an impulsive couple act on a body, fixed at a point 
O and initially at rest, the body begins to turn about the diameter 


of the momental ellipsoid at O which is conjugate to the plane of 
the impulsive couple. 
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232. Ex.1. A lamina in the form of a quadrant of a circle OHO’, whose 
centre is H, has one extremity O of its arc fixed and is struck by a blow P at the 
other extremity O' perpendicular to its plane; find the resulting motion. 

Take OH as the axis of «, the tangent at O as the axis of y, and a 
perpendicular to the plane at O as the axis of z 

Let G be the centre of gravity, GL perpendicular to OH, so that 


HL=iq@=*" 
3a 
a2 
Then A=M re 


2 
B (by Art. 147) = S - M. HL?+M. OL2= G _ =) at; 
C=A+B; Di Hi== 0): 


wv 


2 fa : is 
= | mr ddr (a—rc0os @)rsind=M.@ a 
0/0 iS 


The equations of Art. 230 then give 
Aw,’ -Fw,'= Pa 
Bw,’ — Fw,’= - Pa}. 


and Cu, =O 
Be wy! Pa 
These give 7-*,= = aon FR ab-F and w,’=0, and the solution can be 
completed. 


If ¢ be the inclination to Oz of the instantaneous axis, we have 
tan p= 24 = A-F_ 10-37 . 
F-B l5x-42 
Ex, 2. A uniform cube has ite centre fixed and is free to turn about it; it 
is struck by a blow along one of its edges ; find the instantaneous axis. 


Ez. 3. A uniform solid ellipsoid is fixed at its centre and is free to turn 
about it. Itis struck at a given point of its surface by a blow whose direction 
is normal to the ellipsoid. Find the equation to its instantaneous axis, 


Ex. 4. A disc, in the form of a portion of a parabola bounded by its latus 
rectum and its axis, has its vertex dA fixed, and is struck by a blow through 
the end of its latus rectum perpendicular to its plane. Shew that the disc 
starts revolving about a line through A inclined at tan7} 3h to the axis. 


Ex. 5. A uniform triangular lamina ABC is free to turn in any way 
about A which is fixed. A blow is given to it at B perpendicular to its plane. 
Shew that the lamina begins to turn about AD, where D is a point on BC such 


that CD=3CB. 


233. General equations of motion of a body in three dimen- 
stons, referred to axes whose directions are fixed. 
If (a, y, 2) be the coordinates of the centre of gravity of the 


body we have, by Art. 162, use =sum of the components of 


the impressed forces parallel to Ow, and similar equations for 
the motion parallel to the other axes, 
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If wz, @y, @, be the angular velocities at any instant about 
axes through the centre of inertia parallel to the axes of 
coordinates then, by Arts. 164 and 228, we have 


£ [Aeog— Fer — Hw;} 


= moment about a line parallel to Ox through G of the effective 
forces = L. 


So ¢ (Boy — Do, ~ Fore) =, 


and “ [Cow, — Lo, — Doy|=N. 
[If the body be a uniform sphere, of mass M,, then D= H=F 
272 
=0,and d=S=C=W17. = ; these equations then become 


2a? dw, 2a? dw, 


a 2a? doy _ ms 
ea ds M,. = 7S = and My. a= NV] 


Impulsive forces. If u, v, w, wz, @y, @, be the component 
velocities of the centre of inertia G and the component angular 
velocities about lines through G@ parallel to the fixed axes of 
coordinates just before the action of the impulsive forces, and 
u’, v', w', Oz, @,, @, similar quantities just after them, by Arts. 
166 and 228 the dynamical equations are JJ (u’ —u) = Xj, ete. 
and A (@,' — wz) — F(a,’ — wy) — E (@7' — @2) 

=the moment of the impulsive forges about Oz, 


M, 


and two similar equations. 


234. La. A homogeneous billiard ball, spinning about any 
axis, moves on a billiard table 
which is not rough enough to 
always prevent sliding ; to shew 
that the path of the centre ws at 
first an arc of a parabola and 
then a straight line. 

Take as origin the initial 
position of the centre, and as 
axis of # the initial direction of 
shding of the point of contact. 
If u and v be the initial velocities 
of the centre parallel to the axes, 
and Q,, Q, and Q, the initial 
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angular velocities about the axes, then since the initial velocity 
of the point of contact parallel to the axis of y is zero, we have 


At any time ¢ let wz, w, and w, be the component angular 
velocities, and F',, F, the component frictions as marked. 
The equations of motion are 


Me=—F, 


and 


The resultant friction must be opposite to the instantaneous 
motion of A and equal to npg. 


Fy ¥Y¥t+aw,z 
Hence F, = & — day eye esctatinteleheretoe teterefarsevein orcs (4), 
and re + Fy = perllg? AsO RL are Role eloracavere (5). 


Equations (2) and (3) give 
Fy, y ad Dz, = y ah AD, 
Hf, & @y, &-ad,’ 
Hence (4) gives 


J+ dd, _ % — Ady 
Ytaw, &— Ady 
*, log (y¥ + dwz) = log (@ — aw,) + const. 


Ytaw, vt+aQ, 
" &€-aa, u-—aQy 

Hence (4) and (5) give Fy=0 and FP, = » Mg. 

From (2) it follows that the centre moves under the action 
of a constant force parallel to the axis of # and hence it 
describes an are of a parabola, whose axis lies along the negative 
direction of the axis of a. 


=0, by (1). 
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(1), (2), and (8) now give 
pe a la Pectoral. we 
y = const. =v 
and 
do, CoOust. — in 


5 . 
AWy = 5 pgt + a0, | 


At time t the velocity of the point of contact parallel to Ox 


and parallel to Oy it =y +aw,=v+aN, =0, by (1). 

The velocity of the point of contact vanishes and pure 
rolling begins when 

2 

t= Thy (u = aQ,), 
ty ee Tv 
and then & u-pgt 5u+2a0,’ 
ae. the direction of motion when pure rolling commences is 


inclined at tan oom to the original direction of motion 
of the point of contact. 

On integrating (6), it is easily seen that pure rolling 
commences at the point whose coordinates are 

2(u—a0,) (6u+ aQ,) Bue 2o(u — aQ,) 
49 ug Tyg 

It is easily seen that the motion continues to be one of pure 

rolling, and the motion of the centre is now in a straight line. 


EXAMPLES 


1. If a homogeneous sphere roll on a fixed rough plane under the 
action of any forces, whose resultant passes through the centre of the 
sphere, shew that the motion is the same as if the plane were smooth 
and the forces reduced to five-sevenths of their given value. 


2. A sphere is projected obliquely up a perfectly rough plane; shew 
that the equation of the path of the point of contact of the sphere and 
et eee 5 ga? sina : Esme ts 
plane is y= tan B- Vi costp? where a is the inclination of the plane 
to the horizon, and V is the initial velocity at an angle B to the 
horizontal line in the plane. 
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3. A homogeneous sphere is projected, so as to roll, in any direction 
along the surface of a rough plane inclined at a to the horizontal; shew 
that the coefficient of friction must be > # tana. 


4, A perfectly rough sphere, of mass ¥ and radius a, is rotating with 
angular velocity Q about an axis at right angles to the direction of motion 
of its centre. It impinges directly on another rough sphere of mass m 
which is at rest. Shew that after separation the component velocities 
of the two spheres at right angles to the original direction of motion of 

: 2 ™m NE 
the first sphere are Ferpeckively earn aQ and 7 Man ad. 

5. A homogeneous sphere spinning about its vertical axis moves on 
a smooth horizontal table and impinges directly on a perfectly rough 
vertical cushion. Shew that the kinetic energy of the sphere is diminished 
by the impact in the ratio 2e?(5+7 tan? 6) : 104+ 49e? tan? 6, where e is the 
coefficient of restitution of the ball and 6 is the angle of reflection. 


6. A sphere, of radius a, rotating with angular velocity o about an 
axis inclined at an angle 8 to the vertical, and moving in the vertical 
plane containing that axis with velocity w in a direction making an 
angle a with the horizon, strikes a perfectly rough horizontal plane. 
Find the resulting motion, and shew that the vertical plane containing 

d : : _,/ 2awsins)]. 
the new direction of motion makes an angle tan a | with the 
original plane. 


7. <A ball, moving horizontally with velocity wand spinning about a 
vertical axis with angular velocity w, impinges directly on an equal ball at 
rest. Shew that the maximum deviation of the first ball from its initial 

j 6 1 : 
direction of motion produced by the impact is tan7} ey where p is 
the coefficient of friction and e of restitution between the balls, and shew 


ea a 
that the least value of » which will produce this deviation is - (1 +e). 


8. Shew that the loss of kinetic energy at the impact of two perfectly 
rough inelastic uniform spheres, of masses Af and d/’, which are moving 
‘ ; ; : MM’ aes 
before impact with their centres in one plane, is mor ot 
where w and v are the relative velocities before impact of the points of 
contact tangentially, in the plane of motion of the centres, and normally, 


CHAPTER XVII 


ON THE PRINCIPLES OF THE CONSERVATION OF 
MOMENTUM AND CONSERVATION OF ENERGY 


235. If 2, y, and z be the coordinates of any point of a 
body at time t referred to fixed axes, its equations of motion 


are, by Art. 164, 


ss Smo = orm, Oates te eon A (1), 

fm = ace ee (2), 

fsme Se Lee eee (3), 

eem(1 dé _ , ) _¥ (yZ—2Y) ade (4), 

Sim( <2 = 2%) as Oey es (5), 

and 53m (2 ie yo) a3 CV SRS Sen (6) 


Suppose the axis of 2 to be such that the sum of the 
resolved parts of the external forces parallel to it is zero 
throughout the motion, ze. such that {X =0 always. 

Equation (1) then gives 

d dx 


aa 
1.6. ym i = constant 7 
Tp = COMStAME weeeeeeeeeeee Co) 
or M gee = constant, 
dt 


where % is the x-coordinate of the centre of gravity. 
Equation (7) states that in this case the total momentum of 
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the body measured parallel to the axis of # remains constant 
throughout the motion. 

This is the Principle of the Conservation of Linear 
Momentum. 

Again suppose the external forces to be such that the sum 
of their moments about the axis of & is zero, 2.e such that 
=(yZ—zV)=0. 

Then, by equation (4), we have 


d dz dy\ _ 
ie (us 25) =0, 


di oak 
. dz dy\_ 
and sult (y rece oe) == COMGPAMU ene seas cteescien (8). 
Now y a =f oY = the moment about the axis of w of the 


velocity of the mass m, and hence equation (8) states that the 
total moment of momentum of the system about the axis of 
& is constant. 

Hence the Principle of the Conservation of the Moment 
of Momentum (or Angular Momentum), wiz. 

If the sum of the moments of the external forces, acting on a 
rigid body, about a given line be zero throughout the motion, the 
moment of momentum of the body about that line remains un- 
altered throughout the motion. 


236. The same theorems are true in the case of impulsive 
forces. For if the duration of the impulse be a small time rt 
we have, as in Art. 166, on integrating equation (1), 

Ear = ih Sip — 24, 
where X, is the impulse of the forces parallel to the axis of a, 
ae. the change in the total momentum parallel to the axis of « 
is equal to the sum of the impulses of the forces in that 
direction. 

If then the axis of « be such that the sum of the impulses 
parallel to it vanish, there is no change in the total momentum 
parallel to it, 

i.e. the total momentum parallel to the axis of 2 before the 
action of the impulsive forces=the total momentum in that 
direction after their action, 

20—2 
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Again, integrating equation (4), we have 
jem(yG-29 3) ) = [Sy —2¥) dt= 3 y%— 2Vs} 


ae. the change in i angular momentum about the axis of # is 
equal to the sum of the moments of the impulses of the forces 
about that same direction. 

If then the axis of # be such that the sum of the moments 
of the impulsive forces about it vanishes, there is no change in 
the angular momentum about it, 

ae. the angular momentum about it just before the action 
of the impulsive forces =the angular momentum about the 
same line just after their action. 

937. Ex. 1. A bead, of mass m, slides on a circular wire, of mass M and 
radius a, and the wire turns freely about a vertical diameter. If w and w’ be 


the angular velocities of the wire when the bead is respectively at the ends of 


; : ’ M+2m 
a horizontal and vertical diameter, shew that o= - 
a) 


2 
The moment of inertia of the wire about any diameter=M < . Wherever 


2° 
the bead may be on the wire, the action of it on 
the wire is equal and opposite to that of the wire 
on it. 
Hence the only external forces acting on the 
system are (1) the action of the vertical axis Ad’, 
which has no moment about A 4’, and (2) the weights B 
of the bead and wire, neither of which has any 
moment with respect to the vertical axis 4/4’. 
Hence the moment of momentum of the system 
(wire and bead) about Ad’ is constant throughout 
the motion. Also the velocity of the bead along 
the wire has no moment about AA’, since its direction intersects 4A. 


2 
When the bead is at A, the moment of momentum about AA’ is MS . 3 


2 
also, when it is at B, this moment is ee w+ma%w». Equating these two, we 


have ch = vei am 
o MM 


Ex. 2, A rod, of length 2a, is moving on a smooth table with a velocity v 
perpendicular to its length and impinges on a small inelastic obstacle at a 
distance ¢ from its centre. When the end leaves the obstacle, shew that the 

3cv 
angular velocity of the rod is Iq’ 

Both at the impact, and throughout the subsequent motion whilst the rod 
is in contact with the obstacle, the only action on the rod is at the obstacle 
itself. Hence there is no change in the moment of momentum about the 
obstacle. But before the impact this moment was Mev. Also, if w be the 
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angular velocity of the rod when its end is leaving the obstacle, its moment of 


2 2 
momentum about the obstacle is, by Art. 191, 17 5 + “) w, ie. M. = w, 
Equating these two, we have w=. 
a 


If w’ were the angular velocity of the rod immediately after the impact, we 
2 
have, similarly, Mcvu=M ie + c) w', 
\ 


Ex. 3. A uniform circular plate is turning in its own plane about a point A 
on its circumference with uniform angular velocity w; suddenly A is released and 
another point B of the circumference is fixed; shew that the angular velocity 


about B is g (it2 cosa), where a is the angle that AB subtends at the 


centre. 

In this case the only impulsive force acting on the plate is at B and its 
moment about B vanishes. 

Hence, by Art. 235, the moment of momentum about B is the same after 
the fixing as before. If w’ be the required angular velocity, the moment of 
momentum after the fixing=M (a?+k?) w’=M. ee w, 

The moment of momentum before the fixing 
=the moment of momentum of a mass M moving with the centre of gravity 

+the moment of momentum about the centre of gravity (Art. 191) 
= Maw . a cosa+ Mik2w= Mwa® (cos a+4), 
since before the fixing the centre O was moving at right angles to 4O with 
velocity aw. 

Hence mee wo! = Mwa? (cos a+5) se =o) a 

It is clear that w’ is always less than w, so that the energy, 4m (k? + a?) w’2, 
after the impact is always less than it was before. This is a simple case of the 
general principle that kinetic energy is always diminished whenever an impact, 
or anything in the nature of a jerk, takes place. 

If a=120°, i.e. if the arc AB is one-third of the circumference, the disc is 
brought to rest. 


Ex, 4. A uniform square lamina, of mass M and side 2a, is moving freely 
about a diagonal with uniform angular velocity w when one of the corners not in 


that diagonal becomes fixed ; shew that the new angular velocity is a and that 


2 
the impulse of the force on the fixed point is SE - Maw. 


Let AC be the original axis of rotation. 
As in Art. 149, the moment of inertia about it is 
2 
Mu. 5 . Let the initial direction of rotation be such 
that B was moving upwards from the paper. 

Let D be the point that becomes fixed and w’ the 
resulting angular velocity about DX, a line parallel 
to AC. Since the impulsive force at the fixing acts 
at D its moment about DX vanishes. Hence the 
moment of momentum about DX is unaltered by 


the fixing. 
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After the fixing it= Mk?u’ 
2 2 2 
=M [s a por | 5 at | 2 ped Vg ey, 
3 3 3 
Also before the fixing it, by Art. 191, 
=moment of momentum about AC + the moment of momentum of a particle M 


2 
at O and moving with it=V. 3 Ww. 


Equating these two quantities, we have wo P 


Similarly, the moment of momentum about DB after the fixing =the 
moment of momentum before=zero. 
Hence after the fixing the square is moving about DX with angular 


velocity - 
Again, before the fixing the centre of gravity O was at rest, and after the 


fixing it is moving with velocity DO. w’, i.e. ./2a. = about D. The change 


2 
in its momentum is therefore uae, and this, by Art. 166, is equal to the 


impulse of the force required. 


EXAMPLES 
1. If the Earth, supposed to be a uniform sphere, had in a certain 


period contracted slightly so that its radius was less by “th than before, 


shew that the length of the day would have shortened by = hours. 


2. A heavy circular disc is revolving in a horizontal plane about its 
centre which is fixed. An insect, of mass “th that of the disc, walks 


from the centre along a radius and then flies away. Shew that the 


final angular velocity is a times the original angular velocity of the 


disc. 


3. A uniform circular board, of mass & and radius a, is placed on 
a perfectly smooth horizontal plane and is free to rotate about a vertical 
axis through its centre ; a man, of mass J/’, walks round the edge of the 
board whose upper surface is rough enough to prevent his slipping ; when 
he has walked completely round the board to his starting point, shew that 

M' 
Wau *™ 

4. A circular ring, of mass J and radius a, lies on a smooth 
horizontal plane, and an insect, of mass m, resting on it starts and 
walks round it with uniform velocity v relative to the ring. Shew that 
the centre of the ring describes a circle with angular velocity 


the board has turned through an angle 


m v 
M+2m a‘ 
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5. If a merry-go-round be set in motion and left to itself, shew that 
in order that a man may (1) move with the greatest velocity, (2) be most 
likely to slip, he must place himself at a distance from the centre equal to 


(1) &A/n, (2) tn /% & being the radius of gyration of the machine about 


its axis and x the ratio of its weight to that of the man. 


6. A uniform circular wire, of radius a, lies on a smooth horizontal 
table and is movable about a fixed point O on its circumference. An 
insect, of mass equal to that of the wire, starts from the other end of 
the diameter through O and crawls along the wire with a uniform 
velocity v relative to the wire. Shew that at the end of time ¢ the wire 


vw 1 1 vt 
te oo eee =o 
has turned through an angle 2a 3 tan ; B tan x: 
{When the diameter OA has turned through an angle ¢ from its 
initial position, let the insect be at P so that :ACP=0=", where C 


is the centre of the wire. Since the moment of momentum about QO is 
constant, 


o. m(k+a%) ptm [ 4a? cos? : ftv. 2a cos? 5 | =constant =0.] 


7. A small insect moves along a uniform bar, of mass equal to itself 
and of length 2a, the ends of which are constrained to remain on the 


circumference of a fixed circle, whose radius is If the insect start 
from the middle point of the bar and move along the bar with relative 
velocity V, shew that the bar in time ¢ will turn through an angle 


8. A circular disc is moving with an angular velocity © about an 
axis through its centre perpendicular to its plane. An insect alights on 
its edge and crawls along a curve drawn on the disc in the form of a 
lemniscate with uniform relative angular velocity $Q, the curve touching 
the edge of the disc. The mass of the insect being 7gth of that of the 
disc, shew that ne angle turned through by the disc when the insect gets 
to the centre is — Syne 1 ve Bl 


ar "2s 


9. A rod OA can turn freely in a horizontal plane about the end O 
and lies at rest. An insect, whose mass is one-third that of the rod, 
alights on the end A and commences crawling along the rod with uniform 
velocity V; at the same instant the rod is set in rotation about O in such 
a way that the initial velocity of A is V; when the insect reaches O prove 
that the rod has rotated through a right angle, and that the angular 
velocity of the rod is then twice the initial angular velocity. 
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10. A particle, of mass m, moves within a rough circular tube, of 
mass WV, lying on a smooth horizontal plane and initially the tube is at 
rest while the particle has an angular velocity round the tube. Shew 


: : : : M 
that by the time the relative motion ceases the fraction aan of the 


initial kinetic energy has been dissipated by friction. 
[The linear momentum of the common centre of gravity, and the 
moment of momentum about it, are both constant throughout the 


motion. ] 


11. A rod, of length 2a, is moving about one end with uniform 
angular velocity upon a smooth horizontal plane.‘ Suddenly this end 
is loosed and a point, distant 6 from this end, is fixed; find the motion, 

4a 


considering the cases when b <=> 3° 


12. A circular plate rotates about an axis through its centre perpen- 
dicular to its plane with angular velocity ». This axis is set free and 
a point in the circumference of the plate fixed; shew that the resulting 


angular velocity is = 


13. Three equal particles are attached to the corners of an equilateral 
triangular area ABC, whose mass is negligible, and the system is rotating 
in its own plane about A. A is released and the middle point of AB is 
suddenly fixed. Shew that the angular velocity is unaltered. 


14. A uniform square plate ABCD, of mass Uf and side 2a, lies on 
a smooth horizontal plane; it is struck at A by a particle of mass J/’ 
moving with velocity V in the direction AB, the particle remaining 
attached to the plate. Determine the subsequent motion of the system, 
M+4M"* 2a" 
15. A lamina in the form of an ellipse is rotating in its own plane 


about one of its foci with angular velocity . This focus is set free and 
the other focus at the same instant is fixed ; shew that the ellipse now rotates 


fy Oe : 2 —5e? 
about it with angular velocity o. 24328" 


and shew that its angular velocity is 


16. An elliptic area, of eccentricity e, is rotating with angular 
velocity @ about one latus-rectum ; suddenly this latus-rectum is loosed 
and the other fixed. Shew that the new angular velocity is 

1—4e? 
®. ears 


17. A uniform circular disc is spinning with angular velocity » about 
a diameter when a point P on its rim is suddenly fixed. If the radius 
vector to P make an angle a with this diameter, show that the angular 
velocities after the fixing about the tangent and normal at P are Lwsina 
and @ cosa. 
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18. A cube is rotating with angular velocity » about a diagonal when 
suddenly the diagonal is let go, and one of the edges which does not meet 
this diagonal is fixed ; shew that the resulting angular velocity about this 

@ 


edge is 13° /3. 


19. If an octant of an ellipsoid bounded by three principal planes be 
rotating with uniform angular velocity w about the axis a, and if this 
axis be suddenly freed and the axis b fixed, shew that the new angular 

2abo 


velocity is nee): 


CONSERVATION OF ENERGY 


238. In many previous articles we have met with examples 
in which the change of kinetic energy of a particle, or system of 
particles, is equal to the work done on the particle, or system of 
particles. 

The formal enunciation of the principle may be given as 
follows : 

If a system move under the action of finite forces, and vf the 
geometrical equations of the system do not contain the time 
explicitly, the change in the kinetic energy of the system in passing 
From one configuration to any other vs equal to the corresponding 
work done by the forces. 


2, 
By the principles of Art. 161, the forces X —m ae 
Y—m ay Z—m is acting at the point (a, y, z) and similar 


dt?’ dt? 
forces acting on the other particles of the system are a system 
of forces in equilibrium. 
Let 5a, dy, 62 be small virtual displacements of the particle 
m at (a, y, 2) consistent with the geometrical conditions of the 
system at the time ¢. 
Then the principle of Virtual Work states that 


- aa 2 dy d?z 2 
> (x — m=) da + (1 —m 3) dy + (Z—m =) | = (), 
If the geometrical relations of the system do not contain 


the time explicitly, then we may replace 82, dy, dz by the actual 


d. d dz 
displacements on ét, - é¢ and a dt. 
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Hence the above equation gives 
Padz  dydy Wade) _ dy dz ae 
aye EB di * dt? dt’ dé dé 3 (x5 at atta 


Integrating with respect to t, we have 
1 dx dy dz\? |% i ” 
35> — = 
SE | Ge) +(F) + &) |, =3 |(Xdo+ Vdy + Zd2) 
(1 


i.e. the change in the kinetic energy of the system from 
time t, to time ¢, is equal to the work done by the external 
forces on the body from the configuration of the body at time ¢, 
to the configuration at time ¢,. 


239. When the forces are such that [xan + Ydy + Zdz) is 
the complete differential of some quantity V, ve. when the 
forces have a potential V, the quantity =m | (Xdx+ Ydy + Zdz) 


is independent of the path pursued from the initial to the final 
position of the body, and depends only on the configuration of 
the body at the times ¢, and ¢,. The forces are then said to be 
conservative. 

Let the configurations of the body at times f and ¢, be 
called A and B. The equation (1) of the previous article 
gives 

Kinetic Energy at the time ¢,) _ 
— Kinetic Energy at the time t) 


The potential energy of the body in any position is the 
work the forces do on it whilst it moves from that position to a 
standard position. Let its configuration in the latter position 
be called C. 

Then the potential energy at the time 4 


Cc C 
=| (Xde+ Ydy + Zdz)= | SVVe= V7 CK 
a 
So the potential energy at the time & 


COs. 2 4 rc 
=[ (Xde+ Vdy + Zde)=[ 8V=Ve- Vo. 
B B 
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Hence the equation (2) gives 
Potential Energy at the 
Kinetic Energy at the time t, time 4 
— Kinetic Energy at the time at ~ |— Potential Energy at the 
time t,, 


we. the sum of the kinetic and potential energies at the time 
t, = the sum of the same quantities at the time ¢,. 

Hence when a body moves under the action of a system of 
Conservative Forces the sum of its Kinetic and Potential 
Energies is constant throughout the motion. 


240, As an illustration of the necessity that the geometrical equations 
must not contain the time explicitly, let the body be a particle moving on a 
smooth plane which revolves uniformly round a horizontal axis through which 
it passes, the particle starting from a position of rest relative to the plane. 

Let OA be the plane at time ¢ and P the position of the particle then; 
OB and Q’ the corresponding positions at time 
t+ot. 

Then 2 f - are the velocities at time t, so 


d d 
that t, dt are the corresponding distances 


parallel to the axes described in time 6¢; hence 
dz dy 


dt are the projections on the axes 


of PQ’. 

Now 6z, dy are by the Theory of Virtual Work the projections of a small 
displacement which is consistent with the geometrical conditions at time t, t.e. of 
a small displacement along the plane OA. 

Hence oz and dy are the projections of some such displacement as PQ. 


Hence in this case = ot and 2 6t cannot be replaced by 6x and dy. 


Also in this case the geometrical relation is 2 = tan A0X= tan wt, so that it 
contains the time explicitly. 
The same argument holds for the general case where the geometricai 


relation is 
“ibs ey Fp 1) 3 Oh scoosan sop oocsant qacanoSacandace (1). 


For the latter at each time ¢ gives a surface on which P must lie and also the 
virtual ae RO: 


Bu oe t, ay, ot, @ ot are the projections on the axes of PQ’, where Q’ lies 
on the ace ae 
p(x, Y, 2; nes as Sonaee noaOBUnogae>onOdaUoanee DOG (2). 


Hence dz, dy, dz cannot be replaced by 2 = St, “u ot, pa 6t unless the 


surfaces (1) and (2) coincide, i.e. unless the geometrical conditions at time t 
coincide with those at time ¢+dt, and then the geometrical equation cannot 
contain the time explicitly. 
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241. In the result of Art. 238 all forces may be omitted 
which do not come into the equation of Virtual Work, we. all 
forces whose Virtual Work is zero. 

Thus rolling friction may be omitted because the point of 
application of such a force of friction is instantaneously at rest ; 
but sliding friction must not be omitted since the point of 
application is not at rest. 

So the reactions of smooth fixed surfaces may be omitted, 
and generally all forces whose direction is perpendicular to the 
direction of motion of the point of application. 

Similarly the tensions of an inextensible string may be left 
out; for they do no work since the length of such a string is 
constant; but the tension of an extensible string must be 
included; for the work done in stretching an extensible string 
from length a to length b is known to be equal to (b— a) x the 
mean of the initial and final tensions. 

Again, if we have two rigid bodies which roll on one another 
and we write down the energy equation for the two bodies 
treated as one system we can omit the reaction between them. 


242. The kinetic energy of a rigid body, moving in any 
manner, is at any instant equal to the kinetic energy of the whole 
mass, supposed collected at its centre of inertia and moving with 
it, together with the kinetic energy of the whole mass relative to 
its centre of inertia. 

Let (4, 7, 2) be the coordinates of the céittre of inertia of the 
body at any time ¢ referred to axes fixed in space, and let (a, y, z) 
be the coordinates then of any element m of the body; also 
let (a’, y’, 2’) be the coordinates of m relative to G at the same 
instant, so that a=@+a', y=Y+ty’ and z=Z7+2, 

rare the total kinetic energy of the body 


22 | (a) +(e) + Ge) | 


aS (e al +(2 dy’ dz  dz\? 
=i m | (G+ cleaeral ara) | 
ls y+ a dz 
oe m | (5) Ge eles | 
oc dx’\3 ie a ae 
sm | (Gr) J )+(&) | 
ee dzdx'  « Ma dy’ SS a (Eee ner CL): 


Ge di at Git eae 
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Now, since («’,y’, 2’) are the coordinates of m relative to the 
centre of inertia G, 
, dana! ; es ‘ 
eos the x-coordinate of the centre of inertia G relative 
to G itself = 0. 
-. mx’ = 9, for all values of t. 


Cn) . 
Mae Em = 0. 
ate Sm Ce dee _ oe Sm des =(, 


dt dt dt° dt 


Similarly when w is changed into y or z. 


Aepe e = (Gl) +(3) 
ar () + (GB) + Ge) 


= Mv’, where v is the velocity of the centre of inertia. 


1 da dy \> aaNet 
= 5m (ar) 4 ee ¥ (ci) 
= : Xm x the square of the velocity of m relative to G 


= the kinetic energy of the body relative to G. 


Hence (1) gives 

The total kinetic energy of the body =the kinetic energy of 
the mass M, if it be supposed collected into a particle at the 
centre of inertia G and to move with the velocity of G+ the 
kinetic energy of the body relative to @. 


243. Kinetic energy relative to the centre of inertia in space of 
three dimensions. 

Let wz, @y, @, be the angular velocities of the body about 
lines through @ parallel to the axes. 

Then, as in Art. 227, 


’ y’ 


ee ge 1) OW nn tea. and dee = Yo, — Tw. 
ee ia eam aeg ee dg oe OY 
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Therefore the kinetic energy relative to the centre of inertia 
da\?  (dy\? | (dz’\? 
| (Ge) + (7) +) | 


Sm [w,? (y? + 2”) + wo, (2? +2*)+o?7 (a+ y’) = 2yZ@yWz 


= 5 Sm 
=! 
SG 


— 222£0,0z — 2Lywz,Wy] 


where A, B, C are the moments of inertia about axes through 
the centre of inertia G and D, #, F are the products of inertia 
about the same axes. 

If these axes are the principal axes of the body at G, the 
kinetic energy becomes $ [Ao,? + Bo,? + CoZ]. 


944, Ex.1. An ordinary window-blind, of lengthi and mass m, attached 
to a horizontal roller, of mass M, and having a horizontal rod, of mass wu, fixed 
to its free end, is allowed to unroll under the action of gravity. Neglecting 


friction, shew that the length of the blind unrolled in time t is # (cosh at—1), 


where a=a/4 ots. , the thickness of the blind being negligible. 
When the blind has unrolled a distance z, each point of it is moving with a 
velocity z; the angular velocity of the roller is then = where a is its radius. 
The total kinetic energy 
=4m. @idu. #24+3MkKe. wr 
= $ms? + 3 fae? ++ + Ma? 


_ t2? 2mg_1 mg 
Toe OLE SC RL 


The principle of Energy and Work gives 


the constant vanishing since « and ¢ are both zero together. 


ul 
o Z=— h at -1}. 
sae [cosh at — 1} 
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Ex. 2. A uniform rod, of length 2a, hangs in a horizontal position being 
supported by two vertical strings, each of length l, attached to its ends, the other 
The rod is given an angular velocity w 


extremities being attached to fixed points 

about a vertical axis through its centre; jind its angular velocity when it has 
a2w? 

turned through any angle, and shew that it will rise through a distance ey 


Prove also that the time of a small oscillation about the position of equilibrium 


is Qa ee (Bifilar Suspension.) 
Let AB be the initial position of the rod with the strings C4 and DB 

vertical, A’B’ its position when it has risen 
through a vertical distance « and turned 
through an angle 6. Let the horizontal 
plane through A’B’ cut CA and BD in K 
and L, and let 4 A’CA=9¢. 

The equation of energy then gives 

Ama? + dmk262 = }mk2w? — mgz...(1) 
Now, since the angle A’KC is a right 


Lee 


' 
; 
i 
: 
: 
“ye 


angle, 
“ £=AC-CK=1-lcos¢ ...(2), Z 
where J is the length of a vertical string A 
Also Isin 9 = 4’K=2a sin 5 seeeee(3). 
oe 
“. Z=lsin Pd=tan d. acos = S= a : 
6 
2 _ Aq? sin? — 
12 - 4a? sin 3 
Hence equation (1) gives 
2 sin? 2 
F ina2g2 cali er Ra et (4). 
2 aay) 2 3 
2 — 4a? sin? — 
2 
The rod comes to 


This equation gives the angular velocity in any position 
QW? 
instantaneous rest when 6=0, i.e. when a= 
For a small oscillation we have, on taking moments about O’, if T be the 


tension of either string, 
2 
m 5 6= —27 sin ¢ x perpendicular from O’ on 4’K 
2a? : 
net eee SE aCTIGTN Oa, Rhona Mose 


2 
( ) , when ¢ is small, 


Also 
eas mop (2OPE BOT] ones csssscsencseeee 


i.e. to the first order of een quantities, fre at 0. 
3 
Therefore (5) gives m= 3 a - wy, 0, i.e. 8= — 7 0. 
ae 
Hence the required time=27r RE 3g 


° 
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Ex. 3. <A uniform rod, of length 2a, is placed with one end in contact with a 
smooth horizontal table and is then allowed to fall; if a be its initial inclination 
to the vertical, shew that its angular velocity when it is inclined at an angle 6 i8 


6g ae 
a’ 143sin?@ 


Find also the reaction of the table. 

There is no horizontal force acting on the rod; hence its centre of inertia G 
has no horizontal velocity during the 
motion since it had none initially. Hence 
G describes a vertical straight line GO. 
When inclined at @ to the vertical its 
kinetic energy 


1 d eae a® . 
Saath, poe eae nat 
= 5 © {5, (acoso) +5uU.38 
= $ Ma? (sin? 9 +4). 


Equating this to the work done, viz. 
Mga (cosa—cos @), we get 
+, 69 cosa—cos@ 
De ie sngeanticlovvin sang acinrednecueccos 7). 
a a Wssn6 (1) 
8gsin 6 4—6 cosacos6+3 cos? 0 
(1+38 sin? @)2 i 


Differentiating, we have d= 
Also, for the vertical motion of G, we have 
2 - 
R-Mg=M = (a cos @¢)=M[- asin 66 —acos 06?]. 


On substitution, we have 
4—6cos § cosa+8 cos? 0 


oF sat 
it! (1+3sin? 6)? 


~ 


EXAMPLES 


1. A uniform rod, of given length and mass, is hinged at one end to 
a fixed point and has a string fastened to its other end which, after 
passing over a light pulley in the same horizontal line with the fixed 
point, is attached to a particle of given weight. The rod is initially 
horizontal and is allowed to fall; find how far the weight goes up. 


2. <A light elastic string of natural length 2a has one end, 4, fixed 
and the other, B, attached to one end of a uniform rod BC of length 2a 
and mass m. This can turn freely in a vertical plane about its other 
end C, which is fixed at a distance 2a vertically below A. Initially the 
rod is vertical, and, on being slightly displaced, falls until it is horizontal, 
and then rises again. Shew that the modulus of elasticity is 


mg (3+ 2/2). 
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; Be se uniform rod moves in a vertical plane, its ends being in contact 
with the interior of a fixed smooth sphere; when it is inclined at an 
angle @ to the horizon, shew that the square of its angular velocity is 


6c 
ae (cos é—cos a), where a is the initial value of 6, 2a is the length of 


the rod, and c is the distance of its middle point from the centre of the 
sphere. 


4. A hemisphere, of mass M and radius a, is placed with its plane 
base on a smooth table, and a heavy rod, of mass m, is constrained to 
move in a vertical line with one end P on the curved surface of tho 
hemisphere ; if at any time ¢ the radius to P makes an angle 6 with the 
vertical, shew that a6? [Jf cos? 6 + m sin? 6]=2mg (cos a—cos 6). 


5. A uniform rod, of length 2a, is held with one end on a smooth 
horizontal plane, this end being attached by a light inextensible string to 
a point in the plane ; the string is tight and in the same vertical plane as 
the rod and makes with it an acute angle a. If the rod be now allowed to 
fall under the action of gravity, find its inclination to the horizon when 
the string ceases to be tight, and shew that its angular velocity Q just 
before it becomes horizontal is given by the equation 


6aQ?=g sin a (8 +co8? a). 


6. A uniform straight rod, of length 2a, has two small rings at its 
ends which can respectively slide on thin smooth horizontal and vertical 
wires Oz and Oy. The rod starts at an angle a to the horizon with an 


angular velocity 29 (1 — sin a), and moves downwards. Shew that it 
2a 


will strike the horizontal wire at the end of time 


a Tiare, 7 
2 a/ 3,108 {cot (3-9) tan a 


7. A straight uniform rod, of mass m, is placed at right angles to 

a smooth plane of inclination a with one end in contact with it; the rod 
is then released. Shew that, when its inclination to the plane is ¢, the 
3(1—sin f)?+1 
(3 cos? 6+1)? 


8. A hoop, of mass I, carrying a particle of mass m fixed to a point 
of its circumference, rolls down a rough inclined plane ; find the motion. 


reaction of the plane will be mg cos a. 


9. Two like rods AB and BO, each of length 2a, are freely jointed 
at B; AB can turn round the end 4 and C' can move freely on a vertical 
straight line through A. Initially the rods are held in a horizontal line, 
C being in coincidence with A, and they are then released. Shew that 
when the rods are inclined at an angle 6 to the horizontal, the angular 
velocity of either is ree °g ey ; 


L. D. 21 
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10. A sphere, of radius 4, rolls without slipping down the cycloid 
z=a(6+sin 6), y=a(1—cos6). 
It starts from rest with its centre on the horizontal line y=2a. Shew 
that the velocity V of its centre when at its lowest point is given by 
V2=429 (2a—b). 

ll. A string, of length 2/, is attached to two points in the same 
horizontal plane at a distance 2b and carries a particle m at its middle 
point ; a uniform rod, of length 2a and mass J, has at each end a ring 
through which the string passes and is let fall from a symmetrical 
position in the straight line joining the ends of tbe string; shew that 
the rod will not reach the particle if ; 

(1+6-2a).(M+2m) U <2 (2a—b) m?. 

If M=m and b=a, and the particle be given a small vertical dis- 
placement when it is in a position of equilibrium, shew that the time 
of a small oscillation is Se, [esis z Sieg 

12. Two equal perfectly a spheres are placed in unstable equi- 
librium one on the top of the other, the lower sphere resting on a smooth 
table. If the equilibrium be disturbed, shew that the spheres will 
continue to touch at the same point, and that when the line joining 
their centres is inclined at an angle 6 to the vertical its angular velocity 
is given by the equation a*w? (5 sin? 6+47)=10ga(1—cos @), where a is the 
radius of each sphere, 

13. An inextensible uniform band, of small thickness T, is wound 
round a thin fixed axis so as to form a coil of radius 6. The coil is 
unrolled until a length @ hangs freely and then begins to unroll freely 
under the action of gravity, starting from rest. Shew that, if the small 
horizontal motion be neglected, the time whigh will elapse before the 
hanging part is of length w is approximately _ 


_ tt+Ve-—a 
b ye eee +f 


14. A roll of cloth, of small thickness ¢, lying at rest on a perfectly 
rough horizontal table is propelled with initial angular velocity © so that 
the cloth unrolls. Apply the Principle of Energy to shew that the radius 
of the roll will diminish from a to r (so long as 7 is not small compared 


with a) in time _ {Ve—r— V—a5}, where 302at=4 (o3— a®) g. 


Is the application of the principle correct ? 


245. In many cases of motion the application of the 
principles of this Chapter will give two first integrals of the 
motion, and hence determine the motion, 


Ex. A perfectly rough inelastic sphere, of radius a, is rolling with velocity v 
on @ horizontal plane when it meets a Sized obstacle of height h. Find the 
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condition that the sphere will surmount the obstacle and, if it does, shew that 
2 
it will continue rolling on the plane with velocity (1-7) v 


Let 9 be the angular velocity immediately after the impact about the point 
of contact, K, with the obstacle. 
The velocity of the centre before the impact was v in a horizontal direction, 


and the angular velocity was ~ about the centre, 
Since the moment of momentum about K is unaltered, as the only 
impulsive force acis at K, we have 
m (k2 + a?) Q=mv (ah) +mke=, 


- 2 


Let w be the angular velocity of the sphere about K when the radius to K is 
inclined at @ to the horizontal. The equation of Energy gives 


1 2 
5m. 22 (2-92) = —mg ((PAECHSILY SE) SesceeexooousaneN (2). 


Also, if R be the normal reaction at this instant, we have, since the ac- 
celeration of the centre is aw® towards K, 


MICA =ANGISINNO Fie een em ae ener eee (3). 
(2) gives w?= 02 - 7 ; s (hen ia Oa) eee (4), 
and (3) gives = = £ (10h -10a+17a sin 6]— aN? ooo... eeceeceee eee (5). 


In order that the sphere may surmount the obstacle without leaving it, 
(i) w must not vanish before the sphere gets to its highest point, i.e. w? must 
be positive when @=90°, and (ii) R must not be negative when it is least, 


> . a-h 
i.e. when sin d= apa 


The first condition gives 02> ae and the second gives 2? es 
Hence, from (1), 
fee »/T0gh and Pe athe /9 (a—h). 
Fa-5h i Ja—5h 


For both these conditions to be true it is clear that h>}> te 


If these conditions are satisfied so that the sphere surmounts, without 
leaving, the obstacle, its angular velocity when it hits the plane again is Q. 
If its angular velocity immediately after hitting the plane be w,, we have, 
by the Principle of the Conservation of Momentum, 
Ta 202 
5 5 
since just before the impact the centre was moving with velocity aQ perpen- 
dicular to the radius to the obstacle. 


5h 5h\2 v 
win (tae) = (0-70) e° 


2 
so that the sphere will continue to roll on the plane with velocity v (2 - 7a) : 


m wy=m.aQ.(a-—h)+m Q, 


21—2 
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EXAMPLES 


1. A smooth uniform rod is moving on a horizontal table about one 
end which is fixed; it impinges on an inelastic particle whose distance 


from the fixed end was * th of the length of the rod ; find the ratio of the 


velocity of the particle when it leaves the rod to its initial velocity. 


2 2 2 
[For the impact we have /. = o=iH + o' +m = o 
The Principles of Energy and Momentum then give 
gee tap ce, | AL eae 4a? 1 4a? 
BG fa aR dy ITE fp yee, aR ph ary eed 
gl. g Ot gm etre) gl. 3 eo? tam 73 eo 
4@? . : 4a? 4a? 
jasiele CY ee) aire te 
and M. g Otmxie M 3 etm 7 ow’) 


2. A uniform rod, of mass J, is moving on a smooth horizontal table 
about one end which is fixed ; it drives before it a particle, of mass nl, 
which initially was at rest close to the fixed end of the rod; when the 


particle is at a distance th of the length of the rod from the fixed end, 


shew that its direction of motion makes with the rod an angle 


cot-1 4 / 1+. 


3. <A uniform rod, of length 2a, lying on a smooth horizontal plane 
passes through a small ring on the plane which allows it to rotate freely. 
Initially the middle point of the rod is very near the ring, and an angular 
velocity » is impressed on it; find the motion}xand shew that when the 


: : ; RN: 
rod leaves the ring the velocity of its centre is YP ae, and its angular 


velocity is =e 
4 
4. A piece of a smooth paraboloid, of mass M, cut off by a plane 
perpendicular to the axis rests on a smooth horizontal plane with its 
vertex upwards. A particle, of mass m, is placed at the highest point 
and slightly displaced; shew that when the particle has descended a 
distance 2, the square of the velocity of the paraboloid is 


Qm?gax 
(M-+m) {(M+m) «+ Ma}* 


(The horizontal momentum of the system is always zero and its kinetic 
energy is equal to the work done by gravity.] 


5. A thin spherical shell, of mass M and radius R, is placed upon 
a smooth horizontal plane and a smooth sphere, of mass m and radius 7, 
slides down its inner surface starting from a position in which the line of 
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centres is horizontal. Shew that when the line of centres makes an 
angle @ with the horizontal the oe of the shell M is given by 


ey GWU LAER (R—r) sin? d. 


(Compare with the example of Art. 202.] 


6. <A fine circular tube, of radius @ and mass J, lies on a smooth 
horizontal plane; within it are two equal particles, each of mass m, 
connected by an elastic string in the tube, whose natural length is equal 
to the semi-circumference. The particles are in contact and fastened 
together, the string being: stretched round the circumference. If the 
particles become separated, shew that the velocity of the tube when 


QqrrhmMa 


the string has regained its natural length is ue I (M+ 2m)’ where J is 


the modulus of elasticity. 
If one of the particles be fixed in the tube and the tube be movable 
about the point at which it is fixed, shew that the corresponding velocity 


of the centre of the tube is 5 times its value in the first case. 
al 

7. A heavy pendulum can turn freely about a horizontal axis, and 

a bullet is fired into it at a depth p below the axis with a velocity which 

is horizontal and perpendicular to the axis; the pendulum is observed to 

swing through an angle 6 before coming to rest ; shew that the velocity 


2 
of the bullet was 2 sin § / 0+) (a +) gp, where M and m are 


the masses of the pendulum and buliet, and 4 and & are the depth of the 
centre of inertia below, and the radius of gyration about, the axis of the 
pendulum. 


8. To the pendulum of the previous question is attached a rifle in a 
horizontal position at a depth p below the axis and from it is fired 
a bullet of mass m; shew that the velocity of the bullet is 


where YY’ is the mass of the pendulum and gun, and /’ and # are the 
depth of the centre of inertia below, and the radius of gyration about, the 
axis of J’. 


9. A thin uniform circular wire, of radius a, can revolve freely about 
a vertical diameter, and a bead slides freely along the wire. If initially 
the wire was rotating with angular velocity ©, and the bead was at rest 
relatively to the wire very close to its highest point, shew that when the 
bead is at its greatest distance from the axis of rotation the angular 


velocity of the wire is Q. ane , and that the angular velocity of the bead 


2 
relative to the wire is Rhee aa + , the mass of the wixe being z times 


that of the bead, 
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10. Two uniform rods AB, BC are jointed at B and can rotate on a 
smooth horizontal plane about the end A which is fixed. From the 
principles of the Conservation of Energy and Momentum obtain equations 
to give their angular velocities in any position. 


11. One end of a light inextensible string, of length a, is attached to 
a fixed point O of a smooth horizontal table and the other end to one 
extremity of a uniform rod of length 12a. When the string and rod are 
at rest in one straight line a perpendicular blow is applied to the rod 
at its middle point. Apply the principles of Energy and Momentum to 
shew that when in the subsequent motion the string and rod are at right 
angles they have the same angular velocity. ss 


12. AB, BC, and CD are three equal uniform rods lying in a straight 
line on a smooth table, and they are freely jointed at Band C. A blow is 
applied at the centre of BC in a direction perpendicular to BC. If w be 
the initial angular velocity of AB or CD, and @ the angle they make with 


BC at any time, shew that the angular velocity then is as 


V1+sin? 6 
13. A uniform rod, moving perpendicularly to its length on a smooth 
horizontal plane, strikes a fixed circular disc of radius 6 at a point 
distant c from the centre of the rod. Find the magnitude of the impulse ; 
and shew that, if there be no sliding between the rod and the disc, the 
centre of the rod will come into contact with the disc after a time 
Vk + 2 a 21 CEN e+e 
ohn fe VeP+e+k ee a 
where & is the radius of gyration of the rod about its centre, and v is the 
initial velocity of the rod. 


’ 


14. A uniform rod, of length 2a, is freely jointed at one end to a 
small ring, whose mass is equal to that of the rod. The ring is free to 
slide on a smooth horizontal wire and initially it is at rest and the rod is 


vertical and below the ring and rotating with angular velocity ahs 3g 
a 


in a vertical plane passing through the wire. When the rod is inclined 
at an angle @ to the vertical, shew that its angular velocity is 

3g 1: +4cos 6 

‘a 8—3c0s26’ 
and find the velocity of the ring then. 

(The horizontal momentum of the system is constant throughout the 

motion, and the change in the kinetic energy is equal to the work done 
against gravity.] 


15. A uniform rod AB hangs from a smooth horizontal wire by 
means of a small ring at 4; a blow is given to the end 4 which causes 
it to start off with velocity uw along the wire; shew that the angular 
velocity o of the rod when it is inclined at an angle 6 to the horizontal is 


given by the equation o?(1+3 cos?) Lapa (1 -siné), 
a 


16a? 
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16. A hoop, of radius a, rolling on a horizontal road with velocity v 
comes into collision with a rough inelastic kerb of height 2, which is 
perpendicular to the plane of the hoop. Shew that, if the hoop is to 
clear the kerb without jumping, » must a 


25 — vgh and a 7 Mg (a—h) h). 


17. An inelastic uniform sphere, of radius a, is moving without 
rotation on a smooth table when it impinges on a thin rough horizontal 
rod, at right angles to its direction of motion and at a height 6 from 
the plane ; shew that it will just roll over the rod if its velocity be 

a 14gb 


aah <2 and bbe <2. 


18. A sphere, of radius a, rolling on a rough table comes to a slit, of 
breadth 6, perpendicular to its path; if V be its velocity, shew that the 
condition it should cross the slit without jumping is 


100 ‘ 14-10 sin?a 
Sa a Cy patel cma eee 
ra ga (1—cos a) sin ¢ 7 —10sin? a)?” 
where b=2asina, and 17gacosa>7V*+10ga. 


19. A sphere, of radius a, rests between two thin parallel perfectly 
rough rods A and B in the same horizontal plane at a distance apart 
equal to 2b; the sphere is turned about 4 till its centre is very nearly 
vertically over A; it is then allowed to fall back; shew that it will 
rock between A and B if 10b?<7a?, and that, after the zth impact, it will 
turn till the radius vector to the point of contact is inclined at an angle 
6, to the vertical given by the equation 


Varo? as Va—U (1 4 ae 
a a 


cos 6, = Ta 


Shew also that the successive maximum heights of the centre above its 
equilibrium position form a descending geometrical progression. 


20. An inelastic cube slides down a plane inclined at a to the horison 
and comes with velocity V against a small fixed nail. If it tumble over 
the nail and go on sliding down the plane, shew that the least value of V? 


is 10 [2 cos a - sin a]. 
21. A cube, of side 2a, rests with one edge on a rough horizontal plane 


and the opposite edge vertically over the first; it falls over and hits the 
plane; shew that it will start aes about another edge and that its centre 


of inertia will rise to a height 75 7g (15 +0/2). 


22. A uniform cube, of side 2a, rolls round four parallel edges in 
succession along a rough horizontal plane, Initially, with a face just in 
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contact, @ is the angular velocity round the edge which remains in contact 
till the first impact. Shew that the cube will continue to roll forward after 
the nth impact as long as 42*-!< a0?(,/2+1)+39. 


23. A rectangular parallelepiped, of mass 3m, having a square base 
ABCD rests on a horizontal plane and is movable about CD as a hinge. 
The height of the solid is 3a and the side of the base a. A particle m 
moving with a horizontal velocity v strikes directly the middle of that 
vertical face which stands on AB, and sticks there without penetrating. 
Shew that the solid will not upset unless v?>;¢ga. 


24. A uniform cubical block stands on a railway truck, which is 
moving with velocity V, two of its faces being perpendicular to the 
direction of motion. If the lower edge of the front face of the block be 
hinged to the truck and the truck be suddenly stopped, shew that the 


block will turn over if V is greater than #/3ga (./2—1), where 2a is the 
side of the block. 


25. <A string, of length b, with a particle of mass m attached to one 
end, is fastened to a point on the edge of a circular disc, of mass M and 
radius a, free to turn about its centre. The whole lies on a smooth table 
with the string along a radius produced, and the particle is set in motion. 
Shew that the string will never wrap round the dise if aif < 4bm. 


26. A uniform rod, of length 2a and mass nm, has a string attached 
to it at one end, the other end of the string being attached to a particle, 
of mass m; the rod and string being placed in a straight line on a smooth 
table, the particle is projected with velocity V perpendicular to the string ; 
shew that the greatest angle that the string makes with the rod is 


(n+l)a 


ino 
2 sin 12h? 


and that the angular velocities of the rod and string then are each ae 5 
where b is the length of the string. 


(The linear momentum of the centre of inertia of the system and the 


angular momentum about it are both constant; also the kinetic energy is 
constant. | 


27. A smooth circular disc is fixed on a smooth horizontal table and 
a string, having masses J/ and m at its ends, passes round the smooth rim 
leaving free straight portions in the position of tangents ; if m be projected 
perpendicularly to the tangent to it with velocity V, and the length at 
any instant of this tangent be n, shew that 


(AL + me) 424? = V? [( +m) a? + m (n? — b?)], 
where a is the radius of the disc and 0 is the initial value of 7. 


[The total kinetic energy is constant, and also the moment of momentum 
about the centre of the disc. ] 
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28. A homogeneous elliptic cylinder rests on a rough plane; shew 
that the least impulsive couple that will make it roll along the plane is 


a 24. 52 
m/ 1 eee), 


where m is the mass and a, b the semi-axes. 


29. Explain why a boy in a swing can increase the are of his swing 
by crouching when at the highest point of his swing and standing erect 
when at the lowest point. 


30. One end of a square door has a horizontal hinge in a vertical wall. 
To the middle point A of the opposite edge is fastened a cord which passes 
over a small pulley let into the wall at the point B reached by A when the 
door is closed, B being above the hinge. At the other end of the cord is a 
hanging weight. The door is slowly opened until it is horizontal and then 
let go. Find the angular velocity of the door in any position, and shew that 
its kinetic energy on slamming is less than the work done in opening it in 
the ratio MU: M+3m, where U/, m are the masses of the door and weight. 


31. A sphere is free to rotate about a fixed diameter and a fly whose 
' mnass is 2ths that of the sphere alights at a point on the surface and crawls 
with uniform velocity along a rhumb line (of angle a). Shew that, when the 
fly reaches the pole, the sphere will have turned through one or other of the 
1 J/2+1 

V2 J2-1° 

32. <A horizontal wheel, with buckets on its circumference, revolves 
about a frictionless vertical axis. Water falls into the buckets at a uniform 
rate of mass m per unit of time. Treating the buckets as small compared 
with the wheel, find the angular velocity of the wheel after time ¢, if Q be 
its initial value; and shew that, if J be the moment of inertia of the wheel 
and buckets about the vertical axis, and a be the radius of the circumference 
on which the buckets are placed, the angle turned through by the wheel 


2 
in time ¢ is = log, (1 +") ; 


angles whose sum is — tana log 


a? if 
33. A man, of mass m, stands at A on a horizontal lamina which can 
rotate freely about a fixed vertical axis O, and originally both man and 
lamina are at rest. The man proceeds to walk on the lamina and ultimately 
describes (relative to the lamina) a closed circle having OA (=a) as diameter, 
and returns to the point of starting on the lamina, Shew that the lamina 
has moved through an angle relative to the ground given by 


= 
i Raa I+ma? |’ 


where J is the moment of inertia of the lamina about the axis. 


CHAPTER XVIII 
LAGRANGE’S EQUATIONS IN GENERALISED COORDINATES 


246. In the previous chapter we have shewn how we can 
directly write down equations which do not involve reactions. 
In the present chapter we shall obtain equations which will 
often give us the whole motion of the system. 

They will be obtained in terms of any coordinates that 
we may find convenient to use, the word coordinates being 
extended to mean any independent quantities which, when 
they are given, determine the positions of the body or bodies 
under consideration. The number of these coordinates must 
be equal to the number of independent motions that the 
system can have, 7.e. they must be equal in number to that of 
the degrees of freedom of the system. 


247. Lagrange’s Equations. 

Let (, y, 2) be the coordinates of any particle m of the system 
referred to rectangular axes, and let them be expressed in 
terms of a certain number of independent variables 6, ¢, y... 
so that, if ¢ be the time, we have 


SL ACL Ne BR tae eee (1), 


with similar expressions for y and z. 


These equations are not to contain 6, ¢... or any other 
differential coefficients with regard to the time. 


As usual, let dots denote differential coefficients with regard 
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d. : ; 
to the time, and let or oe . denote partial differential 
coefficients. 
Then, differentiating (1), we have 
Cte Ue (On: 
danny ae ce On (2). 
On differentiating (2) partially with regard to 0, we have 
dz da 
ie pe en (3) 
Again, differentiating (2) with regard to 0, we have 
di_ dio doy, de , 
jeu de dea 
d | dz 
“2318 betel noes é 
If 7’ be the kinetic energy of the system, then 
Pie Vin (BUG ices crs eceeteseetts (5). 


Now the reversed effective forces and the impressed forces 
form a system of forces in equilibrium, so that their equation of 
virtual work vanishes; in other words the virtual work of the 
effective forces = the virtual work of the impressed forces. 

The first of these, for a variation of @ only, 


dt. dy. dz 
= 3m | tig +255 | 56 


_ da (dx 
= 53" (2% wat tte] 80= Em [25 (Gp) +--+] 80 


di dé ; 
_@ sy ee eee Pp 
zn |@ es | Xm [sot : | 
by equations (3) and (4), 
“i 2 Spl a Be +2) 80-2 5m. 4 [a + 92 + 2] 80 
dav a 


-(5 de 5, by equation (5), s.cesscscrsscessessees (6), 
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Again, if V be the Work function, we have the virtual work 
of the impressed forces, for a variation of @ alone, 
dy gl 
=m | x a ee 25 0 
dV da , dV dy , dV dz dV 
= |e 8 + dy dy 40 * de. A at Yate 
Equating (6) and (7), we have 
d (at) a? _av 
dt\dé/ dé dé 
Similarly, we have the equations 


« (a) dT dV 


dt\dé/ dp dd’ 
4 (af) 2 =, 
di\dp/ dy dw 


and so on, there being one equation corresponding to each 
independent coordinate of the system. 
These equations are known as Lagrange’s equations in 
Generalised Coordinates. 
Cor. If K be the potential energy of the system, since 
V=a constant — K, equation (8) becomes 
d € (=) - aD dK _ 
dt\d/ do dé 
If we put 7—K=L, so that L is equal to the difference 
between the kinetic and potential energies then, since V does 
not contain 6, ¢, etc., this equation can be written in the form 


d EG ak = 
di|dé| dé 
L is called the Lagrangian Function. 


248. When a system is such that the coordinates of any 
particle of it can be expressed in terms of independent 
coordinates by equations which do not contain differential 
coefficients with regard to the time, the system is said to be 
holonomous. 

249, Ea. 1. A homogeneous rod OA, of mass m, and length 2a, is freely 
hinged at O to a fixed point; at its other end is freely attached another 


homogeneous rod AB, of mass m, and length 2b; the system moves under Gravity ; 
Jind equations to determine the motion, 
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Let G, and G, be the centres of mass of the rods, and 6 and ¢ their inclina- 
tions to the vertical at time t. 


Oo 
The kinetic energy of OA is ' 
i 4a? . 
ce eae 5) 
gm + 


G, is turning round A with velocity bd, 
whilst A is turning round O with velocity 2a8. 
Hence the square of the velocity of G, 


= (206 cos 6+bdcos ¢)? ; 
+(2a6 sin 6+ b¢ sin ¢)? 
= 40262 + 0242 + 4ab6¢ cos (0 - ¢). 
Also the kinetic energy of the rod about G, 


1 WE oe 
cap TT a 
1 4a? 
Pais 2 
: T=5™ 3 6 


. 6 pi 2 
+ : Mg [4a76? + bp? + 4ab0p cos (¢ — 0)]+ : Mg 2 ¢? 


_1 (m ne 1 4p? ., 1 os a 
=5- jit m,) - dats + 5™-a @ + 5 Mg. 4ab0g cos (p 6) ...(1). 


Also the work function V 
= M94 COS A+ mag (2ACOSA+DCOSP) TC vecrscccrscreseees (2). 
Lagrange’s -equation then gives 
5 is a m,) 4076 + my. 2abd cos ¢ — a | = Qm,abd sin (¢ — 4) 
3 
~dt\dé/ do de 
= —(m,+2m,) gasin 6, 


ie, (+m) dal + 2h (F008 90 GP sin =A] = —9 (m+2m, sin 8 


scoQasCaRSNGOUOKODCON (3). 
So the ¢-equation is 
2, : rae 
a Me er $ + 2abé cos (¢ - a) | +My. 2ab0¢ sin (¢ — 4) 
= -—m,bg sin ¢, 
i.€. 2 $+ 2a6 cos (¢— 0) +206? sin (p— 0)= —G8ING wseeree (4). 


Multiplying (3) by a6, (4) by mabp, adding and integrating, we have 


1 gael 4b?., 1 + 

5 a + m, ) 4076? + 5 a PP +5 My. 4ab0g cos (p — 4) 
= (my + 2mMg) Ja COS A + MgJb COS PFC weseerserseereecesees (5). 

This is the equation of Energy. 

Again multiplying (3) by @, and (4) by m,b we have, on adding, 


. 4b2 . . e 
. (+m). dard +m} +200 (+9) c08 (9 - Of ] 


= —ag (m,+2m,) sin @ — mgbg sin ¢. 
This is the equation derived by taking moments about O for the system. 
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Ex.2. A uniform rod, of length 2a, can turn freely about one end, which is 
fiaed. Initially it is inclined at an acute angle a to the downward drawn vertical 
and it is set rotating about a vertical axis through its fixed end with angular 
velocity w. Shew that, during the motion, the rod is always inclined to the 


3 : 
vertical at an angle which is 2 a, according as w? z Or , and that in each 


case its motion is included between the inclinations a and 

cos-![-n+N1 -2ncosa+n?], 
_ aw* sin? a 
Seer res 

If it be slightly disturbed when revolving steadily at.@ constant inclination a, 


where 


4 
shew that the time of a small oscillation is 24 = : 
3g (1+3 cos? a) 


At any time ¢ let the rod be inclined at @ to the vertical, and let the plane 
through it and the vertical have 
turned through an angle ¢ from its Og—_—qp 


initial position. 2 + 
Consider any element 5 as 2 mi0l the Nite a 
rod at P, where OP=é. 
If PN be drawn perpendicular to 
the vertical through the end O of the 
rod, then P is moving perpendicular 
to NP with velocity ¢. NP, i.e. 
ésin Od, Vv 
and it is moving perpendicular to OP 
in the plane VOA with velocity £6. 
Hence the kinetic energy of this 
element 
1 dé : : : 
=F = -m(& sin? 4p? + £62]. 
Therefore the whole kinetic energy T 
+ 6°) ihe dg = souls ET sin? @ + 62), 
Also the ay Bich V 
=m.g.acos6+C, 
Hence Lagrange’s equations give 
d [4ma? - 2ma? - , 
alo A ¢?. 2 sin @ cos 6= —mgasin 6, 
4ma? $ 
29 |— 
and at iL sin 0 | — 0, 
1.€. ~ g2sin 6 cos6= — 2 sin 9 
alin Vie eee Sopocoee cewone((l}. 
and iP Sin” 6 = CONBLANt = wisins ater eeee eee (2). 
(1) and (2) give, on the elimination of ¢, 
_ w? sin* a —39 


“yinto ler ae BI Oy Wes auisabronscovenekeeeses (3). 
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Steady ‘motion. The rod goes round at a constant inclination a to the 
vertical if 9 be zero when @=a, i.e. if 
w= 39 


da cosa (ee Srlacoooonncaaa 9} 


When w has not this particular value, equation (3) gives on integration 


39 ( 


+, w*sint 3 
2 s 7 cos + C= w%sinta + 5! 


ary meer COS 0 — COS @) ....+....(5), 


from the initial conditions. 


=, | 3gn sinta] 3g 
Sas Pes sates ou = 
55 li 3 [2 ary a ae (cos 6 — cos a) 
3g cos a—cos 0 
=;2 a (cos? 6+ 2n cos 0-14 2n cosa]. 


Hence @ is zero when §=a, i.e. initially, or when 


cos? 6+ 2ncos @-1+2ncosa=0, 


i.e. when COS A= — M+ AJL —2NCOBATME ..cecrsersecscssceees ...(6). 


[The + sign must be taken; for the —- sign would give a value of cogs @ 
numerically greater than unity.] 

The motion is therefore included between the values @=a and 6=6,; where 
cos 6; is equal to the right hand of (6). 

Now 4,2 a, i.e. the rod will rise higher than or fall below its initial position, 


according as cos 0, S cosa, 
i.e, according as ,/1 — 2n cosa+n?S cosa+n, 


i.e. according as sin? a < 4ncosa, 
sint?a — aw*sin?a 
4cosa™ 389 
39 

* 4a cosa’ 
i.e. according as the initial angular velocity is greater or less than that for 
steady motion at the inclination a. 

It is clear that equation (2) might have been obtained from the principle that 
the moment of momentum about the vertical OV is constunt. 

Also the Principle of the Conservation of Energy gives 


i.e. according as 


i.e. according as w?= 


2ma2 


: 9 2Qma? é 
(p? sin? 6 + 62) = mga (cos 0 — cos a) + aa w? sin? a, 


On substituting for ¢ from (2) this gives equation (5). 
Small oscillations about the steady motion. 


By (4) the value of w? is ie os for steady motion. If w? has this value, 
then (3) gives 
_ 8g[sinta cos 0 _ aed gilie (7) 
=7-\ Song SUG NO | teeseees pseeeaseaoes sas (7) 


Here put @=a+y, where y is small, and therefore 
sin d=sina+ycosa, 
and 60s O=cosa—ysina. 
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Hence (7) gives 


p= 7222 (C1 y tana) (1+-y cot a)-8- (1+ y cot a)] 


aes 3g sin a 

a 4a 

8g (1 +3 cos? a) 
4a cosa 


. Y[4 cot a+ tan a] 


=-yp. 


on neglecting squares of y. 
Hence the required time 


ae ae 4a cosa f 
3g (l+3cos?a) «ss 
Ex.3. Four equal rods, each of length 2a, are hinged at their ends so as 
to form a rhombus ABCD. The angles B and D are connected by an elastic 
string and the lowest end A rests on a horizontal plane whilst the end C slides on 
a smooth vertical wire passing through A; in the position of equilibrium the 


string is stretched to twice its natural length and the angle BAD is 2a. Shew 
that the time of a small oscillation about this position is 


2a (1+3 sin? a) cosa 2 
2a : 
39 cos 2a 


When the rods are inclined at an angle @ to the vertical, the component 
velocities of the centre of either of the upper rods are 


£ (3a cos @] and = (asin@), ie. -3asiné.6 and acosé. 6. 
Hence 7, the total kinetic energy, 


1 wr Oe ra We 
=ax5m[ 62+ (— Basin 68)?+ (a cos 66/24 5 0? | 


=8ma262 [$+ sin? 6]. " 
Also the work function V 
2asiné x ~ 
= —mg.2.(acos@+ 8acos ay—2n [ ae = de 
Cc 


= —8mga cos 6 — * (2a sin @—c)?, 
where 2c is the unstretched length of the string and X the modulus of 


elasticity. 
Lagrange’s equation is therefore 


5, [ 16a%mé G + sin®) —16ma?é? sin 6 cos 6 
: 4d : 
=8mga sin 0-——acos 6 (2a sin 6 ~ c) 


Now we are given that @ and 6 are zero when @=a, and that c=asina. 


2mge 
~acosa” 


ee 
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In (1) putting 6=a+y, where y is small, and neglecting squares and 
products of y and ¥, we have 


16a2my (f+ sin? a) 
: 8 . : 
=8mga (sin a+ yw cosa) — _ [cosa—wsina] [asin a+2ya cosa] 


= —8amgy (cos a-sin a tana), 


. 3g cos 2a 
1.€, ae a eee eet 
ny 2a cosa (1+3sin2a)'¥ 
in? 
Therefore the required time=2r , ee ° 
3g cos 2a 


Ez. 4, Small oscillations about the stable position of equilibrium for the 
case of Ex. 1 when the masses and lengths of the rods are equal. 
When m,=mz and a=b, the equations (3) and (4) of Ex. 1 become 


* 5426 cos (@— 0) — 2? sin (¢ - 6) = - “2 sina, 


and 20 c0s (p- 0) +5 $ +202 sin (g— 0) =~ Zsin g. 


The stable position is given by 9=¢=0. Taking 0 and ¢ to be small, 


and neglecting 62 and ¢*, and putting @ and @ for sin@ and sin ¢, these 
equations become 


(F p+ 2) CRS NO (ee ene Aen, 0); 


and 2D? .0 + (50944 2) p= (aha Staten ene (2), 


where D stands for a 


Eliminating ¢, we have 


(302+! \ (= p42) 9 4D49 =0, 


27 
i 4 2 =(! 
i.e, (v 4321418 ze 0 
To solve this equation put 0=Lpcos (pt+ap), and we have 
3g 27 9 
fo aye es 
Poq? ‘a8 a 
3 
giving pi=o2 (7427), and pP= iyo (7-2/7). 


0 =Ly cos (pt + a1) + Le cos ie + a), 
so that the motion of 6 is given as the compounding of two simple harmonic 


Qar 2 
motions of periods — and ans 
Pi P2 
Similarly, we obtain ¢= Mj cos (pit + a) + Mz cos (pot + ag). ; ; 
The constants L,, Le, My and Mp are not independent. For if we substitute 


the values of 6 and ¢ in equations (1) and (2) we obtain two relations between 


them. 
L 2/7-1 2,/7+1 
These are found to be a oe and eS = ; 


The independent constants ultimately arrived at may be determined from 
the initial conditions of the motion. 


L. D. 22 
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Equations (1) and (2) may be otherwise solved as follows. Multiply (2) by 
and add to (1), and we have 


Dt [(F+2) 0+ (245 r) | + 2 (30-+2G)=0 scereccoveee(3)e 


16 4 at EE 
a = eee af a 


Putting these values in (3), we have, after some reduction, 


D?(90 - (2,/7+1) ¢]=- i. [74+ 2/7] [90 - (2/741) 4] ......(4), 


Choose X 80 that 


and D? (90+ (2,/7-1) 6]= = Ta aT] [90+ (2/7—-1)G] 2.00 (5). 
“90 -(2 /7+1) ¢=A cos (pyt +a), 
and 90 + (2 /7-1) 6=B cos ( pot + ag). 


This method of solution has the advantage of only bringing in the four 
necessary arbitrary constants. 


250. Ifin the last example we put 
90 —(2/7 +1) ¢=X, 


and 96 + (2/7 —1) $= Y, 
the equations (4) and (5) become 
ex ry 
ae =—2X, and ap =—Y, 


where A and yw are numerical quantities. 

The quantities X and Y, which are such that the corre- 
sponding equations each contain only X or Y, are called 
Principal Coordinates or Normal Coordinates. 

More generally let the Kinetic Energy 7’, and the Work 
Function V, be expressible in terms of 0, ¢, y, 6, ¢ and > in 
the case of a small oscillation about a position of equilibrium, 
so that 


T= Ay,0?+ AnG?+ Ash? + 2406 + 2A pO +2Andyr ...(L), 
and V=C+a0 + aah + ag + yO? + Anh? + dy? + ...(2). 
If 0, ¢, w% be expressed in terms of X, Y, Z by linear 

equations of the form 

O=~AX+A,Y¥ +2,Z, 

o= [yx + fg Y + [sd, 
and v= 1X +n%Y +v,Z, 
and Ar, Ae, As, Hay Ma, Ma, Vi, Vo, Vs 
be so chosen that on substitution in (1) and (2) there are no 
terms in 7’ containing YZ, ZX, XY, and none in V containing 
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YZ, ZX, XY, then X, Y, Z are called Principal or Normal 
Coordinates. For then 
T= A,X? si A, Y? aE As G?, 
and V=(C,+a/X +a, V¥+asZ + ay X? + dy VY? + dy'Z?, 
and the typical Lagrange equation is then 
CAEN. => ay’ + 2a Xk, 

2.é an equation containing X only. 

On solving this and the two similar equations for Y and Z, 
we have @ given by sum of three simple harmonic motions. 

Similarly if the original equations contained more coordinates 
than three. 


951. Lagrange’s equations for Blows. 

Let # and 2, denote the values of & before and after the 
action of the blows. Since the virtual moment of the effective 
impulses Lm (a, — &), etc. is equal to the virtual moment of 
the impressed blows, we ee for a eee in @ only, 


=m iG ae 16 a+ Gh gy) 8 24a 2,) “ 50 
S dx dy dz 
= im |X raat Yaga t A | 20 PRGD & (hy: 
Let 7, and T, be the values of 7 just before and just after 


the blows. 
Then, from equations (3) and (5) of Art. 247, 


Can ee 


dé db "db dé 
dx .dy dz 
=e 
=3m| 3 er eA 
dT da, Say ae 
d (— i). => E ye FAR 
aa eWaeo dg doe a0 |i 


Hence the left hand of (1) is 


| (aa), ~ Ga), | 8 
dé dé 
Also the right hand of (1) 
_[adV, dae , dV,dy , dV, dz ae 
- \ dot dy dé oe A op ae 
where 8V, is the virtual work of the blows. 


22—2, 
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Hence if V, be expressed in the form 
8V,= P60 + Q5¢ +..., 


the equation (1) can be written in the form 


(5) - (5 )= ae (2), 


and similarly for the other equations. 


The equation (2) may be obtained by integrating equation (8) of Art. 247 
between the limits 0 and 7, where 7 is the infinitesimal time during which 
the blows last. 


The integral of £ (22) is [FY se. [2] - [22], 


Since ce is finite, its integral during the small time 7 is ultimately zero. 


dé 
; dV. dV; 
The integral of ao *® Go° 


Hence equation (2). 


252. We give two examples of the preceding Article. Many of the examples 
of pp. 272—274 and also Ex. 2 of p. 277 and Ex, 14 of p. 280 may well be 
solved by this method. 


Exz.1. Three equal uniform rods AB, BC, CD are freely jointed at B and 
C and the ends A and D are fastened to smooth fixed pivots whose distance 
apart is equal to the length of either rod. The frame being at rest in the form 


of a square, a blow J is given perpendicularly to AB at its middle point and in 
9 


the plane of the square. Shew that the energy set up is o 


mass of each rod. Find also the blows at the joints B and C. 
When AB, or CD, has turned through an angle 6, the mee of either is 


» where m is the 


m Se 5p , and that of BC, which remains parallel to AD, is sm (248) 
il 1 10ma? - 
- Oe eee 2 pea ena Ae 
Sy Me 2.5m 5 B45 m4ars 3 (ES 
he 
(=) Be ag PE &) =0. 
d@/7i 3 dg79 
Also 5V,=J.a30. 
20ma2 : 3d 
H h =-——. 
ence we haye 3 6=J. a, t.e. 0= Oia 
*. required ener _10ma?6? _ sa 
tab eatin. alae Tog 


If Yand Yj be the blows at the joints B and C then, by taking moments 
about A and D for the rods 4B and DC, we have 


4 Pe 
et J.a-Y.2a, and me §=Y,.2a, 


f _ 2d ad) 
ee Y==5 ’ and Yi=79° 
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Ex. 2. Solve by the same method Ex. 12 of page 280. 
Let m, be the mass of the rod struck, and mg that of an adjacent rod, so that 
my, oa Mm, = 1 mM’ 
Ti Sry 
Let u be the velocity and w the angular velocity communicated to the rod 
that is struck. 


2 
Then T= : . my, (n+ 5 o) +3 [(u+ aw)? + (wu — aw)?] 
1 a+3b 
= WAAR = Wiese 
= 5 U'wt M Pare (1). 
Also the blow eXt==t1i[t Ve" = Cll Meeenmensateemnctteteeshc cee (2), 
and OV =M [V —U—cw] [62 +650] ......crceccossseesenes (3), 
where u=# and w=6. 
Hence the equations of the last article give 
ype 
M'u= ae (i= AU Ct) Me aestanseeccraccisssteesc: (4), 
M’' a+3b dV, 
2 eles Soe: 
and OO eae a aT Me [V-—U=—cw] ......00c000 See nerees (5). 
_ 8c2 a+b 
a ~ a? a+3b’ 
, MV MVnx 
these give t= M(l+a)+ M1’ and cw= W(l+ny+m’ nee cases 6 (6). 


Also, by Ex. 3, Art. 207, the total loss of kinetic energy 
=4.X[V4+ (utew)]-4 X[wteo] 
=4X.V=4 MV[V - (w+cw)]=ete. 


EXAMPLES 


1. A bead, of mass I, slides on a smooth fixed wire, whose inclination 
to the vertical is a, and has hinged to it a rod, of mass m and length 21, 
which can move freely in the vertical plane through the wire. If the 
system starts from rest with the rod hanging vertically, shew that 


{4M +m (1+3 cos? 6)} 10?=6 (M+m) g sin a(sin 6 —sina), 


where @ is the angle between the rod and the lower part of the wire. 


2. A solid uniform sphere has a light rod rigidly attached to it which 
passes through its centre. This rod is so jointed to a fixed vertical axis 
that the angle, 6, between the rod and the axis may alter but the rod must 
turn with the axis. If the vertical axis be forced to revolve constantly 
with uniform angular velocity, shew that the equation of motion is 
of the form 6?=n? (cos 6 —cos 8) (cosa—cos 6). Shew also that the total 
energy imparted to the sphere as @ increases from 6, to 63 varies as 
cos? 6, — cos? 63. 
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3. A uniform rod, of mass 3m and length 2/7, has its middle point fixed 
and a mass m attached at one extremity. The rod when in a horizontal 
position is set rotating about a vertical axis through its centre with an 


angular velocity equal to er a. Shew that the heavy end of the rod 


will fall till the inclination of the rod to the vertical is cos! [Vn?+1 —n], 
and will then rise again. 


4. A rod OA, whose weight may be neglected, is attached at O to a 
fixed vertical rod OB, so that OA can freely rotate round OB in a horizontal 
plane. A rod XY, of length 2a, is attached by small smooth rings at Y 
and Y to OA and OB respectively. Find an equation to give 6, the 
inclination of the rod XY to the vertical at time ¢, if the system be started 
initially with angular velocity @ about OB. Shew that the motion will 


be steady with the rod XY inclined at a to the vertical, if or 92 sec a, 
and that, if the rod be slightly disturbed from its position of steady motion, 


ie ee x ae 
e time of a small oscillation is 47 3g (1 +8 cosa) 


5. If in the preceding question the rod OA be compelled to rotate 
with constant angular velocity o, shew that, if 4a*a > 3g, the motion will 


be steady when cosa= 7 and that the time of a small oscillation will 
“he 8rae 

V/160!a? — 99? 

[Reduce the system to rest by putting on the “centrifugal force” for 
each element of the rod XY, and apply the principle of Energy.] 


6. Three equal uniform rods 4B, BC, CD; each of mass m and length 
2a, are at rest in a straight line smoothly jointed at Band C. A blow I 
is given to the middle rod at a distance ¢ from its centre O in a direction 
perpendicular to it; shew that the initial velocity of O is os and that the 
initial angular velocities of the rods are 

(5a+9c)I 6eL d (5a—9c) I 
10ma? ’ 5ma?? 10ma? 


7. Six equal uniform rods form a regular hexagon, loosely jointed at 
the angular points, and rest on a smooth table ; a blow is given perpen- 
dicularly to one of them at its middle point; find the resulting motion 
and shew that the opposite rod begins to move with one-tenth of the 
velocity of the rod that is struck. 


8. A framework in the form of a regular hexagon ABCDEF consists 
of uniform rods loosely jointed at the corners and rests on a smooth table; 
a string tied to the middle point of AB is jerked in the direction of AB. 
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Find the resulting initial motion and shew that the velocities along AB 
and D# of their middle points are in opposite directions and in the ratio 
of 59 : 4, 

[Let w and x, be the resulting velocities of the middle point of AB 
along and perpendicular to AB and @, its angular velocity; and let ue, vs 
and @, give the motion of BC similarly, and so on. From the motion of 
the corners A, B, C, etc., we obtain 


1g — Uy +u 
and Gope as 


“=~ 73 V3 


, ete, 


Hence 


1 ae m 
T= 5 Sm} uer+ ve+5 | aaa 3 [9uy? +3 (ug — Ue)? + (rg — ty + Uy)?]. 


Also 8V,=J.6x,, where u,=2}. 


The equations written down by Art. 251 then completely determine 
the motion.] 


9. <A perfectly rough sphere lying inside a hollow cylinder, which 
rests on a perfectly rough plane, is slightly displaced from its position of 
equilibrium. Shew that the time of a small oscillation is 


oe Re 14/7 
g 104/+7m’ 
where a is the radius of the cylinder, b that of the sphere, and I, m are 
the masses of the cylinder and sphere. 


10. <A perfectly rough sphere, of mass m and radius 6, rests at the 
lowest point of a fixed spherical cavity of radius a. To the highest point 
of the movable sphere is attached a particle of mass m’ and the system is 
disturbed. Shew that the oscillations are the same as those of a simple 


4m’ + — 


m+m’ (2 - 3) 
11. A hollow cylindrical garden roller is fitted with a counterpoise 
which can turn on the axis of the cylinder; the system is placed on a 


pendulum of length (a—6) 


rough horizontal plane and oscillates under gravity ; if = be the time of a 


small oscillation, shew that p is given by 

pp? [(2M+ M’) k? — Mh?) = (21+ M’) gh 
where MW and J’ are the masses of the roller and counterpoise, & is the 
radius of gyration of df’ about the axis of the cylinder and % is the 
distance of its centre of mass from the axis. 


12, A thin circular ring, of radius a and mass J, lies on a smooth 
horizontal plane and two tight elastic strings are attached to it at opposite 
ends of a diameter, the other ends of the strings being fastened to fixed 
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points in the diameter produced. Shew that for small oscillations in the 


: Qr Mip? 
plane of the ring the periods are the values of - given by Sr-1=0 


or — or ie where } is the natural length, 7 the equilibrium length, and 
- a 
T the equilibrium tension of each string. 


13. <A uniform rod AB, of length 2a, can turn freely about a point 
distant ¢e from its centre, and is at rest at an angle a to the horizon 
when a particle is hung by a light string of length 7 from one end, If 
the particle be displaced slightly in the vertical plang of the rod, shew that 
it will oscillate in the same time as a simple pendulum of length 


a?+ 8ac cos?a+3c? sin? a 
a’?+3ac 


l 


14. A plank, of mass I, radius of gyration & and length 2b, can 
swing like a see-saw across a perfectly rough fixed cylinder of radiusa, At 
its ends hang two particles, each of mass m, by strings of length 7. Shew 
that, as the system swings, the lengths of its equivalent pendula are 7 and 
Mk? + 2mb? 

(M+2m) a* 


15. At the lowest point of a smooth circular tube, of mass M and 
radius a, is placed a particle of mass M’; the tube hangs in a vertical 
plane from its highest point, which is fixed, and can turn freely in its own 
plane about this point. Ifthe system be slightly displaced, shew that the 


periods of the two independent oscillations of the system are 27 /2 


Ma m 
and Qz7 Mim" 7 . 

16. Astring AC is tied to a fixed point at A and has a particle attached 
at C, and another equal one at B the middle point of AC. The system 
makes small oscillations under gravity ; if at zero time ABC is vertical and 
the angular velocities of 4B, BO are and o’, shew that at time ¢ the 
inclinations 6 and ¢ to the vertical of AB, BC are given by the equations 

, 9 . if ee 
p+./20= — @ sin nt and p—-/26=2° wk sin n't, where 


i n' 


At 13 Orr nad (2—./2) and nr=Z (2 +./2), 


17, A uniform straight rod, of length 2a, is freely movable about its 
centre and a particle of mass one-third that of the rod is attached by a 
light inextensible string, of length a, to one end of the rod; shew that one 


period of principal oscillation is (,/5+1) Ks 7 
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18, A uniform rod, of length 2a, which has one end attached to a 
fixed point by a light inextensible string, of length 2S is performing small 


oscillations in a vertical plane about its position of equilibrium. Find its 
position at any time, and shew that the periods of its principal oscilla- 


tions are 2r WE and a a 
39 3g 


19. A uniform rod, of mass 5m and length 2a, turns freely about one 
end which is fixed; to its other extremity is attached one end of a light 
string, of length 2a, which carries at its other end a particle of mass m; 
shew that the periods of the small oscillations in a vertical plane are the 
same as those of simple pendulums of lengths a and = ‘ 

20. A rough plank, 2a feet long, is placed symmetrically across a 
light cylinder, of radius a, which rests and is free to roll on a perfectly 
rough horizontal plane. A heavy particle whose mass is m times that of 
the plank is embedded in the cylinder at its lowest point. If the 
system is slightly displaced, shew that its periods of oscillation are 


the values of 2 oh , given by the equation 4p*—(n+12) p?+3(n—1)=0, 


21. To a point of a solid homogeneous sphere, of mass WM, is freely 
hinged one end of a homogeneous rod, of mass 7Jf, and the other end is 
freely hinged to a fixed point. If thesystem make small oscillations under 
gravity about the position of equilibrium, the centre of the sphere and the 
rod being always in a vertical plane passing through the fixed point, shew 


als Zine 
that the periods of the principal oscillations are the values of ae given by 


the equation 
Qab (6 +'7n) pt— p’g {10a (3 +n) +216 (24+n)} + 15g? (2+n)=0, 
where a is the length of the rod and 0 is the radius of the sphere. 


CHAPTER XIX 


SMALL OSCILLATIONS. INITIAL MOTIONS. 
TENDENCY TO BREAK 


253. In the preceding chapters we have had several 
examples of small oscillations, and in the last chapter we 
considered the application of Lagrange’s equations to some 
problems of this class. 

When the oscillation is that of a single body and the 
motion is in one plane, it is often convenient to make use of the 
properties of the instantaneous centre. By Art. 214 we know 
that, if the motion be a small oscillation, we may take moments 
about the instantaneous centre J as if it were a fixed point, 

2 
and the equation of motion becomes ue =the moment of 
the impressed forces about J. 

Since the motion is a small oscillation the right-hand 
member must be small, and therefore 6 must be small. Hence 
any terms in Mk? which contain @ may be neglected since we 
are leaving out all quantities of the second order, t.e. we may in 
calculating M/k? take the body in its undisturbed position. In 
the right-hand member we have no small quantity as multiplier; 
hence in finding it we must take the disturbed position. 

The student will best understand the theory by a careful 
study of an example. 


254, Ex. One-half of a thin uniform hollow cylinder, cut off by a plane 
through its axis, is performing small oscillations on a horizontal floor. Shew that, 


if a be the radius of the cylinder, the time of a small oscillation is 27 x eee 
g 


24 
or 2a ws Ga ay. according as the plane is rough enough to prevent any sliding, 


or smooth. 
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Let C be the centre of the flat base of the cylinder, and G its centre of 
inertia, so that ca=*, let N be the 
point of contact with the floor in the 
vertical plane through CG, and 

6= ZNCG. 

If the floor be perfectly rough, N is 

the instantaneous centre of rotation; 


hence, taking moments about it we 
have, if & is the radius of gyration 


' 
1 

Ve 

- 

' 

‘ 

‘ 

‘ 

' 
----- 
‘ 

‘ 

‘ 

4 

, 

‘ 

' 

' 


about G, ; Ne 
M[k2 + NG2] 6 = — Mg. CG.SinO......ccccccsesesseee a (iis 
Now NG?=a?+ CG?-2a.CG.cos 0, 
and M (k24+ CG?)=moment of inertia about C= Ma’, 


2a sin 0 


Hence (1) gives 6=-g. eei= San CG send 


Se5 Ya cae c r 
=F GG? Since 6 is very small, 
eee 
Spy vessteteneeeseeuettnseestatn peer) 
sj Seow (w-2) a 
Hence the required time is 27 Ge 


Next, let the plane be perfectly smooth, and draw GL perpendicular to CN ; 
then L is the instantaneous centre. For, since there are no horizontal forces 
acting on the body, G moves in a vertical straight line, and hence the in- 
stantaneous centre is in GL. So, since N moves horizontally, the centre 
must be in NC; hence it isat L. Taking moments about L, we have 


M[K24 LG?) 6 = — Migs CG sin 0 vircccccssserasercses (3), 
i.e. M{k2+ CG2. sin?6]@=-M.g.CG.sin9. 
Hence, when @ is very small, 
2a 0 
=~ 95 Gt— 0G?+CG?, 6 
2aq 6 29 «w 
= aa a= CG Cem Peta om eee reececceeccccacees (4) 


Te 
Hence the required time = 27 fe. 
If we had applied the principle enunciated at the end of the previous 
article, then in calculating the left-hand side of (1) we should have taken 
for NG its undisturbed value, viz. AG, i.e. a-CG, and then (1) gives 


A 2a 
ee -g.CG.@ Te 
= (oo poo te, 
0= 124 CG?4+a2-2a.CG a ee 
Qa2-2a. = 


In calculating the left hand of (3), for LG we take its value in the 
undisturbed position which is zero. i 
a 
aa} ois 


(3) then gives 6= =m 


® 
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EXAMPLES 


1, A thin rod, whose centre of mass divides it into portions of 
lengths 6 and «¢, rests in a vertical plane inside a smooth bowl of 
radius a; if it be slightly displaced, shew that its time of oscillation is 

ree ee 
the same as that of a simple pendulum of length a where & is 
a*— be 


the radius of gyration of the rod about its centre of mass. 


2. Two rings, of masses m and m', are connected by a light rigid rod 
and are free to slide on a smooth vertical circular wire of radius a. If the 
system be slightly displaced from its position of equilibrium, shew that 

(m+m’') a 
Vm? +m'2-+ 2mm! cosa” 
where a is the angle subtended by the rod at the centre of the wire. 


the length of the simple equivalent pendulum is 


3. Two uniform rods, of the same mass and of the same length 2a 
and freely jointed at a common extremity, rest upon two smooth pegs 
which are in the same horizontal plane so that each rod is inclined at 
the same angle a to the vertical; shew that the time of a small oscillation, 
when the joint moves in a vertical straight line through the centre of the 


line joining the pegs is 27 <i 


4. Two heavy uniform rods, AB and AC, each of mass M and 
length 2a, are hinged at A and placed symmetrically over a smooth 
cylinder, of radius ¢, whose axis is horizontal. If they are slightly and 
symmetrically displaced from the position of equilibrium, shew that 


Se 
the time of a small oscillation is 2 rh ao eee eae = 
ss 38g 1+2sin2q’ = 


acos?a=cSsina. 


al +3cos?a 
99 cosa 


5. A solid elliptic cylinder rests in stable equilibrium on a rough 
horizontal plane. Shew that the time of a small oscillation is 
[be eEoR 
g 2-8 
6. A homogeneous hemisphere rests on an inclined plane, rough 
enough to prevent any sliding, which is inclined at a to the horizon. 
If it be slightly displaced, shew that its time of oscillation is the same 


as that of a pendulum of length 29 Sele 
5 L/9—64sin2a 


—5cos a, where a is 


the radius of the hemisphere. 


7. A sphere, whose centre of gravity @ is at a distance ¢ from its 
centre C is placed upon a perfectly smooth horizontal table; shew that 
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the time of a small oscillation of its centre of gravity about its geometrical 
centre is 2r we icon: sin?< |, where & is its radi f ti 
a ae 5 |? e & is its radius of gyration 


about G, and a is the initial small angle which CG makes with the 
vertical. 


8. A uniform rod is movable about its middle point, and its ends are 
connected by elastic strings to a fixed point; shew that the period of the 


rod’s oscillations about a position of equilibrium is 22 ae where m 
is the mass of the rod, A the modulus of elasticity of either string, b its 
length in the position of equilibrium, and ¢ the distance of the fixed point 


from the middle point of the rod, 


9. A uniform beam rests with one end on a smooth horizontal plane, 
and the other end is supported by a string of length 2 which is attached 
to a fixed point ; shew that the time of a small oscillation in a vertical 


: 21 
lane is 2r Mies 
P g 


10. A uniform heavy rod OA swings from a hinge at O, and an 
elastic string is attached to a point C in the rod, the other end of the 
string being fastened to a point B vertically below 0. In the position of 
equilibrium the string is at its natural length and the coefficient of 
elasticity is m times the weight of the rod. If the rod be held in a 
horizontal position and then set free, prove that, if o be the angular 


2 perce 
velocity when it is vertical, then 5 vo = gat+ng Fe —VP+FE+A- e| : 


where 2a=length of the rod, OC=c, and OB=h, 
Find also the time of a small oscillation and prove that it is not 
affected by the elastic string. 


11. A uniform rod AB can turn freely in a vertical plane about the 
end A which is fixed. Bis connected by a light elastic string, of natural 
length Z, to a fixed point which is vertically above A and ata distance A 
from it. If the rod is in equilibrium when inclined at an angle a to the 
vertical, and the length of the string then is /, shew that the time of a 
small oscillation about this position is the same as that of a simple 

Ped) Paes 
pendulum of length a Ae) 

12. A rhombus, formed of four equal rods freely jointed, is placed 
over a fixed smooth sphere in a vertical plane so that only the upper 
pair are in contact with the sphere. Shew that the time of a symmetrical 


sR peti A 2a cosa ; 
oscillation in the vertical plane is 2m ma Si ae cos? a)’ where 2a is the 


length of each rod and a is the angle it makes with the vertical in a 
position of equilibrium. 
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13. <A circular arc, of radius a, is fixed in a vertical plane and a 
uniform circular disc, of mass Mf and radius ? is placed inside so as to roll 
on the arc. When the disc is in a position of equilibrium, a particle of mass 


2 is fixed to it in the vertical diameter through the centre and at a 


distance x from the centre. Shew that the time of a small oscillation about 
nm [83a 
6 Gg 
14. A uniform rod rests in equilibrium in evntact with a rough 


sphere, under the influence of the attraction of the sphere only. Shew 
that if displaced it will always oscillate, and that the period of a small 


24 72)% 
oscillation is Sere Cae, ; 
% (sym)? 


mass and a the radius of the sphere, and 2/ the length of the rod. 


the position of equilibrium is 


where y is the constant of gravitation, m the 


15. Two centres of force | = —~—"— 

(distance)? 

and H, where SH=2b, At the middle point of SH is fixed the centre of 

a uniform rod, of mass Jf and length 2a; shew that the time of a small 
oscillation about the position of equilibrium is 2x (b?—a?)+/6yb. 


| are situated at two points S 


16. <A shop-sign consists of a rectangle 4 BCD which can turn freely 
about its side AB which is horizontal. The wind blows horizontally with 
a steady velocity v and the sign is at rest inclined at an angle a to the 
vertical; assuming the wind-thrust on each element of the sign to be 
k times the relative normal velocity, find the value of a and shew that the 
time of a small oscillation about the position of equilibrium is 


4y2 cos? 
Qa Ne ee , where BC= 2a. 


g 3v*cosa—gasin’a 


17. A heavy ring A, of mass nm, is free to move on a smooth 
horizontal wire; a string has one end attached to the ring and, after 
passing through another small fixed ring O at a depth & below the wire 
has its other end attached to a particle of mass m. Shew that the 
inclination 6 of the string OA to the vertical is given by the equation 

h(n+sin? 6) 6? = 2g cos* 6 (sec a— sec 6), 
where a is the initial value of 0. 
Hence shew that the time of a small oscillation about the position of 


equilibrium is the same as that of a simple pendulum of length nh. 


18. A straight rod AB, of mass m, hangs vertically, being supported at 
its upper end A by an inextensible string of length a. A string attached 
to B passes through a small fixed ring at a depth 6 below B and supports 
amass M at its extremity. Shew that the rod, if displaced to a neigh- 
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bouring vertical position, will remain vertical during the subsequent 
oscillation if eae =F; and that the equivalent pendulum is of length 


a-—b 
cay 

19. A uniform heavy rod 4B is in motion in a vertical plane with its 
upper end A sliding without friction on a fixed straight horizontal bar. 
If the inclination of the rod to the vertical is always very small, shew 
that the time of a small oscillation is half that in the arc of a similar 
motion in which 4 is fixed. 


20. A uniform rod, of length 20, rests in a horizontal position on a 
fixed horizontal cylinder of radius @; it is displaced in a vertical plane 
and rocks without any slipping; if w be its angular velocity when 
inclined at an angle @ to the horizontal, shew that 


2 

G + até? w*+ 2ga (cos 6+6 sin 6) is constant. 

72 

If the oscillation be small, shew that the time is 2x i Sa > 
21. A smooth circular wire, of radius a, rotates with constant angular 
velocity w about a vertical diameter, and a uniform rod, of length 20, can 
slide with its ends on the wire. Shew that the position of equilibrium 
in which the rod is horizontal and below the centre of the wire is stable 


Ray where c=,/q?—}?, and that then the time of a small 


oscillation about the stable position is 27 ww 


if a< 


3a? — 2b? 
3ge — w? (3a? — 4b) 


INITIAL MOTIONS 


255. We sometimes have problems in which initial 
accelerations, initial reactions, and initial radi of curvature are 
required. We write down the equations of motion and the 
geometrical equations in the usual manner, differentiate the 
latter and simplify the results thus obtained by inserting for 
the variables their initial values, and by neglecting the initial 
velocities and angular velocities. 

We then have equations to give us the second differentials 
of the coordinates for small values of the time ¢, and hence 
obtain approximate values of the coordinates in terms of t. 

The initial values of the radius of curvature of the path of 
any point P is often easily obtained by finding the initial 
direction of its motion. This initial direction being taken as 
the axis of y, and y and @ being its initial displacements 
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expressed in terms of the time ¢, the value of the radius of 
ae 

on" 

Some easy examples are given in the next article. 


curvature = Lt 


956. Ex.1. A uniform rod AB, of mass m and length 2a, has attached to 
it at its ends two strings, each of length l, and their other ends are attached 
to two fixed points, O and O’, in the same horizontal line; the rod rests in a 
horizontal position and the strings are inclined at an angle a to the vertical. 
Lhe string O'B is now cut; find the change in the tension of the string OA and 
the instantaneous angular accelerations of the string and rod. 

When the string is cut let the string turn through a small angle @ whilst 
the rod turns through the small angle ¢, and let 7 be the tension then. 
Let x and y be the horizontal and vertical coordinates of the centre of the 
rod at this instant, so that 

x=lsin (a—6)+acos P=1 (sin a—O COSA) +4......ccceeeeeees (1), 
y=lceos(a—@)+a sin P=l (coSat+@SiINa)+aP ....eceeeeeeees (2), 
squares of 6 and ¢ being neglected. 

The equations of initial motion are then 


J ENA eel ol a 
Isina.d+ap=y=g—— cos (a—8)=g —— cosa eeswanacheowee (3), 
ices eee ee 
m m 
(x) Syed ; fh ic 
and 3 P=,,2- sin [90-p-(a—6)]= «a cos(a + 9- #)= — .acosa......(5). 
Solving (3), (4) and (5) we have 
__ mg cosa y_g sina 39 costa 
~14+3cos?a’  ~— 1148 cos?a’ = ear 1+3 cos?a° 


Ex. 2. Two uniform rods, OA and AB, of masses m, and mg and lengths 2a 
and 2b, are freely jointed at A and move about the end O which is fixed. If the 
rods start from a horizontal position, find the initial radius of curvature and the 
initial path of the end B. 

By writing down Lagrange’s equations for the initial state only, we have 


1 4q2 . 2 . : 4 
T= 5 | m=z + maz d+ (2ab-+¢) |, 


and V=mg.a0+me2g (2a0+b¢). 


Hence Lagrange’s equations give 
me oy o 
(3 + ma) -4a0 + 2mebd=g (my + 2m), 


and 2 +2069, 
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and oe m™ 


| pa ag ide ih 
b 8m; +Gmg° 


~@ 8m, + 6m 
Hence, for small values of t, we have 
_ 8gt? 2m, +m 3g? my 
= —“ an OS eves 
2a 8m, + bing 2b 8m, + 6m 
since 0, ¢, 9 and ¢ are zero initially. 
If x and y be the coordinates at this small time t of the end B of the rod, 
we have 


Hence 


pee (1); 


«= 2a cos 6+ 2b cos $= 2a + 2b — ad? — b¢g?, 


and . y=2asin 0+ 2bsin ¢=2a0 +2b¢. 
rt Bt 9 2 (00+ b0)? 
“ p 2MB, 2 (2a+2b-2) ad? +b¢ 


© ncaa aaa , on substitution from (1). 
Also the initial path of B is easily seen to be the parabola 
y? _4(a0+dp)? dab (my + me)? 
2a+2b-2 ab2@+ bp? ~ amy2+b(2Qmy + 1m2)2° 


EXAMPLES 


1. Two strings of equal length have each an end tied to a weight C, 
and their other ends tied to two points A and ZB in the same horizontal line. 
If one be cut, shew that the tension of the other will be instantaneously 


altered in the ratio 1 :; 2 cos? 2 ‘ 


2. A uniform beam is supported in a horizontal position by two 
props placed at its ends; if one prop be removed, shew that the 
reaction of the other suddenly changes to one-quarter of the weight 
of the beam. 


3. The ends of a heavy beam are attached by cords of equal length 
to two fixed points in a horizontal line, the cords making an angle of 30° 
with the beam. If one of the cords be cut, shew that the initial tension 
of the other is two-sevenths of the weight of the beam. 


4, An equilateral triangular disc is supported horizontally by three 
equal vertical threads attached to its corners. If one thread be cut, shew 
that the tension of each of the others is at once halved. 


5. A uniform square lamina ABCD is suspended by vertical strings 
attached to A and B so that AB is horizontal. Shew that, if one of the 
strings is cut, the tension of the other is instantaneously altered in 
the ratio 5: 4. 


6. A uniform circular disc is supported in a vertical plane by two 
threads attached to the ends of a horizontal diameter, each of which 
makes an angle a with the horizontal. If one of the threads be cut, 
shew that the tension of the other is suddenly altered in the ratio 

2sin?a ; 1+2 sin?a, 
L. D. 23 
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7. A particle is suspended by three equal strings, of length a, from 
three points forming an equilateral triangle, of side 20, in a horizontal 
plane. If one string be cut, the tension of each of the others will be 

2 Ape 
instantaneously changed in the ratio es 

8. A circular disc, of radius a and weight W, is supported, with its 
plane horizontal, by three equal strings tied to three symmetrical points 
of its rim, their other ends being tied to a point at a height h above 
the centre of the disc. One of the strings is cut; shew that the tension 
2h Jk? + a2 
“Bipot 

9. An equilateral triangle is suspended from a point by three strings, 
each equal in length to a side of the triangle, attached to its angular 
points ; if one of the strings be cut, shew that the tensions of the other 
two are diminished in the ratio of 12 : 25. 


10. <A uniform hemispherical shell, of weight W, is held with its base 
against a smooth vertical wall and its lowest point on a smooth floor. 
The shell is then suddenly released. Shew that the initial thrusts on 
the wall and floor are respectively _ and an ; 


ll. A circular half-cylinder supports two rods symmetrically placed 
on its flat surface, the rods being parallel to the axis of the cylinder, and 
rests with its curved surface on a perfectly smooth horizontal plane. 
If one of the rods be removed, determine the initial acceleration of the 
remaining rod. 


of each of the others immediately becomes Wx 


12. A straight uniform rod, of mass m, passes through a smooth fixed 
ring and has a particle, of mass M, attached to one of its ends. Initially 
the rod is at rest with its middle point at the ring and inclined at an 
angle a to the horizontal. Shew that the initial acceleration of the particle 


makes with the rod an angle tan~! 1) 4 


™m 
+7 


13. A uniform rod, of mass Jf and length 2a, is movable about one 
end and is held in a horizontal position ; to a point of the rod distant 6 
from the fixed end is attached a heavy particle, of mass m, by means of a 
string. The rod is suddenly released ; shew that the tension of the string 
Mm ga (4a — 3b) 

4Ma?+3mb? © 


14. A horizontal rod, of mass m and length 2a, hangs by two parallel 
strings, of length 2a, attached to its ends; an angular velocity » being 
suddenly communicated to it about a vertical axis through its centre, 
shew that the tension of each string is instantaneously increased by 
maw* 

4° 


at once changes to 
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15. A uniform rod, movable about one extremity, has attached to 
the other end a heavy particle by means of a string, the rod and string 
being initially in one horizontal straight line at rest; prove that the 


radius of curvature of the initial path of the particle is 
a and 6 are the lengths of the rod and string. 


Be: wher 
eb rc 
16. n rods, of lengths aj, a, ... d,, are jointed at their ends and lie 

in one straight line; a blow is given to one of them so that their initial 


angular accelerations are @, @2,...@,. If one end of the rods be fixed, 
shew that the initial radius of curvature of the other end is 


(a0; + A2g@o- eve An®n)* 
0,27 + A909" + coe TF On@n? 

17. A rod ABC, of length /, is constrained to pass through a fixed 
point B. A is attached to another rod OA, of length a, which can turn 
about a fixed point O situated at a distance d from B. The system is 
arranged so that A, O, B, C are all in a straight line in the order given. 
If A be given a small displacement, shew that the initial radius of 
a(l—a-—d)? 

(a+d)*—la * 
18. A uniform smooth circular lamina, of radius @ and mass J, 
movable about a horizontal diameter is initially horizontal, and on it is 
_ placed, at a distance c from the axis, a particle of mass m ; shew that the 
mes 
Tai a 

[The distance of the particle from the axis being r when the inclination of 

the disc is a small angle @, the equations of motion are 


curvature of the locus of C is 


initial radius of curvature of the path of m is equal to 12 =; 


PT O8 xe Gg Gil 0 = GOs cars vavseassastenssensstinceest (1), 
and [1k26 + mr26]=mrg cos @, 

at 3 : 
i.e. (a1 at. m7?) OOM MU Geavacctcecdsertsccwsteeees (2). 


Now 6, 6 and @ are respectively of the order 0, 1, 2 in t, and hence, from (1), 
7 is of the order 2, and therefore 7 and r—c of the order 3 and 4 int. 
4mcg 
Ma? + 4mc? 
6=Agt, and 0=}Agi?. 
Therefore (1) gives #=c. A2g22+4Ag2t2= Ag? (}+ Ac) 3 


1 t4 
“ r—-c=Ag? (5 +c) DD 


(r sin 6)? c2 , 62 
ee =Lt-_-__—. 
Hence 2p= Lt ere Ee 7 


Hence, from (2), on neglecting powers of ¢, 6= = Ag, say. 


2, 1 z Atg?t 


=Lt ae een ete.) 


cl 
@ = 42q2tt 
Ag? iG +0) 35 - 2° q 479°t 
23—2 
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19. A uniform rod, of length 2a and mass Y, can freely rotate about 
one end which is fixed; it is held in a horizontal position and on it is 
placed a particle, of mass m, at a distance 6 from the fixed end and it is 
then let go, Shew that the initial radius of curvature of the path of the 


particle is = (1 +m) . 

Find also the initial reaction between the rod and the particle. 

20. A homogeneous rod ACDB, of length 2a, is supported by two 
smooth pegs, C and D, each distant - from the end of the rod, and the 
peg D is suddenly destroyed ; shew that the initial radius of curvature of 
the path of the end B is as and that the reaction of the peg C is 


instantaneously increased in the ratio of 7: 8, 


21. In the previous question, if Z be the middle point of AB, and the 
single rod AB be replaced by two uniform rods AZ, ZB freely jointed at Z 
and each of the same density, shew that the same results are true. 


22. A solid cylinder, of mass m, is placed on the top of another solid 
cylinder, of mass ¥, on a horizontal plane and, being slightly displaced, 
starts moving from rest. Shew that the initial radius of curvature of the 

: . (3M+2m 
path of its centre is {sara 
centres and all the surfaces are rough enough to prevent any sliding. 


2 
} c, where c is the distance between its 


TENDENCY TO BREAK 


257. If we have a rod AB, of small section, which is in 
equilibrium under the action of any given forces, and if we 
consider separately the equilibrium of a portion PB, it is clear 
that the action of AP on PB at the section at P must balance 
the external forces acting on PB. 

Now we know, from Statics, that the action at the section 
at P consists of a tension 7’ along the tangent at P, a shear 
S perpendicular to 7’, and a couple G called the stress-couple. 
The external forces acting on PB being known we therefore 
obtain T, S, and @ by the ordinary processes of resolving and 
taking moments. 

If the rod be in motion we must, by D’Alembert’s Principle, 
amongst the external forces incluue the reversed effective 
forces acting on the different elements of PB. 
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Now we know that in the case of a rod it is the couple G 
which breaks it, and we shall therefore take it as the measure 
of the tendency of the rod to break. 

Hence the measure of the tendency to break at P is the 
moment about P of all the forces, external and reversed 
umpressed, on one side of P. 

The rod may be straight, or curved, but is supposed to be 
in one plane; it is also supposed to be of very small section; 
otherwise the problem is more complicated. 

If we had a string instead of a rod the couple G would 
vanish, and in this case it is the tension 7’ which causes it to 
break. 

The following two examples will shew the method to be 
adopted in any particular case. 


258. Ex. 1. A uniform rod, of length 2a, is moving in a vertical plane 
about one end O which is fixed ; find the actions across the section of the rod at a 
point P, distant x from OQ. 

Consider any element dy of the rod at a point Q distant y from P. Its 


weight is ae mg. 


The reversed effective forces are 
may to + y) 6 and oe (c+y) 62, 
as marked. 

These three forces, together with similar 
forces on all the other elements of the 
body, and the external forces give a system 
of forces in equilibrium. 

The actions at P along and perpen- 
dicular to the rod and the stress couple 
at P, together with all such forces acting 
on the part PA, will be in equilibrium. 


Hence the stress couple at P in the direction ‘) 


2a—% dy z 2a-% mdy o 
={' semg. ysin a+ | aq (etye-y 


_mg sin 0 RC or Lar eee Go| 
aa Fee Aad =)+ 7-8] 5 (2a 2) ea as 
But, by taking moments about the end O of the rod, we have 
Bee itn 0 ges aot ieee ses Peete (1), 
as 3g 
and therefore C= 5 (COSTCO —COSI0L) tanrrskteseitieaserceetecessocs()y 


where a was the initial inclination of the rod to the vertical. 
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Hence the stress-couple 


_mg sin 6 _\e__ 3mg 2/2 , 2a-2 

=< (2a — x) Bal sin 6 (2a - =) i tie es 
mg sin 6 

tiaaes x (2a ~ x)*. 


This is easily seen to be a maximum when a=; hence the rod will break, 


if it does, at a distance from O equal to one-third of the length of the rod. 
The tension at P of the rod in the direction PO=the sum of the forces 
acting on PA in the direction PA 


2a—x 
=| hela ma sy) je 


0 


mg 
= 5 (2a — x) cos eae (2a — x) (2a+2) 


=F 3 (2a - x) [4a cos +3 (2a+2) (cos @—Cosa)] ..... aent3)} 
by equation (2). 
The shear at P perpendicular to OP and upwards 


2a—x% 2a— 
=| qemanine + |“ (x+y) 6 
0 


= 9 (94 — 2) si me ig = 

=5- (2a 2) sin 9 +7 (2a - x) (2a+2) 

_mg sin 6 
16a? 


Ex. 2, One end of a thin straight rod is held at rest, and the other is struck 
against an inelastic table until the rod breaks ; shew that the point of fracture 


J3 
3 


(2a ~~) (2a- 32), 


is at a distance from the fixed end equal to times the total length of the 


rod. 

When the rod strikes the table let it be inclined at an anglea to the horizon; 
let w be the angular velocity just before the impa@t and B the blow. Taking 
moments about the fixed end, we have 


m. w= BT 20 CORP eccssuanvanesvacer-cucscnease-(l); 


where m is the mass and 2a the length of the rod. 
Let us obtain the stress-couple at P. 


dy 


The effective impulse on an element da ™ at Q, where PQ=y, is 


pul .(c+y).w upwards. Hence the reversed 


effective impulse at Q is in the direction marked. 
Taking moments about P, the measure of the 
tendency to break 


2a-2 dy 
peracesials a—m(xt+y)w.y 
Jo 2a 


=B.(2a-<2) cos a - —_ 2 (2a- a)? (4a+ 2) 


Ye (2a — 2)? (4a + 2) a nee B cosa 


= 2a- 
Beos a[ (2a x Bal 


x (4a? — 2). 
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oe and when B is big enough the rod will 


Ni 


This is a maximum when z= 
break here. 


EXAMPLES 


1. A thin straight rod, of length 2a, can turn about one end which is fixed 
and is struck by a blow of given impulse at a distance b from the fixed end ; if 
b> , shew that it will be most likely to snap at a distance from the fixed end 
3b -—4a 

By 


Tf b< = prove that it will be most likely to snap at the point of impact. 


equal to 2a 


3. A thin circular wire is cracked at a point A and is placed with the 
diameter AB through A vertical; B is fixed and the wire is made to rotate 
with angular velocity w about 4B, Find the tendency to break at any point P. 

If it revolve with constant angular velocity in a horizontal plane about its 
centre, shew that the tendency to break at a point whose angular distance from 
the crack is a varies as sin? 5° 

8. A semi-circular wire, of radius a, lying on a smooth horizontal table, 
turns round one extremity A with a constant angular velocity w. If ¢ be the 
angle that any arc AP subtends at the centre, shew that the tendency to break 
at P is a maximum when tan ¢=7- 9. 

If A be suddenly let go and the other end of the diameter through 4 fixed, 


the tendency to break due to the fixing is greatest at P where tan g =¢. 


4. A cracked hoop rolls uniformly in a straight line on a perfectly rough 
horizontal plane. When the tendency to break at the point of the hoop 
opposite to the crack is greatest, shew that the diameter through the crack is 


inclined to the horizon at an angle tan} (2) . 


5. A wire in the form of the portion of the curve r=a (1+ cos 4) cut off by 
the initial line rotates about the origin with angular velocity w. Shew that the 
wv 
PS 

6. Two of the angles of a heavy square lamina, a side of which is a, are 
connected with two points equally distant from the centre of a rod of length 2a, 
so that the square can rotate with the rod. The weight of the square is equal 
to that of the rod, and the rod when supported by its ends in a horizontal 
position is on the point of breaking. The rod is then held by its extremities in 
a vertical position and an angular velocity w given to the square, Shew that 
the rod will break if aw*>3g. 


2 é 12/2) 
tendency to break at the point 6= = is measured by eo mura’, 


CHAPTER XX 
MOTION OF A TOP 


259. A top, two of whose principal moments about the centre 
of inertia are equal, moves under the action of gravity about a 
fixed point O in the axis of unequal moment; find the motion if 
the top be initially set spinning about tts aais which was initially 
at rest. 

Let OGC be the axis of the top, G the centre of inertia, 
OZ the vertical, ZOX the plane in which the axis OC was at 
zero time, OX and OY horizontal and at right angles. 

At time ¢ let OC be inclined at @ to the vertical, and let 
the plane ZOC have turned through an angle w from its initial 
position ZOX,. 

Let OA, OB be two perpendicular lines, each perpendicular 
to OC. Let A be the moment of inertia about OA or OB, and 
C that about OC, 

Zz 
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At time ¢ let ,, @,, and w, be the angular velocities of the 
top about OA, OB, and OC. 

To obtain the relations between ,, ,, 3 and 6, d, wb 
consider the motions of A and GC. If OC be unity, we have 


6 = velocity of C along the are ZC = @, sin ¢ + w, cos d 


Wisin 6 = a x perpendicular from C on OZ 
= velocity of C perpendicular to the plane ZOC 
Se — (Dy COS Pty GUND) ove vont esasveeerpel eee (2). 
Also ;= velocity of A along AB 
= $+ x perpendicular from V on OZ 
=+ysin (90°-O) =P+Poosd wo... (3) 
By Art. 229, the kinetic energy 
T=4[Ao? + Ao,? + Co,'] 
=4A (4+ ¥sin?6)+$C0(b4+ cos 6) ...... (4), 
by equations (1), (2) and (8). 
Also Vix Mo (host —h cos @) itd (5), 
where h = OG and 7 was the initial value of 0. 
Hence Lagrange’s equations give 


G [Ad]—Ayesin 6 cos6+C (6 + cos 6) sin O= Mghsin 6 


bo tte (6), 
zl b+ ¥ cos GC) | =O Se eee cee Ca); 
and £ [Ay sin? 6 + Ccos 0(¢ + cos @)] =0 ...... (8). 


Equation (7) gives 6 + ¥ cos 0 = constant, 
(RP o,= 6+ cosd=n, 
the original angular velocity about the axis OC. 
(8) then gives 
Ay sin? 6 + Cn cos 6 = const. = Cn cos t......+.. (9). 
Also, by (4) and (5), the equation of Energy gives 
A (@ +f sin? 0) + Cn? = Cn? + 2Mgh (cost — cos @)...(10), 
since the top was initially set spinning about the axis OC 
which was initially at rest. 
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Equations (9) and (10) give 
A? sin? 062 = A sin? 6.2Mgh (cos i — cos 6) — On? (cos t — cos 8)?, 
ie., if C’n?= A .4Mghp, we have 
Asin? 0, 6? = 2Mgh (cos 7 — cos 6) [sin? 6 — 2p (cos i — cos 6)] 
= 2Mgh (cos 6 — cost) [(cos 6 — p)* — (p?— 2pcos7 + 1)] 
= 2Mgh (cos 6 — cos) [cos 6 — p + Vp*— 2p cost +1] 
[cos 0 — p — Vp?— 2p cost + 1]........4-.. (11). 
Hence 6 vanishes when 6 =7 or @, or 65, nee 
cos 6, = p— Vp?—2pcosi+1, 
and cos 6, = p+ Vp? — 2p cost +1. 


[Clearly cos 0, > unity and therefore 0, is imaginary] 
Also 6, >% since it is easily seen that cos 6, < cos 7, since 


p—cost <Vp?—2p cost +1. 


Again, from (10), 6 is negative if 0<1, we. if cos > cos?; 

or again, from (11), if > 0, ae. if 
cos 0< p— Vp? — 2p cosi+ 1. 

Hence the top is never at a less inclination than 7 or at a 
greater inclination than @,, te. its motion is included between 
these limits. F 

Now (9) gives Ay sin? 6 = On (cos i — dos 6), so that yr and n 
have the same sign. 

Hence, so long as the centre of inertia G is above the point 
O, + and the angular velocity n of the top about its axis have 
the same sign, This is often expressed by saying that, if the 
centre of inertia is above the fixed point, the processional motion 
and the angular velocity are both direct or both retrograde. 

[If @ is below O, it is found that W and n have opposite 
signs. | 

It is clear from equations (9) and (11) that both 6 and Ni 
vanish when 0 =, 


Also 
a cant Lad. cost—cos 0 _ 1—2cos 6 cost + cos? 6 
dé | Cn ~ @é sin? @ i sin? @ 


which is always positive when @ >i, 
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Hence y continually increases, as 6 increases, for values of 
@ between 7 and @,, and has its maximum value, which is 


easily seen to be a EF when 0=4,. 


The motion of the top may therefore be summed up thus; 
its angular velocity about its axis of figure remains constant 
throughout the motion and equal to the initial value n; the 
axis drops from the vertical until it reaches a position defined 
by 6=8@,, and at the same time this axis revolves round the 
vertical with a varying angular velocity which is zero when 
@=% and is a maximum when 6 =64,. 

The motion of the axis due to a change in @ only is called 
its “nutation.” 


Ez.1. If the top be started when its axis makes an angle of 60° with the 
upward-drawn vertical, so that the initial spin about its axis is — Ay =e ) 


Cc 
: : Pet 5 Ugh. 4 
and the angular velocity of its axis in azimuth is 2 aes its angular velocity 


in the meridian plane being initially zero, shew that the inclination 6 of its axis 
to the vertical at any time t is given by the equation 


Uf 
ccoa=1+s0ch |, /2th . 


so that the axis continually approaches to the vertical without ever reaching it. 


Ex. 2. Shew that the vertical pressure of the top on the point of support is 
equal to its weight when the inclination of its axis to the vertical is given by the 
least root of the equation 

34 Ugh cos? 6 — cos 6 [C2n? +24 Mbgh]+ C*n?a - AMgh=0, 
where a and bd are constants depending on the initial circumstances of the 
motion. 


960. It can easily be seen from first principles that the axis of the top 
must have a precessional motion. 

Let OC be a length measured along the axis of the 
top to represent the angular velocity n at time t. In 
time dt the weight of the cone, if G be above O, would 
tend to create an angular velocity which, with the 
usual convention as to sense, would be represented by 
a very small horizontal straight line OK perpendicular 
to OC. 

The resultant of the two angular velocities repre- 
sented by OK and OC is represented by OD, and the 
motion of the axis is thus a direct precession. 

If the centre of inertia G be under O, OK would be 
drawn in an opposite direction and the motion would 
be retrograde. 
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261. Two particular cases. 
If, as is generally the case, n is very large, so that p is very 
large also, then 
sin? 2 


cos 6, = p j1-(1 ~Feosi +5) | = cost — Sp’ 


on neglecting squares of Ss 


Hence the motion is included between 
O=i and 6=i4+-5~, © 
“<p 

2A Mgh sini 

C*n? 

Again if 7 =0, then cos 6, =1, so that 0, is zero also and the 
axis remains vertical throughout the motion; but, if the axis is 
slightly displaced, the motion of the top is not necessarily stable. 


t.e. between 7 and 7+ 


262. Steady motion of the top. In this case the axis of the 
top describes a cone round the vertical with constant rate of 
rotation. Hence all through the motion 

6=a, 6=0, 6=0 and yp = const. = o. 
The equation (6) of Art. 259 then gives 
Aw’ cos a— Cnw + Mgh =0 ...cesceeeeeees (Ty 

This equation gives two possible valugs of »; in order that 

they may be real we must have . 
Cn? > 4A Mgh cos a. 

We can shew that in either case the motion is stable. For, 
supposing that the disturbance is such that 6 is given a small 
value whilst y is unaltered initially, the equations (6), (7), 
and (8) of Art. 259 give 

A6— Ay’ sin 6 cos 64+ Cny sin 6 = Mgh sin 6, 
and Aysin?@+Cncos 6 =const. = Awsin?a+ Cncos a, 


Eliminating y, we have 

~ cos@ 

AO int 
Cn 

BA sin 0 


[Aw sin?a + Cn cos a— Cn cos 6]? 


[Aw sin? a+ Cn cos a—Cn cos 6] = AMghsin 6. 
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Putting 6=a+6,, where 0, is small, we have, after some 
reduction and using equation (1) above, 

é Fa A’wt — 2.4 Mghw? cosa + M?g?h? 
Aq? , 

Now the numerator of the right hand is clearly always 
positive, so that the motion is stable for both values of w given 
by (1). 

Also the time of a small oscillation 

= 2r7Aw+ NV A%ot—2AMghw* cosat+ Mgh? ...(2), 

If the top be set in motion in the usual manner, then n is 

very great. Solving (1), we have 


_ On +VC'n? — 4A Mgh cos a 


2A cosa 
Cn 2A Mgh cos a 
~ 2A cosa E t (1 7 Gane 7 lh 
_ Cn Moh , 
= Alcoa On: » very nearly, 


In the first of these cases the precession @ is very large and 
in the second case it is very small. 

Also, when o is very. small, the time given by (2) 
_ 27Aw 
— Mgh ’ 
_ 207A 
te ae 

This will be shewn independently in the next article. 


nearly, 


263. A top is set spinning with very great angular velocity, 
and initially its axis was at rest; to find the mean precessional 
motion and the corresponding period of nutation. 

From Art. 259 the equation for @ is 

A sin? 0. 6? = 2Mgh (cost —cos 0) [sin? @ — 2p (cos i — cos 6)] 


If n, and therefore p, be great the second factor on the right- 
hand side cannot be positive unless cos 7 — cos @ be very small, 
i.e. unless 6 be very nearly equal to 7, ue. unless the top go 
round inclined at very nearly the same angle to the vertical, 
and then, from (9), y is nearly constant and the motion nearly 
steady. 
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Put @=i+4, where a is very small, so that 


cos 7 — cos 8 


sO BPPTOx: 


Then (1) becomes 
Ag? = 2Mgha (sin 6 — 2px) 
= 2Moghzx [sin i — (2p — cos) a] 
= 2Mohx [sin 1 — 2px], since p is very large. 
. ag. 4Mghp < _ ON 
oe = A |gpsiné #|- q 


_sin a _ AMgh sin? 


where =p. Ce 
x tS Spe == cost 12, 
V2qa — a = —_ q 
*, O=t+H=14+9q h cos S| - 
Hence the period of the nutation 
= i Cn ay Ir A 
se Ale 
; - On cosi—cos@ 
aoe Y= A) ea 
from equation (9) of Art. 259. 
5 I a On eo 
y= Anat Ri eRe . approximately 
_ Cnq On Mgh Ont 
= aah, (1- cost) = Ere (1-00 0s). 
_Mgh , AMgh Ont 


| Ch 0a A 
The first term increases uniformly with the time, and the 
second is periodic and smaller, containing et 
Hence, to a first approximation, y increases at a mean rate 


of a gh per unit of time, 
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Thus, if a top be spun with very great angular velocity n, 


then, to start with, the axis makes small nutations of period 
QA 
“Cn” and it precesses with a mean angular velocity approxi- 


Mgh 
mately equal to va . At first these oscillations are hardly 
noticeable; as m diminishes through the resistance of the air 


and friction they are more apparent, and finally we come to the 
case of Art. 259. 


264. A top is spinning with an angular velocity n about its 
axis which is vertical ; find the condition of stability, of the axis 
be given a slight nutation. 


The work of Art. 262 will not apply here because in it we 
assumed that sine was not small. 


We shall want the value of @ when @ is small; equation (6) 
of Art, 259 gives 


Aé = Aw*sin 6 cos 6 — Cn sin 04+ Mghsin @ ...(1). 
Also equation (9) gives 
Ay sin? 0 = Cn (cost —cos 0)= On(1 —cos 0) ...(2), 
since the top was initially vertical. 
@ being small, (2) gives 


y= & 1: — 7) aa + terms involving 6? etc. 


(1) then gives 


Ab= ae .O- eae me .6+ Mgh@ + terms involving @ ete. 
Cn? 
oe Ee 2 igh] 8 


Hence, if the top be given a small displacement from the 
vertical, the motion is stable, if 


Cn? 4A Moh 
ta 7 Mg, we. if n > Ga 


Also the time of a nutation 


5 Via 4A? 
“ATM Om? — 4A Ugh’ 
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Cor. If the body, instead of being a top, be a uniform 
sphere of radius a spinning about a vertical axis, and supported 


at its lowest point, then 


jee 7 Baa o=ue, 


35a 
Therefore n must be greater than af a > 


If a=one foot, the least number of rotations per second 
in order that the motion may be stable 


9 .s 
=> Ss eee da = about 5}, 
ie 7 


Ex, Acircular disc, of radius a, has a thin rod pushed through its centre 
perpendicular to its plane, the length of the rod being equal to the radius of the 
disc; shew that the system cannot spin with the rod vertical unless the angular 


eee 209 
velocity is greater than ibs 


EXAMPLES 


1. Ifatopis made by running a thin pin through the centre of a circular 
disc, of radius 3 inches, so that the length of the pin below the disc is 
2 inches, prove that, for steady motion in which the rim does not touch 
the ground, the number of revolutions per second about the axis must exceed 

sn 


oe ae (=4°5 approx.). 

2. A top, of mass 8 lbs., spins with its point on a rough horizontal plane; 
its moment of inertia about its axis is 4 ]b.-ft.2 and that about a perpen- 
dicular to its axis through its point is 24 lb.-ft.2, and the distance of its 
centre of gravity from the point is 6 inches; shew that steady motion is 
possible with the axis inclined at 30° to the vertical, provided that the spin 
amounts to about 157 radians per second. With this limiting spin, shew 
that the precession is about 8:2 radians per second. 


3. A top is formed of a thin disc, of radius 2a, the axis being a needle 
of negligible weight passing through its centre C at right angles to its plane. 
The point of the needle is at a distance a from the disc, The top is set in 
motion with the end O of the needle in contact with a horizontal plane on 
which it does not slip, so that initially OC is inclined at an angle a to the 
vertical, and the resultant angular velocity is @ about a line bisecting the 
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angle between OC and the vertical. Shew that the axis of the top will pass 
through the vertical after a time 


a dé 
6 = a) 
@ a/ 1 cos sec? 2 + &(c08 a — cos 6 
5 Saeed 
where k= and k<h. 
ae 


4, If initially the axis of a top is horizontal and it is set spinning with 
angular velocity in a horizontal plane, prove that the axis will start to 
rise if Onw>Mgh, and that, when Crnw=2Mgh, the axis will rise to an 


angular distance cos~1 (Za) , provided that Aw < Cn, and will there be at 


instantaneous rest. Draw a rough sketch to indicate the general character 
of the path of the axis. 
[A, C, and » have their usual meanings. ] 


5, A symmetrical top is set in motion ona rough horizontal plane with 
an angular motion about its axis of figure, the axis being inclined at an 
angle 7 to the vertical. Shew that between the greatest approach to and 
recess from the vertical, the centre of gravity describes an arc 


Atan71 (3) ‘ 
p—cos? 
where p and h have the usual meanings. 


6. A top, of vertex O, is set in motion so that the angular momentum 
On is equal to that about the vertical drawn upward through 0. The in- 
clination of the axis to the vertical was initially 7, and every point on the 
axis was moving horizontally. Determine if the axis will become vertical 
in a finite time, and, if it does, shew that the velocity of the centre of 
gyration, P, at that instant is equal to 


2Vgl tan 5 a/ p— eos, 
where 44? gp=C?n?1, and l= OP. 
What is the nature of the motion if p< cos? st 


24 


MISCELLANEOUS EXAMPLES. I 


1, A train, of mass 300 tons, is originally at rest upon a level track. 
It is acted on by a horizontal force which increases uniformly with the 
time in such a way that /=0 when ¢=0, and #=5 when ¢=15, F being 
measured in tons’ weight and ¢ in seconds. When in motion the train 
may be assumed to be acted upon by a constant frictional force equal to 
3 tons’ weight. Find the instant of starting, and shew that, when ¢=16, 
the speed of the train is ‘64 foot per second, whilst the H.P. required at 
this instant is about 13. 


2. In starting a train the pull of the engine on the rails is at first 
constant and equal to P; and after the speed attains a certain value w the 
engine works at a constant rate 2 (=Pu). When theengine has attained a 
speed v greater than w, shew that the time ¢ and space z from the start are 


given by t= (v?+u?) and #= a (w+4u%), where Jf is the combined 


mass of the engine and train. 

Calculate the time occupied, and space described, in attaining a speed 
of 45 miles per hour when the total mass is 300 tons, if the engine has 
420 H.P. and can exert a pull equal to 12 tons’ wt. 


3. <A unit particle is attracted by two centres of force, A and B, each 
of which attracts it with a force = at distance r. Shew that, if the particle 


is initially at rest at a point in AB produced distant V3.a from the middle 
point of AB, it will arrive at B after a time 


a 1 
Ti 1— 3 log. (J3+y2) | 
where 2a is the distance AB. 


4. A heavy particle, of mass m, is fastened ‘at the middle point of an 
elastic string, of natural length 2a, and the string is stretched between two 
points, 27 apart, in the same vertical line. If the particle starts from rest 
at a point midway between the two points, find the time of oscillation if 


the modulus of elasticity \ . 


a 


What happens if \< a 

5. A plank, of length 2a and mass m, is placed with one end against a 
smooth vertical wall and the other end upon a smooth horizontal plane, its 
inclination to the horizontal being a. The plank is initially at rest and a 
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monkey, of mass m’, runs down it in such a way that the plank always 
remains at rest ; shew that the square of his velocity when he has gone a 


F ‘ A 2 - 2am’ ; 
distance x is 5 ae | aa ; a ae and that the time he takes to get to 
sina ™ a 


f 2asima> _, mM 
the bottom of the plank is Nv: =e Oi rer rn 
6. A plank, of mass m, is placed on a rough plane inclined to the 
horizon at an angle a. A man of mass M runs down it. If the plank is 
not to slip, shew that the acceleration of the man must not be less than 


M+m Mt+m,. 
77] a (sin a+ p COS a) g. 


7. <A chain, of length /, is placed along a line of greatest slope of a 
smooth plane whose inclination to the horizontal is a. If initially an end 
of the chain just hangs over the lower edge of the plane, prove that the 


ait ty nee l 
chain will finally leave the plane in time ae Renna 1 


(sin a— CoS a) g nor greater than 


a 
og cots. 


8. Referred to fixed axes the path of a particle is given by the equa- 
tions z=acosat, y=bsinwt. Shew that, relatively to axes rotating with 
angular velocity , the path of the particle is a circle. 


9. The greatest and least velocities of a planet in its orbit round the 
sun, which may be regarded as fixed, are 30 and 29:2 kilometres per second 
respectively. Shew that the.eccentricity of the orbit is 4. 


10. <A particle describes an ellipse with an acceleration which is always 
directed towards its centre; shew that the average value of its kinetic 
energy, taken with regard to the time, is equal to half the sum of its 
greatest and least kinetic energies. 


11. <A particle, of mass m, is held on a smooth table. A string 
attached to this particle passes through a hole in the table and supports a 
particle of mass 3m. Motion is started by the particle on the table being 
projected with velocity V at right angles to the string. Ifa is the original 
length of the string on the table, shew that when the hanging weight has 


descended a distance 5 (assuming this to be possible) its velocity will be 
a Vga— V. 


12. A straight smooth tube is at rest in a horizontal position and 
contains a particle at A. The tube is rigidly attached to a point O vertic- 
ally above A, and is made to rotate about O with constant angular velocity 
w, so as to move in a vertical plane. If 0A =a, shew that the distance of 
the particle from A at time ¢ is asinh wt + a (sinh wf —sin of). 

24—2 
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13. A particle is projected vertically upwards with a velocity which 
would carry it to a height of 400 feet if there were no resistance ; if the 
resistance varies as the square of the velocity, and the terminal velocity 
is 300 feet per second, shew that the height to which it actually rises is 
352 feet, that its velocity on reaching the ground again is 141-2 feet per 
second, and that the total time of its flight is 9-4 seconds approximately. 


14, A chain rests upon a smooth circular cylinder, whose radius is a 
and whose axis is horizontal ; the length of the chain is equal to the semi- 
circumference of the cylinder. If the chain be slightly displaced, shew that 
its acceleration when a length « has slipped off the cylinder is 

I | gtasin 4 5 
Ta a 

15. Two particles, of masses m and m’, are joined by an elastic string 
of natural length a and of modulus \; they are at rest with the string just 
tight when a force /’ begins and continues to act on the particle m in the 
direction away from m’. Shew that at time ¢ the distance between the 
m+m 
amm' * 

Find also the displacement of m at this time. 


particles is a+ aa sin? ge , where p?=X 


16. A safety device for lifts consists of an extension of the lift shaft 
below ground level ; the floor of the lift is made to fit this well closely so 
that a pneumatic buffer is thus provided. A lift, weighing 3000 lbs., falls 
from a height of 30 feet above ground level into such a safety pit, 10 feet 
deep, the base of the lift being 8 feet by 5 feet. Shew that the distance x 
through which the lift will descend before it is stopped is given by the 
equation 10 log, a 0 = + . + a 2 =0, and hence that v=4'1 feet nearly. 


Neglect air leakage, and assume that the pressure of the air varies inversely 
as its volume, and that atmospheric pressure is 15 lbs. per sq. in. 


17, A heavy uniform string, of length 7 and mass 3m, passes over a 
smooth horizontal peg and supports at one end a mass m and at the other 
end a mass 2m, When there is equilibrium the mass m is pulled slowly 


l 
downwards through a space 5° and the system is then left to itself. Prove 
that, until the mass 2m reaches the peg, the space passed over by any point 


of the system at the end of time ¢ is 5 {eosh vi g t— i} and find the time 


in which the mass 2m will reach the peg and its velocity then. 
18. A four-wheeled carriage is propelled by a force acting horizontally 


at a height 4 above the centre of gravity ; the back and front axles are 
respectively at distances d, behind and dz in front of the centre of gravity. 
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Neglecting the inertia of the wheels, shew that the greatest possible 


acceleration of the carriage is Be and that the greatest retardation is 


is ; whilst, if the force act at a depth / below the centre of gravity, the 


greatest acceleration is ce and the greatest retardation is aan 
19. A hydrometer floats in a liquid with a volume V immersed ; if 
the area of the cross-section of its stem is A, shew that the time of its 


oscillation about its position of equilibrium is 2x is a 


20. A horizontal shelf is given a horizontal simple harmonic motion. The 
amplitude of the motion is a feet and m complete oscillations are performed 
per sec. A particle, of mass m lbs., is placed on the shelf at the instant 
when it is at the extremity of its motion. Shew that, if » is less than 


4n?n?a . : Lae : j 
, slipping between the particle and shelf will occur for a period ¢ 


sin2rnt ug 
Onnt  4r?nta’ 


given by the equation 


Shew that, if for a particular case this value of ¢ is _ the distance 


through which the particle moves relatively to the shelf in this time is 
aw rJ/3 
2 5 (2 6 ) : 


21. In sinking a caisson in a muddy river bed, the resistance is found 
to increase in direct proportion to the depth in the mud. 

A caisson, weighing 6 tons, sinks 4 feet under its own weight before 
coming to rest. Shew that, if a load of 8 tons is then suddenly added, it 
will sink 16 inches farther. 


22. A uniform iron rod, of mass M, length @ and specific gravity o, 
hangs vertically just immersed in water from a light inextensible string 
which passes over a smooth peg and carries a counterpoise that maintains 
equilibrium, 

A mass »// is gently added to the counterpoise; shew that, if » exceeds 
a certain value, the rod will emerge from the water after a time 


1 
9 =i sae 
J ut20-9 p+2)o0—1}. sin one 


Discuss in general terms the subsequent motion. 
[The counterpoise is quite clear of the water and the motion of the water 
is neglected. ] 


23, A weightless string AB consists of two portions AC, OB of unequal 
lengths and elasticities. The composite string is stretched and held ina 
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vertical position with the ends A and B secured. A particle is attached 
to C and the steady displacement of C is found to be 6. Shew that a 
further small vertical displacement of C will cause the particle to execute 
a simple harmonic motion, and that the length of the simple equivalent 
pendulum is 6. 


24. A particle moves under forces whose components parallel to a pair 
of fixed rectangular axes Ox, Oy are —2hx+ky and —2k*y—kz per unit 
of mass. Interpret the equations giving the motion. 

Shew that the path, relative to a second pair of rectangular axes rotating 
about the same origin with constant angular velocity & or —24, is a circle. 


25. A particle moves along a plane curve; v is its velocity when its 
distance from the origin is 7, and p is the corresponding radius of curvature 
of its path; shew that the velocity of the foot of the perpendicular drawn 


from the origin upon the tangent to its path is a 
p 


26. A particle moves under a central attractive force which varies as 
the distance, and there is also a resisting force proportional to the velocity. 
Shew that the path may be an equiangular spiral. 


27. A particle moves with a central acceleration pu?+vu'; find the 
orbit. If vy be small, shew that the path may approximately be represented 
by an ellipse whose axis revolves round the focus with a small angular 
velocity. 


28. A straight tube, without mass, which moves on a horizontal table 
and contains a particle of mass m, is started with an angular velocity o; 
find the position of the particle at the end of time ¢, and shew that, if @ be 
the angle turned through in that time, then tan 6=ol. 


29. The angular displacement of a pendulum jg given by = 6,e~ sin né. 
Shew that the successive maximum values of @ form a series in geometrical 
progression. 

If the time of a complete oscillation is one second, and if the ratio of 
the first and fifth angular displacements on the same side is 4:1, shew that 
the time in swinging out from the position of equilibrium to an extreme 
displacement is 0°241 sec. 


30. The horse-power required to propel a steamer of I tons displace- 
ment at its maximum speed of V feet per second is H. The resistance is 
proportional to the square of the speed, and the engine exerts a constant 
propeller thrust at all speeds. In time ¢ from rest the steamer describes 
8 feet, and acquires a velocity of v feet per second. Shew that 


_UeMV?, Vio |UeHeve, 9 
55 Hy “8 Vo °"65 Hy 98 y2—4? 


3 
and s ale log cosh (sr in) : 


t 


~ 65 Hg 
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31. A loaded motor-car of 50 H.P, weighs 5000 Ibs. and its full speed is 
75 miles per hour ; it is driven by a constant force at all speeds and the air 
resistance varies as the square of the velocity ; shew that it acquires a speed 
of 45 miles per hour from rest in 47} secs., and that it has then described 
a distance of 16874 feet. 


32. The horse-power required to propel a steamer of 10,000 tons dis- 
placement at a steady speed of 20 knots is 15,000. If the resistance is propor- 
tional to the square of the speed, and the engines exert a constant propeller 
thrust at all speeds, find the acceleration when the speed is 15 knots. 

Shew that the time taken from rest to acquire a speed of 15 knots is 
about 1$ minutes, given that log, 7=1°946 and that one knot=100 feet per 
minute. 


33. <A train of total mass Mis drawn by an engine which exerts a con- 
stant pull P at all speeds and the total resistances to the motion of the 
train are equal to » x (velocity)? per unit of its mass. 

If Jf=300 tons, if the maximum specd on the level is 60 miles per hour, 
and if the horse-power then developed is 1500, shew that when climbing a 
slope of 1 in 100 the maximum speed is nearly 32 miles per hour. 


34, The constant propelling force of the engines upon a ship, of Jf tons, 
is equal to P tons weight; the resistance to the motion varies as the square 
of the velocity and the limiting velocity is & If, when the ship is going at 
full speed, the engines are reversed, shew that the ship is brought to rest in 


2 


time = He secs, after describing a distance —— log, 2. 


4 Pg 2Py 
35. An engine draws a total mass of / tons on the level and works at 
constant horse-power, overcoming a resistance to motion which varies as 
the square of the velocity. When the speed is u miles per hour, the tractive 
force is P lbs.-wt. and the limiting speed is v miles per hour; shew that 
it reaches a speed of V miles per hour (V<v) from the speed of u miles 

per hour in a distance 
77 Mv ibe v—ui 
8100 Pu °° 8 — V3 
If M=264, P=20000, w=15, v=60 and V=45, shew that the distance 

is about 5080 feet. 


niles, 


36. A ship, of 1680 tons and of 230 feet in length, is travelling at full 
speed ahead 18 knots; the effective horse-power is then 2500. Shew that, 
if the engines are reversed, the ship can be stopped in about 7 lengths, 
assuming that the resistance is proportional to the square of the speed, and 
that the effective propeller thrust developed by the engines reversed is one- 
third of that at full speed ahead. 


[1 knot == 6080 feet per hour ; log, 4=1°386.] 
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37. The resistance to the motion of a train for speeds between 20 and 30 
2 


miles per hour may be taken to be a in lbs.-wt. per ton, where V is 


the velocity in miles per hour. Steam is shut off when the speed is 30 miles 
per hour, and the train slows down under the given resistance. In what 
time will the speed fall to 20 miles per hour, and what distance will the 
train have described in that time? 

38. The effective horse-power required to drive a ship of 15,000 tons at 
a steady speed of 20 knots is 25,000. Assuming the resistance to consist of 
two parts, one constant and one proportional to the square of the speed, 
these parts being equal at 20 knots, and that the,propeller thrust is the 
same at all speeds, find the initial acceleration when starting from rest, and 
the acceleration when a speed of 10 knots is obtained. 

Shew that this speed is attained from rest in about 98 secs. and the 
distance traversed is about 271 yards. 

[One knot=100 feet per minute; log, 4=1°3863 and log,3=1-0986.] 

39, A spherical rain-drop falls through a cloud consisting of minute 


drops of water floating in air and occupying “th of the whole volume of 


the cloud; it is assumed that the rain-drop starts from rest, its radius being 
c,and that as it falls it picks up all the drops of water with which it comes 
into contact, its shape remaining spherical throughout. If, when it has 
fallen through a distance x, its radius is a and its velocity is v, shew that 
7 
a=4n(a—c) and vaeng (2-5) 4 


a6 


40. A uniform chain lies in a coil upon a smooth table, and a force 
equal to the weight of a length a@ of the chain is applied to one end. Shew 


that the length uncoiled in time ¢ is ¢Vga. Shew also that the kinetic 
energy of the moving part of the chain at anytime is equal to half the 
work done by the force. 


41. A particle is projected horizontally with velocity /2ga along the 
smooth surface of a sphere, of radius a, at the level of the centre; prove 
that the motion is confined between two horizontal planes at a distance 
5 (V5 —1)a apart. 

42. A particle moves under gravity on the surface of a smooth sphere 
of radius one metre; if the horizontal circles between which its motion is 
confined are at depths 40 and 50 centimetres below the centre of the sphere, 
shew that the velocity of the particle ranges between 404 and 428 centi- 
metres per second, 


43. A particle is projected horizontally under gravity with velocity V 
from a point on the inner surface of a smooth sphere at an angular distance 
a from the lowest point. Shew that, whatever be the value of V, this 
angular distance of the particle will not exceed m—a in the subsequent 
motion, and that the particle will not leave the surface if 3sina> 1. 
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Prove that in the subsequent motion the particle will leave the surface if 


‘ 2V2 2 ———_—- 
38sina <1 and ap Tosa lies between +3V1—9 sin2a. 


44. The bob of asimple pendulum of length a is projected in a horizontal 


direction at right angles to the string with velocity 2 ga when the string 
is inclined at an angle a to the downward vertical. Shew that, if 


4sin?© 5t 6sin 5-1 


is positive, the string will not become slack during the ensuing motion. 


45. A particle is free to move within a smooth circular tube whose 
radius is a, which is compelled to rotate with constant angular velocity 
about a vertical axis in its own plane, whose distance is 6 (>a) from its 
centre. Shew that the period of a small oscillation about the position of 
relative equilibrium is 

2a asina 

o b+asin3 a’ 
where a is the angle between the vertical and the radius to the particle 
when it is in equilibrium. 


46. A simple pendulum, of length 8, is initially at rest when the point 
of support is suddenly made to describe a vertical circle, of radius a, with 
uniform angular velocity , starting at the lowest point of the circle. Form 
the differential equation to give the inclination of the string to the vertical. 
Integrate it in the case when ; is small, and shew that in this case the 
inclination of the string will never exceed 

ae 
see SOV 
bie)’ where n7b=g. 

47. <A railway carriage, of mass J/, impinges with velocity v on a 
carriage of mass Jf’ at rest. The force necessary to compress a buffer 
through the full extent 7 is equal to the weight of a mass m. Assuming 
that the compression is proportional to the force, shew that the buffers 
will not be completely compressed if 


Lee 
2 
v? < 2mgl G+ +37): 
If v exceeds this limit, and the backing against which the buffers are 
driven is inelastic, the ratio of the final velocities of the carriages is 


ie {ema igl (1 : sala Mo+ {2m Afgt ( tee, Hee 


48. A motor car is driven and braked by the back wheels. The centre 
of gravity is at a height & above the ground and the back and front axles 
are respectively at horizontal distances d, behind and d; in front of the 
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centre of gravity. Shew that, however great the horse-power, the maximum 
pg dy 
dy +d2— ph’ 


can be produced by the brake is 


possible acceleration is and the maximum retardation that 


roa , where p is the coefficient of 
friction, 
If the car is driven and braked by the front wheels, shew that these 
quantities are respectively 
ng ay ng 
AWE MERA ro ay EWS 
[The inertia of the wheels and driving gear is neglected.] 


49. Two particles, of masses If and 2M, are connected by an inex- 
tensible string passing over a smooth peg. From the particle of mass 
another equal particle hangs by an elastic string, of natural length a and 
modulus A equal to Mg. The system is initially supported with the strings 
vertical, the first being taut and the second at its natural length. The 
system is released from rest in this position. Shew that, provided the 
first string be sufficiently long, the motion will be simple harmonic with 


3a 
iod ee 
period r F 


Shew also that the extension of the second string after time ¢ is 


g 
a E — cos (2 /£)} 
[Treat the strings as weightless. ] 


50. Two particles, of masses m, and mg, are connected by a fine elastic 
string whose modulus of elasticity is X and whose natural length is 2. 
They are placed on a smooth table at a distance J apart, and equal im- 
pulses J in opposite directions in the line of thestring act simultaneously 
on them, so that the string extends. Shew that in the ensuing motion the 


Oe y : : : d 
greatest extension is J mre and that this value is attained in 
1M 
time = mint 


2 (my +m) r° 


51. A circular disc, of mass J, lies on a smooth horizontal table; if 
a particle, of mass m, resting on the disc is attached to the centre by 
a spring which exerts a force »# when extended a length 2, prove that the 
period of oscillations when the spring is extended and then set free is 


Mm 
(M+m) p* 
52. The component accelerations of a particle referred to axes, re- 


volving with constant angular velocity #, are —4v and 4@u, where w and 
v are the component velocities parallel to these axes. Initially the particle 


Qa 
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is at the point (0, — 40), and is at rest relative to the moving axes. Shew 
that its path relative to the moving axes is a four-cusped hypocycloid and 
that its path in space is a circle. 


53. <A particle is moving in a circle of radius a under the action of 
a force to the centre varying inversely as. the fourth power of the distance ; 
prove that, if slightly disturbed, it will ultimately be found on one of the 
curves 
7 cosh6+1 _ cosh 6-1 
a cosh@—2 ~ cosh 642° 
If the force vary as the fifth power of the distance, shew that the corre- 
sponding curves are 


r 
a 


i. 7] ts 0 
qn coth ae and qi tanh 5 2 
54. <A particle is projected towards the origin from infinity with any 


velocity and is acted upon by a force pu? at right angles to the radius 
vector; shew that it will describe a curve of the family u=abt Jy (6), 


where J, (x) is the Bessel’s function of the zth prder, and find the velocity 
of projection in order that a particular curve may be described. 


55. <A particle is attached to a fixed point by a slightly elastic string 
and is projected at right angles to the string; shew that the polar equation 
of the path is approximately 


r=c-+c' sin? [an/ mA 


where ¢ is the natural length of the string, which is supposed to be un- 
stretched when the motion begins, and ¢+c’ is the greatest length it 
attains during the motion. 


56. <A fine straight tube, of length 7, whose inner surface is smooth, 
is made to rotate in a vertical plane with uniform angular velocity about 
its middle point. At an instant when the tube is vertical a particle is 
dropped into it with negligible vertical velocity ; prove that the particle 
will leave the tube by the end at which it enters, or the opposite end, 


according as / is greater, or less, than £. 
Discuss the motion of the particle when / is equal to 4 : 


57. One end of a light string, of length ra+4, is tied to a point of the 
circumference of a circle which is fixed to a horizontal table. The string 
is wrapped round the semi-circumference of the circle, and a length b of 
the string is straight and tangential to the circle. At the end of the 
straight portion is attached a particle of mass m which is projected with 
velocity V in a direction perpendicular to the straight portion. Shew that 


; 2a +2Q7b 
the string is completely unwound at the end of time ote and that 
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the tension of the string during the unwinding at time ¢ from the com- 
; V2 
mencement of the motion is —-——. 
J 02+2 Vat 


58. A smooth circular wire, of radius a, is constrained to rotate about 
a vertical diameter with constant angular velocity , and a small bead 
rests on the wire at the lowest point. Shew that, if aw?>g, the relative 
equilibrium is unstable and that, if the bead is slightly displaced, it will 
rise to a point whose vertical depth below the highest point of the wire is 


22 Shew further that the work done by the constraining couple during 
@ 


the time occupied by the rise is twice the work dohe against gravity. 


59. In the case of a nearly flat trajectory, with initial velocity V and 
a resistance equal to p (velocity)’, shew that the path of the projectile is 
approximately 


y=0(tanats Sr, mr) + gap) 


ges 
=xtana— 27, — 32% teeeee 3 


where a is the (small) inclination to the horizontal of the path initially. 


60. A golf ball owing to undercut is acted on at each point of its path 
by a force producing an acceleration pvg sina along the upward drawn 
normal and a retardation pvg cos a along the tangent, where v is the velocity 
at the point. Shew that, at time ¢, the horizontal and vertical components 
of the velocity are 

Vcos B—pg (~%cosa+y sina), 
and Vsin 8—gt+pg (asin a—y cosa), 
where «# and y are the horizontal and vertical coordinates, the motion being 
in two dimensions; and express these coordinates in terms of the time. 


61. A particle is moving in a straight line under the action of a force 
towards a fixed point C in the line and proportional to the distance from C, 
in a medium whose resistance is proportional to the velocity. It makes 
damped oscillations with three consecutive positions of rest at distances 
a, b,¢ from a given point O on the line; shew that the distances from O of 
Cand of the next position of rest are respectively 


ac—b2 d ac+be—b?—¢? 
—2b+e ™ a—b 
62. A particle moving in a straight line is subject to a resistance which 
produces the retardation /v’, where v is the velocity and & is a constant. 
Shew that v and the time ¢ are given in terms of s, the distance described, 
by the equations 


7 8 
= we eae 

ee and ¢ at ess 
where w is the initial velocity. 


Miscellaneous Examples. I 381 


A bullet left the rifle with a velocity of 2400 ft. per sec., and had its 
velocity reduced to 2350 ft. per sec. when it had described a distance of 
100 yards. Assuming that the air resistance varied as v%, find the time 
taken in traversing 1000 yds., gravity being neglected. 


63. An insect, of mass m, alights perpendicularly on one end of a 
flexible string, of mass JM and length J, which is laid in a straight line on 
a smooth horizontai table, and proceeds to crawl with uniform velocity 
along the string. When it reaches the other end of the string, shew that 


that end will have moved through a distance S log (1 +7) : 


64. A weightless string, passing over a smooth peg, connects a weight 
P with a uniform string of weight 2? hanging vertically with its lower end 
just in contact with a horizontal table. When motion is allowed to take 


place, prove that the weight P ascends with uniform acceleration , until 


the whole chain is coiled up on the table. 


65. A driving belt, which weighs m lbs. per foot run, is moving at a 
uniform speed. Shew that the form assumed by the belt is a catenary 
whose shape does not depend on the particular speed of the belt. If the 
speed is altered from 2 to v; feet per second, shew that the tension of the 


2_ a2 
belt is everywhere increased by an amount equal to Dre lbs. weight. 


66. Shew that a uniform chain, of density m per unit of length, which 
is subject to no external forces, can run with constant velocity v in the 
form of any given curve provided that its tension is equal to mv”. 


67. A smooth surface has the form of a prolate spheroid of major axis 
(which is vertical) 2a and eccentricity 2. A particle is describing on the 
inside of the spheroid a horizontal circle, whose plane is at a distance 
acosa below the centre of the spheroid; prove that the time of a small 
@ COs a (1 —eé? cos? a) 

g (148 cos? a) 

68. Two particles are connected by an elastic spring. If they vibrate 


oscillation about the steady motion is 2x rE 


freely in a straight line their period is oe If they are set to rotate about 


one another with angular velocity w, shew that the period of a small 
Qa 


+302 
69. The motion of a system depends on a single coordinate «x; its 


energy at any instant is 3m? + $e2?, and the time-rate of frictional damping 
of its energy is 34%. Shew that the period r of its free oscillation is 


e 1 #\-}; 
an (=~ Fea) ‘ 


oscillation is 
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Shew that the forced oscillation sustained by a force of type A cos pt 
2 


~ 8m? 


is then =f and that its phase lags behind that of the force by the amount 
T 


is at its maximum when p? =< that the amplitude of this oscillation 


tan7} 


iL 

kL e 

70. A particle, of mass m’, is attached by a light inextensible string of 
length 2 to a ring of mass m which is free to slide on a smooth horizontal 
rod. Initially the masses are held with the string taut along the rod, and 
they are then set free. Prove that the greatest angular velocity of the 
string is {29 (m+ m’)/Um}2. 

Also shew that the time of a small oscillation about the vertical is 


Qn {lng (m+m')}3. 
71. A mass m is attached to a fixed point by a light spring and its 


2 : 
time of oscillation vertically is = . If a mass m’ is suspended from m by 
1 


a second spring and the period of m’ when m is held fixed is = shew 
2 


that, when both masses are free, the periods - of the normal modes of 


vertical vibrations of the system are given by the equation 
, 
ae {ptt () 2 me} n+ py" pi? =0. 


72. A particle, of mass m, moves in a resisting medium under a central 
attraction m.P; shew that the equation to the orbit is 


R 
e(2ar 
where h=/Aye J » , and £ is the resistance of the medium per unit of 
mass. 


73, Ina long railway journey performed with average velocity V,if the 
actual velocity be v= V+ Usin nt and if the resistances vary as the square 
2 

of the velocity, shew that the average H.p. required is increased by ao 


of what is required for uniform velocity V. 


74. <A particle moves from rest at a distance a towards a centre of 
force whose acceleration is p times the distance ; if the resistance to the 
motion is equal to kv‘, where v is the velocity, shew that, if squares of & 


are neglected, the time of falling to the centre of force is greater by Ne aes 
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than it would be if there were no resisting medium, and that the amplitude 


of the swing is diminished by eels 


75, A particle moves in a straight line under a retardation ko™*+!, 
where v is the velocity at time ¢. Shew that, if w be the starting velocity, 


then 
eo siie si en gee 
lt= ee a3 =) and fe =—* Ee = ea): 


A bullet fired with a horizontal velocity of 2500 ft. per sec. is travelling 
with a velocity of 1600 ft. per sec. at the end of one second. Assuming 
that m=4, find the value of £, and shew that the space described in one 
second is 2000 feet, neglecting the effect of gravity. 


76. A particle moves on the surface of a rough circular cone under 
the action of no forces. It is projected with velocity V at right angles to a 
generator at a distance d from the vertex. Shew that, when it has moved 
through a distance s, its velocity v is given by 
V_ pscota 


8S epg 


where p is the coefficient of friction and a is the half angle of the cone. 


77, A particle moves on the surface of a sphere being acted upon by 
attractive forces to the ends of the polar axis each equal at distance r to 
i ; if it be projected with moment of momentum about that axis equal 
to mu, its latitude increases uniformly with the time. 


78. Asmooth cup is formed by the revolution of the parabola 2?=4axr 
about the axis of z, which is vertical. A particle is projected horizontally 


on the inner surface at a height z with velocity V2kgz. Prove that, if 
k=}, the particle will describe a horizontal circle; but that, if k=), its 
path will lie between the two planes z=z and z=}2). 


79. A train in the Northern hemisphere is travelling southward along 
a meridian of the Earth with velocity V; shew that, in latitude A, it 


Payee 2Vea.. ; : 
presses on the western rail with a force equal to =—* sin d times its own 


weight, where o is the angular velocity of the Earth about its axis. 


80. A smooth cone, of vertical angle 2a, has its axis vertical and 
vertex upwards. A heavy particle moving on the outer surface is projected 
horizontally from a point at a distance & from the vertex with velocity 
V2gh. Shew that the particle goes to infinity, and that, for contact to be 
preserved, h> 4/sina. tana. 
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81, A particle is projected along the surface of a smooth right circular 
cone, whose axis is vertical and vertex upwards, with a velocity due to the 
depth below the vertex. Shew that the equation to the path on the cone, 


3 3 
when developed into a plane, is of the form r’ cos anal, 


82. In latitude 45°N. a gun is fired due north at an object distant 
20 kilometres, this being the maximum range of the gun. Shew that if the 
Earth’s rotation has not been allowed for in aiming, the shell should fall 
about 44 metres east of the mark. Shew also that, if the shell is fired due 
south under similar conditions, the deviation will be twice as great and 
towards the west. [Air resistance is neglected.]  ., 


MISCELLANEOUS EXAMPLES. II 


1. A fly-wheel turns on a horizontal axle of radius a in frictionless 
bearings. A fine cord wound round the axle carries a mass m at its ends; 
shew that, when the mass is released, the wheel turns with angular ac- 


a 
celeration gos where J is the moment of inertia of the fly-wheel and 


axle. 

The mass of the fly-wheel is 25 lb. and it may be treated as a uniform 
disc 8 inches in diameter; the hanging mass is 1 lb. and the diameter of 
the axle is 2inches. Shew that after the mass has fallen 3 feet, the angular 
velocity of the wheel is about 112 revolutions per minute. 


2. The lock of a carriage door will only engage if the angular velocity 
of the closing door exceeds w. The door swings about vertical hinges, and 
has a radius of gyration & about the vertical axis through the hinges, whilst 
the centre of gravity of the door is at a distance a from the line of hinges. 
Shew that if the door be initially at rest and at right angles to the side of 
the train, which then commerices to move with uniform acceleration f, the 


door will not close unassisted unless f>4 — 


3. A door of uniform thickness, swinging about its hinges, is brought 
to rest by striking a stop on the ground at the point farthest from the 
door-post. Shew that the impulsive stress on the upper hinge is to that 
on the lower as 3h—a:h-+a, where 2h is the height of the door and a is 
the distance of either hinge from the nearest horizontal edge. 


4, A wheel, 30 inches in diameter, which can rotate in a vertical plane 
about a horizontal axis through its centre 0, carries a mass of } lb. con- 
centrated at a point P on its rim. The wheel is held with OP inclined at 
30° above the horizontal and then released. Owing to a friction couple of 
constant magnitude Z at the bearing, the first swing carries OP to a position 
45° beyond the vertical. Determine the value of Z, and prove that, in the 
next swing, OP will come to rest before reaching the vertical. 


5. A uniform rod falls without rotation on to a smooth horizontal 
table; prove that its angular velocity after first striking the table will be 


° 1 , 
a maximum when the rod makes before impact an angle cos~! a with 


the horizon. 
L. 2 
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6. A uniform rod AB is falling in a vertical plane and the end 4 is 
suddenly held fixed at an instant when the rod is horizontal, and the 
vertical components of the velocities of A and B are v; downwards and 
v, upwards. Prove that the end B will begin to rise round the end 4 if 
V1 < 202. 


7. An inelastic uniform square lamina is held in a vertical plane, the 
diagonal through its lowest point making an angle a with the vertical. It 
is allowed to fall through a height / on to a horizontal plane, which is rough 
enough to prevent any slipping. Shew that the lamina will leave the plane 
; : ; : i .@(1+3 cos? a) 
immediately after the impact if A is greater than'~,\.,———, where a 

9 sin*a cosa 
is the length of a diagonal of the square. 


8. If a body can only turn about a smooth horizontal axle, and when 
the body is at rest the axle is given an instantaneous horizontal velocity v 


in a direction perpendicular to its length, shew that the centre of mass 
272 
will start off with a velocity a v, and that the initial angular velocity 


will be is , where / is the distance of the centre of gravity from the axle 
and & is the radius of gyration about the axle. 


9. A circular plate, of mass Jf and radius a, has a mass m fixed in it 
at a distance b from the centre. An axis through the centre of the plate 
and perpendicular to it can slide without friction horizontally while the 
plate revolves. If the plate is just disturbed from rest when m is in its 
highest position, find the angular velocities when the disc has made one- 
quarter and one-half a turn. 

Determine the pressure on the axis in each case. 


10. A uniform solid cylinder, of mass / and radius a, rolls on a rough 
inclined plane with its axis perpendicular to the line of greatest slope. As 
it rolls the cylinder winds up a light string which passes over a fixed light 
pulley and supports a freely hanging mass m, the part of the string between 
the pulley and cylinder being parallel to the lines of greatest slope. Find 
the motion of the cylinder, and prove that the tension of the string is 

(3+4 sin a) Mmg 
3M+8m ” 
where a is the inclination of the plane to the horizontal. 


11. Four uniform rods, each of length 2a and mass m, are smoothly 
jointed together and lie in the form of a square on a smooth horizontal 
table. A horizontal blow of impulse J is applied at one corner in the 
direction of the diagonal there. Shew that the initial angular velocity of 


5/2 


. 3Va7 
each rod is ——— , and that the kinetic energy generated is igm’ 
m 


16am 
[Use page 278, Ex. 3.] 
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12. A lamina is moving in its own plane with uniform angular velocity 
, and a given point of it is made to move in a straight line with uniform 
acceleration f, Prove that the locus in the lamina of the instantaneous centre 
of rotation is a spiral of the form rm?=/9, and that the locus in space is a 


parabola of latus rectum a : 
@ 


13. P isa fixed point on a circle of radius @ which rolls with angular 

velocity on the outside of an equal circle whose centre is 0; shew that 
: . do a 
the angular velocity of OP is zt (1 - oR) : 

14. A flywheel has a horizontal shaft of radius 7; the moment of in- 
ertia about the axis of revolution is X. A string of negligible thickness is 
wound round the shaft and supports a mass M hanging vertically. Find 
the angular acceleration when the motion is opposed by a constant friction 
couple G. 

If the string is released from the shaft after the wheel has turned 
through an angle 6 from rest, and the wheel then turns through a further 
angle @ before it is brought to rest by the frictional couple, shew that 

G= Kigrd 
KO+(K+ Mr) * 

15. A uniform trap-door, swinging about a horizontal hinge, is closed 
by a spring coiled about the hinge. The spring is coiled so that it is just 
able to hold the door closed in the horizontal position. The horizontal 
opening which the door closes is in a body which is mounting with uniform 


acceleration f, Shew that if f= (097+ — ) g, the door starting from the 


vertical position will just reach the horizontal position, a being the angle 
through which the spring is coiled when the door is in the horizontal 
position. 

16. A circular disc, of radius 22 and mass MY, can turn freely about its 
centre which is fixed on a smooth plane and another disc, of radius r and 
mass m, moves in the plane with velocity v without rotation and impinges 
on the former. If both discs have milled edges, shew that the kinetic energy 
lost by the impact of the discs is 


Pape? 2 sin? 1 \ is Sh 
4 mv* cos?a+4$ v* sin a/| (1+5) +a |) 
where a is the angle of incidence, and K, & are the radii of gyration of the 
two discs about axes through their centres perpendicular to their planes. 


17. A solid cylinder and a solid sphere, both uniform and having the 
same mass and the same radius, are at rest on a plane horizontal board 
which is rough enough to prevent sliding. Prove that if the board be 
suddenly moved in its own plane and in a direction perpendicular to the axis 
of the cylinder, the resulting velocity of the centre of the sphere will be $ 
times that of the axis of the cylinder. 

25—2 
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18. To the end of a fine string wound on a solid reel of circular cross 
section with its axis fixed is attached a particle which is projected at right 
angles to the straight piece of string initially leading from the particle to 
the reel. Shew that the square of the length of the string subsequently un- 
wrapped is a quadratic function of the time, and that the unwrapped string 


can at most turn through an angle : mF 1 a , where m and p are the 
masses of the reel and particle. 
19, A cubical box, with a uniform square lid of side 2a smoothly hinged 
to it along the edge, is placed on a smooth table. The lid is raised to a 
vertical position, and allowed to fall backward from.rest. The mass of the 
lid is m and the mass of the box without the lid is # Assuming that the 
box does not tilt, shew that the velocity of the box when the lid has turned 
through an angle 6 is (7) 
= S 2m ./ ga sin 3 


=< J (M+ m) {4 (4 +m) sec? 6+ m tan* 6}]* 
Shew also that the horizontal and vertical components of the reaction 
between the box and lid are 
M (M+m) du 
mado 


U 


usec 6 and mg—wusec 6 Bee aad (u tan 6). 
ma 


20, A door, of uniform thickness and of width 2a, has its line of hinges 
inclined at an angle a to the vertical. It is opened through a right angle and 
shuts itself under gravity in time ¢ ; the hinges being assumed to be smooth, 


shew that ; 
ee a Tere)_ oh a 
— whats a’ TQ ™ 6gsina~ eae 


21. Three uniform rods, 4B, BC and CD, each of length a, are freely 
jointed at B and C and suspended from points,A and D which are in the 
same horizontal line and at a distance a apart. Shew that, when the rods 


move in a vertical plane, the length of the simple equivalent pendulum is oe 


22, A mass m hangs from a fixed point by a light string of length Z, 
and a mass m’ hangs from m by a second string of length 7’. For oscillations 
in a vertical plane, shew that the periods of the principal oscillations are 


the values of = given by the equation 
sing et tr ef ho 1 gm+m _ 
n n m g (; ts 7) +9 caro 


23, A mass M hangs from a fixed point at the end of a very long string 
whose length is a; to M is suspended a mass m by a string whose length / 
is small compared with a; prove that the time of oscillation of m is 


or ee e 
H+m' g° 
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24, A particle m is contained in a uniform smooth circular tube of 
small cross-section a which is free to rotate about a vertical diameter. The 
tube is rotating with constant angular velocity, and the particle is in rela- 
tive equilibrium at an angular distance a from the lowest point. If equili- 
brium is slightly disturbed, shew that the time of a small oscillation is 

Qr Mk? + ma? sin? a 3 
osina |Mk?+ma*(1+3cos?a)) * 
where M/Z? is the moment of inertia of the tube about a vertical diameter. 
Consider the cases when U/=0 and o respectively. 


25. A fine string has masses If, MU’ (If > WM’) attached to its ends and 
passes over a rough pulley with its centre fixed; shew that if m, mk? and 
@ are respectively the mass, moment of inertia about the axis, and radius 
of the pulley, then, to prevent slip, the coefficient of friction must be greater 
than 

uw lo M (2M'a? + mk?) 
we OS (2Ma? + mk?) * 


26. The point of suspension of a compound pendulum is made to move 
backwards and forwards in a horizontal line, the displacement at time ¢ 
being é. Prove that the equation of angular motion of the pendulum has 
the form 

a? aE 


6 : 
ta tg sin 0 = — =, cos 8. 


If the motion of the point of suspension be a very rapid simple harmonic 
motion of small amplitude, the centre of oscillation of the pendulum will 
be almost stationary so far as the forced oscillation is concerned. 


27. A solid hemisphere, of mass VW, has its curved surface rough and 
its plane surface smooth, and rests with the latter in contact with a smooth 
horizontal table. A rough sphere is dropped without rotation so as to strike 
the hemisphere. Shew that the kinetic energy before impact is to the 
kinetic energy after impact in the ratio 


he m ‘rae 
sSubat  Aa | ee a;sin*a, 
where a is the angle the common normal at the point of impact makes with 
the vertical. 


28. A rough perfectly elastic sphere is dropped without rotation on to 
a horizontal cylinder which is free to turn about its axis. There is no 
slipping at the point of contact during the impact, and the sphere starts 
moving horizontally after the impact. If 6 is the angle which the radius of the 
cylinder through the point of contact makes with the vertical, prove that 
tan? 6é=1+ eee ; 
Ma ma 


per Ti 
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where a and a’ are the radii of the cylinder and sphere, J and J’ are their 
moments of inertia about their centres and m is the mass of the sphere. 

Shew also that the coefficient of friction between the cylinder and sphere 
must be greater than } (tan @—cot @) in order that there may be no slipping 
during the impact. 


29. A thin hemispherical bowl, of radius a and mass m, rests on a rough 
table, and is struck a vertical blow J at a point of its rim. Shew that it 


2(./5 —1) m2 ga 
et a 


will roll over on to its base if J? > If it rolls over, shew 


that the angular velocity, when the rim strikes the ground, is 
83 1 JA “ 
10° ma’ 

30. A uniform flat rod, of length 2a, rests on a rough horizontal plane 
with its weight uniformly distributed. A horizontal force P large enough 
to produce motion is applied suddenly at one end perpendicularly to the 
length of the rod. Shew that initially the rod begins to turn about a point 
distant 2 from the middle point, where z is given by the positive root of 


the equation 
ie ee! OF. 
a (pete sc Be Uae iad es gt pee 
Ed ( ) ens a eae =), 
W being the weight of the rod and p the coefficient of friction. 


31. On a smooth table there lies a straight bar with one end pivoted to 
the table. A uniform disc of radius a rests on the table in contact with the 
bar, the point of contact being at distance 6 from the pivot. The disc can 
slide freely on the table, but friction prevents any slipping between the disc 
and bar. The bar starts revolving with uniform angular velocity about 
the pivot. If 6?=a?, shew that the point of contact will describe an equi- 
angular spiral. 


32. A solid spherical ball rests in piste at the bottom of a fixed 
spherical globe whose inner surface is perfectly rough. The ball is struck 
a horizontal blow of such magnitude that the initial speed of its centre is 2. 


Shew that, if v lies between a/ toa Ong and af = g , the ball will leave the 


globe, d being the difference beeen the radii of the ball and globe. 


33, <A vertical hoop travelling with velocity V parallel to the ground, 
and at the same time spinning with angular velocity w, comes into contact 


with the ground ; find the condition on which depends whether it will roll 
forward or backward. 


34. A sphere is projected with underhand spin © up a slope of angle a; 


shew that, if the velocity » of projection be large, the sphere will turn back 
after a time 
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35. A sphere, of mass m, rolls down the rough face of an inclined 
plane, of mass M and angle a, which is free to slide on a smooth hori- 
zontal plane in a direction perpendicular to its edge. Investigate the 
motion, and shew that the pressure between the sphere and plane is 


m (2m +-'7M) 9g cos a 
(2+5 sin?a)m+7M° 


36. A billiard ball sliding on a smooth table with velocity u and 
carrying “side,” z.e. rotating about a vertical axis with angular velocity o, 
impinges directly on an equal ball at rest. Calculate the deviation pro- 
duced in terms of uw, » and the coefficients of friction and restitution. 
Shew that as the amount of side varies, w remaining constant, the deviation 
increases with the side up to a certain value, and then remains constant. 


37. A uniform sphere, of radius a, is projected on a rough horizontal 
plane with velocity V and spin Q about a horizontal axis making an angle 
@ with the direction of projection. Shew that, while slipping occurs, the 
centre of the sphere will describe a parabola of latus-rectum 

2a? V2.0? cos? 6 
pg {V2+2aVQ sin 6+a? 0}? 
where p is the coefficient of friction between the sphere and the plane. 


38. A heavy homogeneous sphere moves on a uniformly rough hori- 
zontal plane; prove that, whilst the sphere slips, the direction of the 
velocity of the particle of the sphere in contact with the plane always 
remains the same. 

Shew also that if the initial value of the velocity is V, the sphere will 
lose kinetic energy of amount + /V? before it begins to roll, where J/ is 
its mass. 


39. A solid homogeneous sphere, of radius 6, makes small oscillations 
at the bottom of a thin spherical shell, of radius a, the surfaces being 
sufficiently rough to prevent sliding and the motion being in a vertical 
plane. Shew that, when the shell is fixed, the length of the simple equiva- 
lent pendulum is (a— 6) (1 ae , and that, when the shell is free to roll on 
a horizontal plane, the corresponding length is 

b M ( ? + a?) (4? + b?) 
(¢— ©) rex K ta) 4+ mak (48%)? 
where m, M are the masses of the sphere and shell, and mk? and MK? 
their moments of inertia about a diameter. 


40. A straight weightless rod, of length 2a, can turn freely in a hori- 
zontal plane about its centre, which is fixed. At one end it carries 
a particle, of mass m, while the other end is tangential to a circular wire 
of mass ym and radius Xa, which is suspended with freedom to swing about 
this tangent. The circle is drawn on one side so that its plane makes an 
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angle a with the vertical, and is then released, the system being at rest. 
Shew that the rod will oscillate through an angle 


[an 
pete ie ia 
é/ sane a PEN pt Op a]. 


41. A uniform plank, of length 2a and thickness 2A, rests in equl- 
librium on the top of a fixed rough cylinder, of radius r, whose axis is 
horizontal. Prove that, if r is greater than A, the equilibrium is stable; 
and that, if the plank is slightly disturbed, the period of an oscillation is 
that of a simple pendulum of length 

a? + 4h? 
3(r—h)* ‘e 


42. Two equal uniform rods, 4B and BC, are freely jointed at B, 
which is attached by means of an elastic string, of length 7 and unstretched 
length Jo, to a fixed point, The ends A and C are in contact with a smooth 
horizontal plane, and the system is in equilibrium in a vertical plane, 
Shew that the time of oscillation in this plane in which B moves vertically 


is Qa ripe U=b) , where a is the angle BAC or BCA. 
3g cos* a 
43. A uniform bar, of length 2a, is hung from a fixed point by a string, 
of length 6, fastened to one end of the bar; show that, when the system 
makes small normal oscillations in a yertical plane, the length ¢ of the 
simple equivalent pendulum is a root of the quadratic 


, (4a ae 
—(F+b) 145 ab=0. 


If the system is let go from rest in a displaced position with the bar and 
string in a straight line, shew that it cannot continue to swing in this 
mode. 


44. A particle rests at the lowest point of a uniform smooth circular 
tube which is free to turn about a horizontal axis through its highest point 
perpendicular to its plane, The system being slightly disturbed, find the 
periods of small oscillations, and shew that for one principal mode of 
oscillation the particle remains at rest relative to the tube, and that, for 
the other, the centre of gravity of the particle and the tube remains at 
rest. 


45. A uniform rod AB, of length 8a, is suspended from a fixed point C 
by means of a light inextensible string, of length 18a, attached to B. If 
the system is slightly disturbed in a vertical plane, shew that 6+3@ and 
126—18¢ are principal coordinates, where @ and ¢ are the angles which 
the rod and string respectively make with the vertical. 


46. A rod, of length 2a, is suspended from a fixed point by a string, of 
length 6, fastened to the rod at a distance c from the centre; find equations 
to give the modes and periods of principal oscillation. 
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Solve the problem completely if ba Xt and o=s proving that in one 
mode of oscillation the uppermost end A of the rod will be approximately 
at rest and in the other a point C at a distance c below the centre. 


47. A motor car, of total mass M, is actuated by a couple G& on the 
hind axle and there are two pairs of wheels, of radius a, such that the 
moment of inertia of either pair with its axle about its axis of rotation is 
mk?, Shew that, neglecting the friction of the axles on their bearings, the 
acceleration of the car is G+[a(M-+2mk?/a")], and that, for a coefficient 
of adhesion p, the greatest value of G that will not cause skidding is given 
by G[M (pa —ph+d)+dmk?/a?|= Mgpac[M+2mk?/a?), where d is the dis- 
tance between the axles, 2 the height of the centre of gravity, and c its 
horizontal distance behind the front axle. 


48. The speed of a railway truck, weighing 5 tons, is reduced uniformly 
from 25 to 20 miles per hour on the level in a distance of 6953 ft. by the 
brakes. Shew that, if no slipping takes place between the wheels and the 
rails, the normal pressure between the rails and each of the front wheels 
is 50 lbs. wt. greater than the corresponding pressures on the back wheels, 
given that the distance between the axles is 12 ft. and that the centre of 
gravity of the truck is 4$ ft. above the ground and equidistant from the 
axles while the diameter of each wheel is 3 ft. and the moment of inertia 
of each pair of wheels and axle about its axis is 3600 lb.-ft.? units. 


49. A uniform straight tube, of length 2a, contains a particle of mass 
equal to its own. The particle is placed at the middle point of the tube 
which is started rotating about this point on a horizontal plane with 
angular velocity o. Shew that the velocity of the particle relative to the 


tube, when it leaves it, is aw ,/2. 


50. A particle, of mass m, is attached by a string AB of length a toa 
point on the rim of a circular disc, of mass 2m and radius a. The disc can 
turn freely about its centre O in its own plane, and the system is at rest 
on a smooth table with O, A, B in a straight line. An impulse is com- 
municated to the particle at right angles to the string. Shew that the 
system will be instantaneously moving as a rigid body when 4B has turned 
through an angle of 60° relative to the disc. 


51. A rough inelastic sphere rolls down over the rungs of a sloping 
ladder, without slipping or jumping, leaving each rung in turn as it im- 
pinges on the next. Shew that the descent may be made, without gathering 
or losing speed, only if the slope 6 of the ladder is less than the acute angle 
7? sin? a 
2 +h? ? 

2 Bi ee 

acute angle 6, given by the equation tan . = geet Es o) 
radius of the sphere, & its radius of gyration about a diameter, and 27 sin a 
the distance between consecutive rungs of the ladder, 


6) given by the equation tan (4) +a) cota=2— 


and greater than the 


, 7 being the 
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52. A circular disc, with m spikes projecting from it in its plane at 
equal angular intervals, is projected with its plane vertical, and impinges 
on a rough horizontal inelastic plane, so that the line joining the centre of 
the disc with the point of contact makes an angle 7/n with the vertical. 
Shew that, if at that instant the angular velocity of the disc is and the 
velocity of its centre perpendicular to the spike is V, the number of its 
spikes which strike the ground is p+2, where p is the greatest integer in 
the value of m given by 


2a, me Se 
(1-7 sin®2) [(2—a?) o+aV]=2kVgasin = , 


where a is the radius of the circle on which the tips of the spikes lie, & is 
the radius of gyration about the tip of one of these spikes and the radius 
of the disc is less than @ cos r/n. 


53. A homogeneous circular cylinder is divided by an axial plane and 
kept in shape by a band round it. If the cylinder is placed on a smooth 
horizontal plane with the plane of separation vertical and the band is then 
cut, prove that the pressure on the plane is instantaneously reduced by 


32 * 
at of itself. 


the fraction 


54. Two equal particles are attached by light inextensible strings, each 


of length a, to points at the same level which are at a distance 2/3a apart. 
The particles are connected by a light elastic string, of length J, and ot such 
elasticity that they are in equilibrium when the two former strings make 
an angle of 60° with the vertical. Find the free periods of small vibrations, 
and describe the normal modes. 


2 are : A : 

If l= shew that it is possible for one particle to vibrate without 
disturbing the other from its equilibrium position, and that its vibration 
has then the same frequency as a simple pendulum of length 2. 

55. A light wire, of length J, is tightly stretched with tension 7 between 


two fixed points; to its middle point is attached a particle of mass m which 
makes small lateral oscillations; shew that the period of these oscillations 


is oe 
Tv Gn 


56. Two equal particles m are fastened at points distant a from the 
ends of a light string, of length 4a, which is stretched between two fixed 
points with tension 7’; the centre of the string is attached to a spring of 


strength »., whose inertia is negligible. Prove that, if po?= zl and n=2+ le 
ma 


the periods of transverse principal oscillation are 2G and a where 


0 
it 
Di = po? (a -*). 
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If n be large, and the first particle is displaced and let go from rest, 
prove that after m complete oscillations the vibration will be transferred 
to the second particle. 


57. To an elastic string, of negligible mass, stretched between two fixed 
points massive particles are attached at the point of trisection and they 
oscillate under no forces except the tension of the string. Determine the 
character of the principal modes (1) when the masses are equal, (2) when 
one is much greater than the other, and illustrate the transition by discussing 
the case when the masses are in the ratio 5: 8. 


58. A light string, of length 6/, is stretched between two fixed points 
with tension 7’; two particles, each of mass m, are attached to the points 
of trisection and a particle, of mass M, to the middle point of the string. 


Shew that in small transverse oscillations one period is 27 & ; and 
that the other two periods cannot lie between this value and 27 a7 


59, A light string, of length 4J, is stretched between two fixed points 
with tension 7’, (=m/la?), and particles of masses 3m, 4m, 3m are attached 
at equal intervals 7; shew that the periods of small transverse oscillations 
are ace we and on NS, 

a a 

The Bice are originally at rest with the string straight, and one of 

the smaller particles is set in motion with velocity V. Shew that at time ¢ 


the displacement of the middle particie is ce = = {v6 6 sin Saosin ath and 
find the displacements of the other Sect at this time. 


60. Find the equation for the longitudinal vibrations of a stretched 
; a d? nL 
elastic string in the form Teaa? a where a@?= AR d being the modulus 
of elasticity, 7 and p the length and line density of the string when in 
equilibrium, and /, the unstretched length. 

One end of the string is fastened to a point on a smooth horizontal 
table, and the other end is fastened by a light inextensible string to a 
mass MV, which hangs over the edge of the oe Prove that the system 

pol tm 
can execute longitudinal vibrations of period where 2 tone = =i ™ 


being the mass of the string. 


APPENDIX 


ON THE SOLUTION OF SOME OF THE MORE COMMON 
FORMS OF DIFFERENTIAL EQUATIONS 


i. WY 4 Py=@, where P and Q are functions of 2. 


[Linear equation of the first order. } 
Multiply the equation by e Pa» and it becomes 


d Pdxy Pda 
ze =e. 
Hence ye? = j Qe? da+a constant. 
Ex. By tan “=sec 2. 


elPadn __ ,ftanxde _ ,—logcose _ 1 


Here ; 
cos & 


Hence the equation becomes 


Ady, sine soe 
cosa da! cost x 
pee 
tenn tanz+C. 
II. Ta (ZY =Q, where P and Q are functions of y. 
: dy dy d’y _dT dy 1dT 
On putting Z y= =T, we have 2 da ae that eae Soe 
The equation then becomes 
aT 
ae +2P.7T=29, 
a linear equation between 7’ and y, and is thus reduced to the form IL 
LED 
III. aan 7 ty: 


Multiplying by 2 _ and integrating, we have 


dy aa 2/2 ni Oat 
(3) = — ny? + const. =n? (C yy 


ii Appendix. Differential Equations 


5 = 14 
oe NL. =| aan Gt const. 


*. y=Csin (nx+ D)=L sin n+ M cos na, 
where C, D, L, ae MU are arbitrary constants, 


We obtain, as in ITI, 
2 
(2) =ny?+a constant =n? (y?— C%). 
cody eae 
= i ve a at const. 
*, y=C cosh (nv+ D) = Le"*+ Me-™, 


where C, D, Z, and & are arbitrary constants. 


d 
v. S4—Fyy). 
Similarly, we have in this case 


(Gh) =2 [ro Baems [reay. 


VI. Linear equation with constant coefficients, such as 


a 14D + ey=F (2), 


[The methods which follow are the same, whatever be the order of the 


equation. ] 
Let » be any solution of this equation, so that™ 
(DED ODARC) n= Sie) eecs-csesere sto se sees. (1). 
On putting y= Y+n, we then have 
(D350: D220) 16) Oye cceceee met ages sen (2). 
To solve (2), put Y=e?*, and we have 
DU DacteO De} C—O rsecaceuen ee ensee asec entaeee (3), 


an equation whose roots are p,, #2, and 73. 


Hence Ae”, Be”, Ce”* (where A, B, and C are arbitrary constants) 
are solutions of (2), and hence Ae” + Be?" + Ce?* is a solution also. 


This solution, since it contains three arbitrary and independent 
constants, is the most general solution that an equation of the third 
order, such as (2), can have. 


Hence Vee Aoi 8 Oe, Roce a (4). 
This part of the solution is called the CoMPLEMBNTARY FuNOYION. 
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If some of the roots of equation (3) are imaginary, the equation (4) 
takes another form. 


For let a+8/ —1, a—B/—1 and 3 be the roots. 
Then y= Ae@t®V=17 4 pla-Ba/=N)? 4 O,Ps® 
= Ae** [cos Bx +7 sin Bx)]+ Be** [cos Bx —7 sin Bx] + Ce?* 
=e (A, cos Bx+B, sin Bx]+ CeP*, 
where A, and B;, are new arbitrary constants. 


In some cases two of the quantities p,, pe, ps are equal, and then the 
form (4) for the Complementary Function must be modified. 


Let p.=p1+y, where y is ultimately to be zero, 
Then the form (4) 


= Ae” 4 Be Mty® 4 OgPs* 


2 4B 
= Ae? + BoP 1 + yet + .. |+oore 


2 
= A,e* + Berit [e+3r + + Cers, 


where A,, B, are fresh arbitrary constants. 
If y be now made equal to zero, this becomes 
(Ay + Byx) e?* +- Ce", 
If three roots 1, Pa) p3 are all equal, we have, similarly, 
(A, +Byx + C2") e?* 
as the form of the Complementary Function. 


The value of n given by (1) is called the ParricuLaR INTEGRAL. 
The method of obtaining n depends on the form of f(z). The only 


sin sin 
Aw and e#* Aa. 


i Mm edh, 
forms we need consider are x”, e4*, .,. cos 


Gi) f(z)=2". 
Here, by the principles of operators, 


1 
I~ D3 +aD?+bD+e ee 
=[Ap+41D+4+ A.D? +... +A,D"+ seal KAS 
on expanding the operator in powers of D. 


Every term is now known, and hence 
n= Agu®+A,.na"-14 Ag.n(n—1)a"72+...+Agl.2...0 


Gi) f@)=e~ 
We easily see that Dve’*=)"e™, 
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1 Ax 
oe = -é 
D3+aD?+bD+e 
=(49+ 4,;D+ AD? +...) A* 
=(Apt AA + Agr? +...) 


1 
“X84 an2+bA+te 


oz, 
so that in this case n is obtained by substituting A for D. 
(iii) f (v)=sin Ax. 
We know that D? sin\x= —? sin \x, and that *' 
D* sin ha =(—A?*)" sin Aa, 


and in general that 
F (D?) sin \x=F (—2*) sin de. 


1 : 
ee i= Teen fo a 
1 
= _ 2 = Z i 
(D3—aD?+bD ¢)- He D+ 6) (aD? +o sin AL 
=(egi-. sin Ar 


—* (b—d?)?-—(— ah? +c)? 


1 : 
~ X72 b+ (@a? cy?” (—A$ cos Aw+ a? sin Ax + dA cos AL — cc sin dz) 
(A3— bd) cos Aw — (ad? — c) Sin AB 

d? (A2— 6)? + (ad? — ¢)? 


(iv) f(#)=e"" sin da. 
We easily obtain et 
D (e#* sin Ax) =e" (D+ p) sin Xt, 


D? (e#* sin Ax) = e#* (D+ p)®? sin 2, 


D* (e#* sin Ax) = e#* (D+ p)" sin Aa, 
and, generally, 
F (D) (e#* sin Xx) =e#* F'( D+.) sin Ax. 


1 


Wg eD is 


Hence 


] 
pie SS Se eee 
(Dep s+a(Dtpy+b(D +p) +e 
the value of which is obtained as in (iii). 
In some cases we have to adjust the form of the Particular Integral. 
Thus, in the equation 


(D-1) (D-2) (D-3) y=, 


=e sin Az, 
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the particular integral obtained as above becomes infinite; to get the 
corrected form we may proceed as follows: 


1 

1 (D=(D=a(D=3) 
1 1 = 

Dae We lips © 


es eT e**, by the result of (ii), 


1 
D—-2 


(2+y)z 


: 


— It 
y=0 


=— Lt- 1 poe, eye 
y=0Y 


= = et ee city + FS +..| 


= something infinite ae may be included in the Complementary 
Function — xe, 


Hence the complete solution is 
y= Ae + Be + Cee — xe, 
As another example take the equation 
(D* + 4) (D-3) y=cos 2x, 
The Complementary Function= 4 cos 27+ B sin 2a+ Ce, 
The Particular Integral as found by the rule of (iii) becomes infinite. 
But we may write 
1 D+3 
"Ted DP-9 
1 


ae Balan 3 cos 2a —2sin Wr 
ite as 3 


1 

Tike aee Ane 
1 a 
pelt] if he eee 
13 y=0 4-(2+y) 


cos 24 


[3 cos (2+ y) #—2 sin (2+) #] 


= {(3 cos 2% —2 sin 2x7) cos yx 


—(3sin a cos 22) sin ya] 


= a ee | @ cos 24 —2 sin 22) (Q-% - es) 


—(Bsin 20 -+2.008 21) ( pee 2 
=something infinite included in the Complementary Function 


- = (3 sin 24+2 cos 2%) . #. 
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VII. Linear equations with two independent variables, e.g. 


Fi DY Fig DD) CFO oso viesnens tansaes saree (1), 
ECD) iy tees CD) Ze On atestaesesceassscsesnnees (2), 
where Dat é 
We 


Perform the operation /;(D) on (1) and f2(D) on (2) and subtract; we 
thus have 
{fi(D).2(P)-fi(P) Ai (Py =9, 
a linear equation which is soluble as in VI. 


Substitute the solution for y thus obtained in (1), and we have a linear 
equation for z. 


Ea, 


1.6. (D?+1)y+6Dz=0, 
and Se tote 
o*. [(D?+2) (D?+1)-D.6D]y=0, 
1.6. (D?—1) (D?—2) y=0, 
o. y=Aert+ Be-=+ Cov + De-~ v%, 
Hence (1) gives 
6 4246+ 2Be-*430ev™ + 3De~ v= 0, 


and hence we have the value of z, viz. 


Z=- fat bers B 


D 
= 2x bee 22 } 
2/2 ° 22° : &. 


On substituting in (2), we find that H=0. 
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